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Abstract Let us denote by Pd the set of all probability measures on IRd

(d ≥ 2), and by M(µ) the set of all L1-medians of µ ∈ Pd, i.e. M(µ) =
Argminα∈IRdϕµ(α), where ϕµ(α) =

∫
(‖t− α‖ − ‖t‖)µ(dt) for α ∈ IRd (‖.‖ is

the lq-norm with q ≥ 2). If m(µ) denotes any point in M(µ), we shall deal
with the Hölder properties of the application

{µ ∈ Pd : cardM(µ) = 1} → IRd

µ 7→ m(µ),

where Pd is endowed with the topology induced by the metric associated with
the bounded and Lipschitz functions. We apply the result to get an upper
bound of the almost sure rate of convergence in the uniform estimation of
the conditional L1-median from mixing observations.
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rate of convergence, mixing, BL-metric.

1 Introduction

1.1 The L1-median. Objectives of the paper

The concept of L1-median (sometimes called spatial median) was historically
introduced by Weber [16] as follows. A company wishes to choose an appro-
priate location for a warehouse which will service n customers whose planar
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coordinates are given to be C1, · · · , Cn. The solution suggested by Weber
is to locate the warehouse so as to minimize the sum of the distances from
it to Ci, i = 1, · · · , n. The set of solutions is called the set of L1-medians.
This concept of L1-median was generalized and studied later by Averous-
Meste [1], Bru-Heinich [5], Gini-Galvani [10], Haldane [11], Kemperman [12],
Milasevic-Ducharme [13] and Valadier [15] (see also the survey by Small [14]).
In the following, we will denote by Pd the set of all probability measures
defined on IRd, where d ≥ 1. If µ ∈ Pd, let us denote by ϕµ the function
defined for all α ∈ IRd by

ϕµ(α) =
∫

(‖t− α‖ − ‖t‖)µ(dt),

where ‖.‖ is some norm on IRd. Note that this definition does not need the
assumption

∫
‖t‖µ(dt) <∞. The set M(µ) of all L1-medians of µ is the set

of all points where ϕµ is as small as possible, i.e.

M(µ) = Argminα∈IRdϕµ(α). (1.1)

In the special case where d = 1 the L1-median is well known to reduce to the
standard one dimensional median.
Kemperman [12] proved that M(µ) is always non-empty, and contains only
one element if ‖.‖ is a strictly convex norm (i.e. ‖x+y‖ < ‖x‖+‖y‖, whenever
x and y are not proportional) and if the support of µ is not included in a
straight line (which impose d ≥ 2).
Here, and subsequently, m(µ) will denote an element ofM(µ), if µ ∈ Pd. In
this paper, we shall deal with the continuity properties of the application

{µ ∈ Pd : cardM(µ) = 1} → IRd

µ 7→ m(µ), (1.2)

where Pd is endowed with the topology induced by the BL-metric π (BL
for Bounded-Lipschitz : See Section 1.2). Let µ ∈ Pd such that M(µ) =
{m(µ)}. Kemperman ([12], Corollary 2.26) proved that, (µn)n≥1 being a
sequence of probability measures on IRd such that π(µn, