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Abstract. Let f be a multivariate density and f,, be a kernel estimate of f
drawn from the n-sample X1, ---, X, of i.i.d. random variables with density
f. We compute the asymptotic rate of convergence towards 0 of the volume
of the symmetric difference between the t-level set {f > t} and its plug-in
estimator {f, > t}. As a corollary, we obtain the exact rate of convergence
of a plug-in type estimate of the density level set corresponding to a fixed
probability for the law induced by f.
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Introduction. Stimulated by a growing demand from applied results, the
theory of density level sets estimation has developed significantly over the
last few years. One of the most important application of density level sets
estimation is in unsupervised cluster analysis (see for instance, Hartigan [1],
Cuevas, Febrero and Fraiman [2,3]). Here, one tries to break a complex data
set into a series of piecewise similar groups or structures, each of which
may then be regarded as a separate class of data, thus reducing overall
data complexity. However, there are many other fields where the knowledge
of density level sets is of great interest. For example, Devroye and Wise
[4], Grenander [5], Cuevas [6], Cuevas and Fraiman |7| and Baillo, Cuevas
and Justel [8] studied the related problem of density support estimation for
pattern recognition and for detection of the abnormal behavior of a system.

In this paper, we consider the problem of estimating the ¢-level set L£(t) of
a multivariate probability density f with support in IR* from independent
random variables X1, - -+, X, with density f. Recall that for t > 0, the t-level
set of the density f is defined as follows :

L(t) ={z e R : f(z) >t}
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The question is how to define the estimates of L£(t) from the n-sample
X1,--+,X,. Even in a nonparametric framework, there are many possible
answers to this question, depending on the restrictions one can impose on
the level set and the density under study (for a survey in set estimation,
see Cuevas and Rodriguez-Casal [9]). One may find in the literature many
types of estimators, such as the plug-in estimators (Baillo, Cuesta-Albertos
and Cuevas [10], Baillo [11], Cuevas and Fraiman [7|, Molchanov [12,13]),
the estimators defined by an excess mass approach (Hartigan [14], Miiller
[15], Miiller and Sawitzki [16], Nolan [17], Polonik [18], Tsybakhov [19]), the
"naive" estimators (Devroye and Wise [4], Cuevas and Rodriguez-Casal [20],
Walther [21] for a more sophisticated version of this idea), or the estimators
constructed using a convex hull of the sample (Briker, Hsing and Bingham
[22], Diimbgen and Walther [23]). However, most of these techniques have
several disadvantages when evaluated against the two main criteria, namely
statistical performance and computational feasibility.

In this paper, we study a plug-in type estimator of the density level set L(t)
which, regarding the statistical performance and computational feasibility,
does not care about the specific shape of the level set and leads to easily
computable sets estimators. Our estimator uses a kernel density estimate of
f (Rosenblatt [24]) : given a kernel K on IR® (i.e., a probability density on
IR*) and a bandwidth h = h(n) > 0 such that h — 0 as n grows to infinity,
the kernel estimate of f is given by

1 & _ X,
fn(x):nhk;K<w . ),erRk.

We let the plug-in estimate £, (t) of L£(t) be defined as
L(t) ={z € R* : fu(z) 2 t}.

Under various assumptions, Baillo [11], Baillo, Cuesta-Albertos and Cuevas
[10], and Cuevas and Fraiman [7| obtained some rates of convergence. Let us
also mention the general study by Molchanov [13] who obtained the exact
rate of convergence for the Hausdorff metric. But, Molchanov’s result may
not be applied in our context since the basic assumption that the stochastic
process &,(.) = Vnh*(f,,(.)— f(.)) converges in law (for the topology induced
by the uniform metric) is not satisfied. Indeed, the sequence of stochastic
processes (&,(.))n is not tight because, as easily seen, under the suitable
assumptions, &,(z) and &,(y) are asymptotically normal and independent



for all x # y (see the necessary and sufficient condition for tightness in
Billingsley [25], Theorem 8.2).

In this paper, the distance between two Borel sets in IR is defined as a
measure -in particular the volume or Lebesgue measure A on IRF- of the
symmetric difference denoted A (i.e., AAB = (AN B¢) U (A° N B) for all
sets A, B). Our main result (Theorem 2.1) deals with the limit law of

VihEA(La(HAL(E)),
which is proved to be degenerate.

Consider now the following problem. In many statistical analyses, it is of
interest to estimate the density level set corresponding to a fixed probability
p € [0, 1] for the law induced by f. The data contained in this level set can
then be regarded as the most important data if p is far enough from 0. Since
f is unknown, the level ¢ of this density level set is unknown as well. The
natural estimate of the target density level set L(t) becomes L, (), where

t,, is such that
| faar=p.
Ln(tn)

As a consequence of our main result, we obtain in Corollary 2.1 the exact
asymptotic rate of convergence of L, (t,) to £(t). More precisely, we prove
that for some 3,, which only depends on the data, one has :

BV nh* )\(ﬁn(tn)AL(t)) = \/%

in probability. This result improves some of the results in Baillo [11] and
Baillo, Cuesta-Albertos and Cuevas [10] in which only a rate of convergence
is obtained.

The precise formulations of Theorem 2.1 and Corollary 2.1 are given in Sec-
tion 2. Section 3 is devoted to the proof of Theorem 2.1 while the proof of
Corollary 2.1 is given in Section 4. Appendix A is dedicated to some techni-
cal points involving the (k-1)-dimensional Hausdorff measure, and Appendix
B is devoted to the existence of ¢, as defined above.



2. The main results.

2.1 Estimation of t-level sets. In the following, © C (0,suppx f) de-
notes an open interval and ||.|| stands for the Euclidean norm over any finite
dimensional space. Let us introduce the hypotheses on the density f :
H1. f is twice continuously differentiable and f(z) — 0 as ||z|| — oo;
H2. For all t € O,

.fﬁﬂnnvf”>0’
where, here and in the following, V)(x) denotes the gradient at = € IR"
of the differentiable function v : IRF — IR. To understand the previous
assumptions, let us mention the fact that under the conditions H1, H2, we
have (see Proposition A2, Appendix A) :

Vte®: MNft—et+e]) »0ase—0,

a condition first used by Polonik [18]. Roughly speaking, this property means

that the set where f is constant do not charge the Lebesgue measure on IRF.

(Note the importance of the assumption 0 ¢ © : if the level ¢ = 0, then

MfHt—e,t+¢]) = AM(f71[0,¢]) = 00.) Next, we introduce the assumptions

on the kernel K :

H3. K is a continuously differentiable and compactly supported function.
Moreover, there exists a monotone non increasing function p : Ry — IR
such that K (z) = u(||z|) for all z € IRF.

The assumption on the support of K is only provided for simplicity of the

proofs. As a matter of fact, one could consider a more general class of kernels,

such as the gaussian kernel for instance. Moreover, as we will use Pollard’s
results [26], K is assumed to be of the form u(]].||).

Throughout the paper, H denotes the (k-1)-dimensional Hausdorff measure
on IR* (cf. Evans and Gariepy [27]). Recall that H agrees with ordinary “(-
1)-dimensional surface area” on nice sets. Moreover, A is the boundary of

the set A C IR*,
3 ifk=1;
a(k)_{ k+4 ifk>2.

and for any bounded Borel function g : R* — IR, , Mg stands for the measure
defined for each Borel set A C IR* by

A (A) = /A gdx.



Finally, the notation P, denotes the convergence in probability.

It can be proved that if H1, H3 hold and if A(OL(t)) = 0, one has :
MLa(HAL(E)) 0.

The aim of Theorem 2.1 below is to obtain the exact rate of convergence.

Theorem 2.1. Let g : IR¥ — IR, be a bounded Borel function and assume
that H1-H3 hold. If nh*/(logn)'6 — oo and nh®®) (logn)? — 0, then for
almost all (a.a.)t € O :

2t
VnhF A, (En(t)AL’(t)) E m /aw) HVLfHdH'

Remarks e Up to the log factors, our conditions on the bandwidth are
quite similar (except for the univariate case) to the classical conditions
nh*/logn — oo and nh¥™* — 0 in density estimation (see for instance
Prakasa Rao [28]).

e Under the assumptions nh*/(logn)'® — co and nh®* (logn)? — 0, the
convergence rate established in this result is of type (nhk)_l/ 2. If we restrict
ourselves to choices of bandwidth such that h = O(n~*) with s > 0, then the
conditions on the bandwidth now read as : 1/(k +4) < s < 1/k. The best
convergence rate one can get (corresponding to values of s close to 1/(k+4))
must be necessarily slower than O(n~2/(*+4) which is in turn strictly slower
than the rates of type O((logn/n)* *#+1) obtained when k > 3 by Walther
(|21], Theorem 4), using another estimator of the target level set.

e Notice that the rightmost integral is defined because g is bounded and L(t)
is a compact set for all ¢ > 0 according to H1.

e We which to emphasize that, from a statistical point of view, this result is
essentially useful when g = 1. Indeed, we then have the asymptotic behavior
of the volume of the symmetric difference between the two level sets. The
general case is provided for the proof of Corollary 2.1 below.

e If we only assume f to be Lipschitz instead of H1, then f is an almost
everywhere continuously differentiable function by Rademacher’s theorem
and Theorem 2.1 holds under the additional assumption on the bandwidth :
nh*+2(logn)? — 0.

2.2 Estimation of level sets with fixed probability. Now, we will derive
a corollary for the case where the level ¢ of the target level set is unknown.



We shall assume that inf © > 0 —so that A(f~(0)) < oo under H1- and, for
coherence of the assumptions, we shall consider the levels in an open interval
O;, which is a strict subset of ©, i.e.,

inf ©® < inf ©4 and sup ©® > sup O;.

Let us now denote by P the mapping defined on O; by :
P(t) = Ap(L(t)), t € Os.

Observe that by Proposition A2, P is one-to-one if f satisfies H1, H2. Fix
p € P(O,). We denote by ) € ©, the unique real number such that
Af(L(t®))) = p. Let us now turn to the construction of a natural estimator of
(") Tt is proved in Appendix B that under the assumptions of Corollary 2.1
below, with probability tending to 1, there exists tP with Af, (L 55’))) =p.
For simplicity, we shall assume throughout that such a t%p ) always exists. It
is naturally defined as an estimator of ¢®).

The aim of Corollary 2.1 below is to obtain the exact rate of convergence of
Ln( (P )) to L(t)). We also introduce an estimator of the unknown integral
in Theorem 2.1.

Corollary 2.1. Let k > 2, (an)n be a sequence of positive real numbers
such that o, — 0 and assume that H1-H3 hold. If nh*+2/logn — oo,
nh**+4(logn)? — 0 and a2nh¥/(logn)? — oo then, for a.a. p € P(6;) :

ik )\(En(tnp))AL(t(p))) L ,/3 / K2d),
+P) m

where B = an/NLa(td) — Lot + an)).

Remarks e From a statistical point of view, it is interesting to mention the
fact that under the assumptions of the corollary, we have for all p € P(Oy) :
) 1@ with probability 1 (see Lemma 4.3).

e When k£ = 1, the conditions of Theorem 2.1 on the bandwidth h do not
permit to derive Corollary 2.1. In practice, estimations of density level sets
and their applications to cluster analysis for instance are mainly interesting
in high-dimensional problems.



3. Proof of Theorem 2.1.

3.1. Auxiliary results and proof of Theorem 2.1. For all ¢ > 0, let

_ (logn)” V= f- (logn)?

where 3 > 1/2 is fixed. Moreover, K stands for the real number :

K= / K2d\.

Proposition 3.1. Let g : IR* — IR, be a bounded Borel function and
assume that H1-H3 hold. If nh*/(logn)3'? — oo and nh®®) (logn)?® — 0,
then for a.a. t € © :

lim Viht [ P(f(@) 2 () = lim vkt /v | P(fu() < t)dAy(x)
_ K 9
- \/;/acm 7

Proposition 3.2. Let g : IR¥ — IR, be a bounded Borel function and
assume that H1-H3 hold. If nh*/(logn)®® — oo and nh®® (logn)?® — 0,
then for a.a. t € © :

lim nh¥var [)\g (VfL N En(t)ﬂ =0 =lim nhFvar {)\g (VZ N En(t)cﬂ.

Proof of Theorem 2.1. Let t € © be such that both conclusions of Pro-
positions 3.1 and 3.2 hold. According to H3 and Pollard (|26], Theorem 37
and Problem 28, Chapter II), we have almost surely (a.s.) :

sup | fn, — Efn| — 0.
IRF

Moreover, since both sup,, E f,(x) and f(z) vanish as ||z|| — oo by H1, H3,
we have :

sup |[Ef, — f| — 0.
Rk



Thus, a.s. and for n large enough :
t
suplfo = f1 < 5.
IRk
Consequently, £,(t) C L£(t/2) and since L(t) C L(t/2), we get :

N (LalD)AL()) = /

1 d), + / 1 dh,. 3.1
g W<tz t [ Hznr<dAg (3.1)

Let
A, = {W sup |fn — f] < (logn)ﬂ}.
L(t/2)
Since L£(t/2) is a compact set by H1, it is a classical exercise to prove that
P(A,,) — 1 under the assumptions of the theorem. Hence, one only needs to
prove that the result of Theorem 2.1 holds on the event A,,. But on A, one
has according to (3.1) : Ag(L,(£)AL(t)) = JL + J2, where :

Th =2 (Vi 0 La(t)°) and J2 = Xy (Vi N La(8)).

By Propositions 3.1 and 3.2,if j=1or j=2:

‘ tK
Vgl 2 7/ I_an, (32
Vor Jocw T (3.2)

if the bandwidth h satisfies nh**) (logn)?? — 0 and nh*/(logn)3'% — oo.
Letting 3 = 16/31, the theorem is proved e

3.2. Proof of Proposition 3.1. Let X be a random variable with density
fs

z—X hk\/n
Vo(z) = Val"K(T> and Z,(r) = m(fn(x) — Efn(x)),
for all z € IRF such that Vj,(z) # 0. Moreover, ® denotes the distribution
function of the N (0,1) law.
In the proofs, ¢ denotes a positive constant whose value may vary from line
to line.

Lemma 3.1. Assume that H1, H3 hold and let C C IR* be a compact set
such that infe f > 0. Then, there exists ¢ > 0 such that for alln > 1, x € C

andu € IR :
c

P(Z(x) < ) = 0] < =




Proof. By the Berry-Esséen inequality (cf. Feller [29]), one has for all n > 1,
u € IR and x € IR* such that V,,(z) #0 :

\P(Zn(x) < ) — B(u)| < ¥E’K<

VnVa(@)?

It is a classical exercise to deduce from H1, H3 that

=)

—EK( .

sup B K(x_hX)—EK(x_hX)‘ < ch¥ and inf Vi () 2 b,

hence the lemma e

For all Borel bounded function g : IR* — IR, we let ©g(g) to be the set of
t € © such that :

o\ gA (17— el = limy 5A (7t +4)) :/ac(w HVg;fHdH

Lemma 3.2. Let g : IRF — IR, be a bounded Borel function and assume
that H1, H2 hold. Then we have ©g(g) = © up to a A\-null set.

Proof. According to H1, H2, for all ¢ € O, there exists > 0 such that :

inf V|l > 0.
T IV

We deduce from Proposition Al that for all t € © and € > 0 small enough :

1 g
A [t — e, t / / ——dHds.
£ g(f t—e JOL(s) ||fo

Using the Lebesgue-Besicovitch theorem (c¢f. Evans and Gariepy [27], Theo-
rem 1, Chapter I), we then have for a.a. t € O :

tey =) = [

and the same result holds for \,(f~1[t,t + €]) instead of A\y(f~1[t — &,1]),
hence the lemma e



Note that a straightforward consequence of Proposition A2 is A(QL(t)) = 0
for all ¢ € O, since 0 ¢ ©. In particular,

M t—et+e]) =A(fM(t—et+e)),
for all t € © and £ > 0 small enough.

We now let for ¢ € © and x € IRF such that f(z)V,(z) #0 :

nhk - _ hEn
i) (t— f(x)) and ,(z) = A

and finally, ®(u) = 1 — ®(u) for all u € IR.

tn(x) =

(t — Efn(z)),

Lemma 3.3. Let g : IRF — IR, be a bounded Borel function and assume
that H1, H2 hold. If nh* /(logn)?® — oo and nh*+4(logn)?® — 0, then for
allt € ()o(g) :

lim Vo[ [ P(fa(e) 2 (@) = [ B(tn(@))drg(x)] =0
and hm\ﬁ/ P(fn(x) < t)dg( /@tn ))dAg(x)] =0

Proof. We only prove the first equality. Let ¢t € ©¢(g). First note that for
all z € IR* such that V,,(z) #0 :

P(fa(z) 2 1) = P(Zn(x) = tn(2)).

There exists a compact set C C IRF such that infe f > 0 and V% C C for all
n. Observe that by Lemma 3.1 and the above remarks,

Vall [ [ P(ta(a) 2 (@) = [ BlEa)dr(@)] < edg(Vh)

%

Since A\y(V!) — 0 by Lemma 3.2, one only needs now to prove that :
E, := VnhF |®(tn(2)) — B(tn(x))]|dAg(x) — O.
Vi

One deduces from the Lipschitz property of ® that

En < eVnhFx,(VL) sup [Bn(x) — ta(z)].  (3.3)

zeV},

10



However, by definitions of #,(x) and t,(z), we have for all z € V! :

1
nhk
1 1 ok
JEI@ o W Efala) - f<a:>r)
0 n)ﬂ < T)— Vplx)h™

[t — f(z)]
It is a classical exercise to deduce from H1, H3 that, since V!, is contained

in C,

[tn(2) = tn ()]

IN
~

sup |Ef,(z) — f(z)| < ch?,

zeV},

and similarly, that

sup |K f(z) — Vu(z)h ™% < ch.

zeVY

One deduces from (3.4) and above that

sup |, (x) — to(x)| < ¢ (Vh (logn)® + Vnhk+4),

zeVY,
Thus, by (3.3) and since ¢t € Og(g), one has for all n large enough :
E, < ¢(logn)?(Vh (logn)® + Vnhk+1),
and the latter term vanishes by assumptions on h, hence the lemma e

Proof of Proposition 3.1. By Lemma 3.2, one only needs to prove Propo-
sition 3.1 for all £ € ©¢(g). Fix t € Oy(g), and let

L= [ B(ta(x))dy(x) and T,, = /7 D (t(2))dAg ().
Vi Vn

By Lemma 3.3, the task is now to prove that

K _
lim Vah* I, = \/L/ I M = lim Vnh* T,
n 2m Jocay V£ n

We only show the first equality. One has

I, = ! / /OO exp(—u—2>dud)\ (x)
" VoK v o) 2K o

11




where for all € IRF such that f(x) > 0, by(z) = Vnhk(t — f(z))/f(z)"/>.
By Fubini’s theorem :

1 0 u? _ log n)? U
o= e [ e (o e - ()

where for all v > 0, x(v) = —v/2 + (1/2)Vv? 4 4t. Tt is straightforward to
prove the equivalence :

)2 . (logn)?

u € [0,r,] & x( —

9

nhk

where 7, = (log n)ﬁ/\/t — (logn)B(nh*)=1/2 so that one can split I,, into
two terms, i.e., I,, = I} 4+ I2, where

1 o 2 _
o= g e (g )

and I? = \/;Wif(/r:oexp(—;;{)/\gwl[t_ (loiziﬁjt})du.

Since t € Og(g), one has for all n large enough :
00 2
Vnh* 1?2 < ¢(lo nﬁ/ exp (- —
n < cllogn)” | exp ( e
and the rightmost term vanishes. Thus, it remains to compute the limit of
Vnh¥I!. Using an expansion of x in a neighborhood of the origin, we get

nTILnWAg(f—l[X(\/:W)Q,tD:m/% » HV”;fHdH, (3.6)

for all u > 0, since ¢ € ©y(g). Moreover, one deduces from Lemma 3.2 that
for all n large enough and for all u € [0,7,] :

VA (1 () ) < V(e x( )
< cu, (3.7)

because r,/vVnhk — 0. Thus, according to (3.5)-(3.7) and the Lebesgue
theorem :

limVnh* I, = limVnh*I}
n n

1 /°° u? g
_ [T exp(— Wi/ I du
VarK Jo ( 2K ) ac) IV

tf(/ g
=\ 7 M,
2m Jocw) IVl

12

Jdu,  (3.5)




hence the proposition e

3.3. Proof of Proposition 3.2. From now on, we introduce two random
variables Ny, Ny with law N(0,1) such that Ny, N, X3, Xo,--- are inde-

pendent. We let

1
= Vn > 2.
on (logn)?Aloglogn’ "=

(As we will see later, the random variable Z,,(x) + 0,, N1 -for instance- has a
density with respect to the Lebesgue measure.) For simplicity, we assume in
the following that under H3, the support of K is contained in the Euclidean
unit ball of IR*,

Lemma 3.4. Let g : IRF — IR, be a bounded Borel function and assume
that H2 holds. If nh*/(logn)?® — oo, then for all t € ©Og(g) there exists
¢ > 0 such that for n large enough :

/V P({Zu(2) > 1a(0) }A{ Zu(2) + 0Ny > Ta(z) } ) AN (2) < cuny;

n

and /v; P({Zn(sc) < Zn(az)}A{Zn(az) +o,N1 < fn(:c)})d)\g(:c) < cwp,

where wy, = (logn)?/(nh*) + o, (logn)? /vVnh*.
Proof. We only prove the first inequality. Let ¢ € ©¢(g) and

P, = /v;a P({Zu(@) 2 Tul@) } A Z0(2) + 00Ny 2 Ta() } ) Ay ().

By independence of Ny and Z,(z), P, is smaller than

L e (= 3)P({2u0) 2 10 }A 200) 002 2 100 )=y o),

and consequently,

P, < /V% /exp (- Z;)P(Zn(x) —T(@)| < oulz])dzdAy(2).

Since t € Og(g), one deduces from Lemma 3.1 that for n large enough :

P, < c% +/Vt/exp(—222)P<]N1—tn(x)\San|zl>dzd)\g(x)

logn)® o, (logn)?
C( nhk nhk )’

IN

13



hence the lemma e

Lemma 3.5. Fiz t € © and assume that H1, H3 hold. Then, there exists a
polynomial function Q of degree 5 defined on IR? such that for all (u1,us) €
IR? and n large enough :

‘Eexp (z (ulZn(x) + ’LLQZn(y))) — Eexp (iulZn(x))Eexp (zuzZn(y)) ’

Q. e
nh*

if ¢,y € VL UV; are such that ||z — y|| > 2h.

?

Proof. First of all, fix uj,us € IR, z,y € V, UV:L and consider the following
quantities :

U r— X z—X
e (5E) - o))
U - X - X
and My = nVi(y)[K(yh )—EK(yh )}

One deduces from the inequality | exp(iw) — 1 — iw + w?/2| < |w| Vw € IR
that

’Eexp (i(M+ Mp)) — 1+ %E(Ml n M2)2‘

- ‘E[exp (i(M1+M2)) —1—z‘(M1+M2)+%(M1+M2)2” < E|M; + M3,

In a similar fashion, if j =1 or j = 2 :
|Eexp(id;) — 1+ %EMJZ’ = | Bl exp(iM)) — 1 —iM; + %Mf” < E|M;J3.
Consequently,
‘Eexp (2 (M1 4 M2)) _ Eexp (z’Ml)EeXp (z‘Mg)‘
< BIMy+ Ml +|(1 - %E|M1 + M) — (1- %EM%) (1- %EMQQ)‘
+1- %EM%‘E\MQP +]1- %EM%‘E]MH‘?. (3.8)

It is an easy exercise to prove that for all n large enough, one has inf V,,(z) >
ch®, the infimum being taken over all z € V!, UVZ. Consequently, if j =1 or
j=2:

Juy?

Vn3hk’

E|M;? <c

14



from which we deduce that :
ur|? + Jug®
A /nshk

Moreover, EM? = u}/n, EM3 = u3/n and for all x,y € V! UV; such that
[z =yl = 2h

E|M1 + MQ’S <c

- X y—X
E(M; + My)? = EM? + EM2 — — 12 pg (¥ Bk (Y2,
(M M )? = BME 4 NG = s B (5 ) B (5 7)

because the support of K is contained in the unit ball and hence

pr (PN R(ER) =0

One deduces from above and (3.8) that for all z,y € V! U Vi such that
lz =yl = 2h

)E exp (z (M1 T Mz)) — Eexp (iMl)E exp (iM2> ‘

3 3 2 3 1 2 3 1 2 hk
c\ul\ + |ug] +(muz) +C!u2\( +u?) + |ug]3( +u2)+C\U1u2\ ‘

- Vn3hk n2 Vn3hk n

By assumption, nh®* — 0 so that for n large enough : h* < 1/vnh*. Conse-
quently,

Q(lu1l, luz|)

‘Eexp (z (M1 i Mg)) — Eexp (iMl)Eexp (ng)‘ < -

where @ is defined for all uy,uy € IR by :
Q(u1,u2) = c(ud +uh + (uru2)? 4+ urug + udui + uiul).
Consequently, for all uy,u € IR and 2,y € V! UV, such that ||z —y|| > 2k :
| Bexp (i(u1Z,(x) + usZo(v))) — Eexp (w1 Zn(x) ) B exp (iusZn(y) )|
- ‘(E exp (i( My + MQ)))" — (Bexp (M) Bexp (ZMQ))"\

< n‘E exp (Z(M1 + Mg)) — Fexp (iMl)EeXp (zMg)‘
o Qul:fu2))
= nhk‘ b

hence the lemma e
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In the following, uv stands for the usual inner product of u,v € IR?.

Lemma 3.6. Let 2,y € IRF be such that Vy,(x)V;,(y) # 0. Then, the bivariate

random variable
Zn(x) + 00 N1
Zn (y) + UTLN2

has a density p=Y defined for all u € IR? by

oY (1) = 4711_2/E[exp (i(len(x)—i-mZn(y))ﬂ €xp (—iuv—%ﬂiHvHQ)dv-

Proof. By independence of X1, ---, X,,, N7 and N, the random variable

Zn(l') to N1
Zn(y) "\ N
has a density ¢%¥ defined for all u = (uy,us) € IR? by

B P ) pey i Ut 1C.) i PR G At Z) Y

2no2 202

Using the equality

! XPp ( 2 ) ! /exp ( —zw — %U%w2>dw Vz € IR,

ey G
V2702 202 2m

we deduce from the Fubini theorem that

or¥(u) = 471T2/E[exp (i(len(m)—I—ngn(y)))] exp (—iuv—%JiHUHQ)dU,

hence the lemma e

Proof of Proposition 3.2. We only prove the first equality of Proposition
3.2. According to Lemma 3.2, one only needs to prove the result for each
t € O0(g). Hence we fix t € ©g(g) and we put :

An(@) = {Zu(@) 2 (@)}, A(@) = {Zu(@) + 0uD; 2 Ta(@)}, § = 1,2,

for all z € IR* such that V;,(x) # 0. First note that since the events A, (x)
and {f,(z) >t} are equal, one has

var {/\g (Vfb N En(t)ﬂ

= /(W L (P(A) N An(0) — P(AL@) P(A0(0)) dAE2 (). (3.9)

n

16



But, by Lemma 3.4 and since ¢t € ©¢(g), one has for all n large enough :

" /(w o (PAs(@) 0 Au) = P(AL () N A% ) ) AN ()

IN

mhEA, (V) [ PAu(e) AL @) (a)

¢ (log n)?Vnhk( (logn)® o (log n)ﬁ)

nh¥ nhk

IN

IN

o (Logn)”
Vbt

and the latter term tends to 0 by assumption. In a similar fashion, one can
prove that

+ On (log n)26> ’

nh' /(vt)x2 (P(An(@)) P(An(y)) — P(AL(2)P(A%(y)) )dAS2(x,y) — 0.
By the above results and (3.9), it remains to show that
it [ (PN A ) =P @) P )X ) = 0. (310)

Let T(h) = {(z,y) € (IR¥)*? : ||z — y| < 2h}. According to the Fubini
theorem,

WAV 2N T(h)) = nht /w Mg (Vi B(x,2h) ) dXg ()

IN

nh® /V  Ag(B(x,2h))d)g (),

n

where B(z,r) stands for the Euclidean closed ball with center at z € IRF and
radius 7 > 0. Since t € Op(g), one deduces that

B
nhEA (V2N T(R)) < cnhk(IOiZihk

cy/nh3k(logn)28,

so that, by assumption on the bandwidth A :

IN

limnh* AP (V)2 N T(R)) = 0.

17



Let now S, = (V£)*2NT(h)¢. According to (3.10) and the above result, one
only needs now to prove that :

it [ (P(AL@) N A3 w) = PALE) PAL ) JdAG (@,9) — 0. (3.11)
By Lemmas 3.5 and 3.6, one has for all z,y € S,, :

|P(AL(2) N AZ(y)) — P(AL(2) P(AZ(y))]

/ | Bexp (i(u1Za() + usZn(y)))

—FEexp (iu1Zn(x))Eexp (zuzZn(y)) ‘ exp ( - %O’%||U”2>dU1dU2

IN

< o [ QU ush exp (5o ul ) dusd
C

<

b
olvnhk

where @ is the polynomial function defined in Lemma 3.5. Consequently, one

has for all n large enough :
nh [ (P(A} @) N A2 () — P(AL () P(AL (W) )X (. )

bk
c nh A?z(sn)

7
On

which tends to 0 by assumption, hence (3.11)
4. Proof of Corollary 2.1.

Lemma 4.1. Let k > 2 and assume that H1-H3 hold. If nh***(logn)? — 0
and nh¥/(logn)'® — oo, then for a.a. t € O, :

ValF(Ag, (£(8) = Ap, (£a(8))) £ 0.

18



Proof. Let t € ©4 be such that the conclusion of Theorem 2.1 holds both
for g = f and g = 1. Notice that

A (L) = Mg, (Eal) = [ F(1gg2 — Ligazg ) DA

/ﬁ(t)f {fn<t} e 20

As in the proof of Theorem 2.1, we see that the result of the lemma will hold
if we show that VnhFK, > 0, where

K, = /v fnl{fn<t}d)\—/w fal (g, 00N

Split K, into four terms as follows :

K, - /V,; (Fn — P <ryd) — /V U = g5,z

+/VZ Lifo<tydAs — /v,a Lif,>01dAs- (4.1)
On one hand, it is a classical exercise to deduce from H1, H3 that

P
sup | fn — f| = 0.
Vt

Thus, using (3.2),

Vnhk / P1ipcndh 20,
In a similar fashion :

VnhE / P sndh 0.
On the other hand, we get from (3.2) that :

lim v'nh¥ /va Lgu2tydAs = lim vkt /V L <iydhs,
where the limits are in probability. By the above results and (4.1), Vnh*K,
tends to 0 in probability, hence the lemma e

Lemma 4.2. Let k > 2, t € O, and assume that H1, H3 hold. If nh*t* — 0,
then :

VihE (A (£(8) = As, (£(£))) 5 0.

19



Proof. Observe that
MED) = A (£0) = [ (F=Bfar+ [ (Efa= f)dr
L(t) L(t)

According to H1, H3, we have :

/ \f — EfadA < ch?,

L(t)
and since nh*t* — 0, we only need to prove that
x/nhk/ (Efn — f2)dX\ 20
L(t)
We prove that this convergence holds in quadratic mean. We have :
2 1 r—X 2

E(Vnh* / Efyp — fa)dA —E / K d

< PR R o

Recall that we assume in Section 3.3 that the support of K is contained in
the unit ball so that if ||z — y| > 2k,

pr(T )R (Y2E) =0

Letting R(h) = {(z,y) € L(t)*? : ||z — y|| < 2h}, one deduces from above

A

that
B(Valk /ﬁ eI f)an)” < » / » / (u)dudady
< /h) f(z — hv)dvdzdy
< >\®2(R(h))
< / AM(L(t) N B(x,2h))da,

according to the Fubini theorem. Thus, we get :

E(W/L(t)(Efn - fn)dA>2 < ch*,

20



hence the lemma e

Lemma 4.3. Let p € P(O,) and assume that H1-H3 hold. If nh*/logn —

oo, then tﬁf’) — t) q.s.

Proof. Let ¢t = t® and ¢, = tﬁf’). As seen in the proof of Theorem 2.1,
suppek | fn, — f| — 0 a.s. Hence, one can fix

w e {s};}y\fn—f\ﬁO}.

For notational convenience, we omit w until the end of this proof. Since for
large values of n, t,, is contained in the closed interval I C © (see Appendix
B), from each sequence of integers, one can extract a subsequence (ny)y such
that t,, — t*, where t* € I. On one hand, according to Scheffé’s theorem,

lim (Ag,, (Lo (tne)) = Ap(Lny(tn))) =0, (4.2)
since both f and f,, are density functions on IR* and

Moy (Lo (b)) = Ay o ()] < [ 1, = fla
On the other hand, letting e, = suppgx | fn, — f|, one observes that
ML) = Mg a0 = [ FLg20) = Lzt

/ St e <<ty +e A

c)\(f—l([tmc — €y tng F €K N (O’S];Ef]))’

X

IN

IN

and the latter term tends to 0 as £ — oo according to Proposition A2. One
deduces from (4.2) that :

lim (Ar(£(8) = Ap(£(tny))) = Tim (p = Ap(L(tn,))
= lim ()‘fn tnk 7)\f(‘cnk(tnk))>

o lim (A (Lo (b)) = A(L(t,)
0. (43)

Moreover, the map s — A¢(L(s)) defined on I is continuous according to
Proposition A2. Consequently, one has

lm Af(L(tn,)) = Ap(L(E)),
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and thus, by (4.3), Af(L(t)) = Af(L(t*)) and hence t = t* because P is
one-to-one. One conclude t,, — t since we proved that from each sequence of
integers, one can extract a subsequence (ng)x such that ¢, — t. The lemma
is proved e

Lemma 4.4. Let k > 2 and assume that H1-H3 hold. If nh*+4(logn)? — 0
and nh¥*+2 /logn — oo, then for a.a. p € P(O,) :

t(®)
Ny / / L irds 2o
1@ Jac,(s) ||Vl

Proof. One only needs to choose p € P(O;) such that the conclusion of

Lemma 4.1 holds for ¢®). For simplicity, let t = t® and ¢, = t%p ) Tt is a
classical exercise to prove that since nh**+2/logn — oo and nh*+4 — 0,

IVIall = IV ]} as.,

uniformly over the compact sets. Thus, by Lemma 4.3 and H2, we have a.s.
and for n large enough :

inf IVfal >0,  (4.4)

f 1 [min(tn,t),max(tn,t

We deduce from Proposition Al that a.s. and for n large enough :
A Lat) = Mg, (Ea) = [ (Lguz) = Ligzn )M,
= / 1{tn<fn<t}d/\fn - / Lit< fusctn} A S

= dH ds,

where the latter integral is defined according to (4.4). Consequently,

max(ty,t
A (L)) = A - / / ——_dHds.
‘ fn( ) fn ‘ min(ty,t) OLn(s) van”

By Lemma 4.3, one has a.s. and for n large enough : ¢, > t/2. Since
At (Ln(tn)) =p = Ap(L(t)), one deduces that :

t [max(tn,t) 1
(L) = A (£a(®)] 2 5 s / oo TEET
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We can now conclude the proof of the lemma because
P
VaREAp(£(5) = Ag, (£a(8)| B0,
by Lemmas 4.1 and 4.2 e

Lemma 4.5 Assume that H1-H3 hold. If nh*/(logn)? — oo, then for a.a.
peP(O) :
nhk

: t®) — @) £ g,
ogn

Proof. By H2 and the Lebesgue-Besicovitch theorem (Evans and Gariepy
[27], Theorem 1, Chapter I), we have for a.a. p € P(O;) :

1 t(p) f f
: s / I
€ Jiw)—¢ /aas) IVl = Jocwon VS

as € \, 0. Thus, one only needs to prove the lemma for p € P(0;) such that

the above result holds. For convenience, let ¢ = ¢ and t,, = t%p ) Tt suffices
to show that

/rhF
nh t®) — @) L
logn " "

on the event A,, defined by

A = {LS(I;/% [fu= IS 7o,

where 7, = (logn)%*/vVnh¥, because P(A,) — 1 (see the proof of Theorem

2.1). According to Lemma 4.3, one has a.s. and for n large enough : L(t,,) U
L, (t,) C L(t/2) on the event A,,. Then,

ML) Aol = [ [ st [ g

Lo A= dlan+ [ fieg = Les
L(t)2)
< erut oA (L(t)AL(t)).  (45)

A

IN

But, on A, :
A(E(tn)Aﬁn(tn)) < A({tn oy < f <ty A+ rn})
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By H1, H2, there exists a neighborhood V of ¢ such that

inf ||V f|| >0,
inf (V]

thus, by Lemma 4.3, one has a.s. and for n large enough :

IN

A(C(tn)AEn(tn)) 22\8 A({s —rn < f<s+ Tn})

< crp,

where the latter inequality is a consequence of Proposition Al. According to
(4.5), one has on A,, and for n large enough :

IAf(L(tn)) = Ap(L@)] = [Ap(L(En)) = Ap, (Ln(tn))| < cTn.
Observe now that by Proposition Al and our choice of ¢, one has a.s. :

Ap(L(tn)) = Ar (L) f
tn —t /M(t) V£l AH#£0,

thus on A,,
[t —t| < crp,

for n large enough, hence the lemma e
Lemma 4.6. Assume that H1-H3 hold and let (ay,)y be a sequence of posi-

tive real numbers. If o, — 0, a2nh®/(logn)? — oo and nh*/(logn)? — oo,

then for a.a. p € P(Oy) :

1 E !
(et~ 2.9 4+, H/ R
A~ Laltl) van) £ e

Proof. According to Proposition A1 and H1, H2, one has for a.a. t € ©; :

1 1 !
g)\(ﬁ(t) ~L(t+e)) = EA({t <f<the}) - /M(t@)) ot

as € \, 0. Hence, it suffices to prove the lemma for all p € P(©;) such
that the above result holds with ¢ = t(). For convenience, let t = t® and
ty, = %p). By Lemma 4.5, one only needs to prove that

1 1
7)\<£n(tn) - En(tn + an)) = — ({tn < fo <tp+ an})

(679 Qo
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converges in probability to

1
——dH,
/aat@)) V£l
on the event B,, defined by

Bn:{ sSup |fn_f| < vp, |tn_t‘ gvn}>
£(t/2)

where v, = logn/vVnh*, because P(B,) — 1. But, for n large enough, one
has L, (t,) U L(t) C L(t/2) on B,,. Consequently,

iA({tnSJ"n<1fn+0‘n}) “M{t=s<tra)

On
1 Un
< A({t-20 < f<t+2}) <et,
(a77% On
and the latter term tends to 0 by assumption on «,,. Finally, the choice of ¢
implies that

1 1
Mesnsirad) = [ o

so that on By, :

1 1
a—n)\({tn < fo <tnt an}) LA /M(t(m) Wd?{,

hence the lemma e

Proof of Corollary 2.1. According to Lemma 4.3, Lemma 4.6 and Theorem
2.1, one only needs to prove that for a.a. p € P(Oy) :

nhE (Lo (BP)ALEP)) = A(La(tP)ALEP)) | 2 0.

Moreover, it suffices to show the above result for each p € P(0;) such that
the conclusion of Lemma 4.4 holds. Fix such a p € P(0;) and, for simplicity,

let t = t® and t, = t,(lp ) A straightforward computation gives the relation :

D= A(La(tn) L)) — A(La(t)AL () = / (Lss0 — Lsuzg ) dA,

where 7 =1 —217¢54y. Then,

Dy :/1{tn§fn<t}?7d/\—/1{t§fn<tn}?7d/\-
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By (4.4) and H3, one can now apply Proposition Al, which gives :

t
n
Dn:/ / dH ds.

ID,| < / et / LI
n| = S’
min(tn,t) JoLn(s) |V fall

Consequently,

so that by Lemma 4.4 :
VhE Dy = VahF (Lot AL(E)) = A(La(BALE))] 50,
hence the corollary e

Appendix A : Change of variable formula and an application. Pro-
position Al below is a consequence of the change of variables formula given
in Evans and Gariepy ([27]|, Chapter III, Theorem 2). For a similar proof,
see also Chapter III, Proposition 3 in the same book.

Proposition Al. Let ¢ : IR¥ — IR, be a continuously differentiable func-
tion such that (x) — 0 as ||z|| — oo, and J C IRy be an interval such that
inf J > 0 and
inf [Vl > 0.
it [l

Then, for all bounded Borel function g : IR* — IR :

/ gd\ = / / 9 ands.
e=1(J) 7 Je=1(sh) IVl

Proof. Notice that ¢ is a locally Lipschitz function and

9Llo-1()

is integrable because ¢~!(.J) is bounded. Proposition Al is then an easy
consequence of Theorem 2 in Evans and Gariepy ([27], Chapter III) o

Proposition A2. Assume that H1, H2 hold. Then, for all t € ©,

MfHt—e,t+e]) =0, as e — 0.
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Proof. One can find a closed interval F' such that ¢t € F* C ©. Since 0 ¢ F,
A f~Y(F)) < oo. By Proposition Al, we then deduce that the map

1
— —dM
/fl<{s}> V£l

defined on F' is integrable. Proposition A2 is then an easy consequence of
Proposition Al and the Lebesgue theorem e
Appendix B : On the existence of t,(lp ). Assume that the hypotheses
of Corollary 2.1 hold. Let ¢ € ©. Then, A(f~1({t})) = 0 by Proposition
A2, and hence Af(0L(t)) = 0. Since, as seen in the proof of Theorem 2.1,
suppek | fn — f| — 0 a.s., we deduce that a.s. :

Afn(Ln(t)) = A (£(1))

(use for instance Theorem 5.1 in Billingsley [25], with the Lebesgue measure
restricted to some compact set instead of a probability measure). Observe
that this convergence holds uniformly over the compact sets of © since the
map s — Ay, (L£,(s)) is non increasing. Let now I C © be a closed interval
such that

inf I < inf ©4 and sup > sup 6.

Using again the monotonicity argument, we deduce that
P(Ag, (La(inf 1) > Ap(£(inf ©,)), Ay, (La(sup 1)) < Af(L(sup©y))) — 1,

and hence, since a.s., (g, (L£n(s)))ser uniformly converges to (Af(L(s)))ser,
that

P(Elt el Ap, (La(t)) = p) 1,

for all p € P(©;). As a conclusion, for all p € P(@s with probability tending
to 1, there exists t% € I such that Af, (Ln(t 5{’))) =
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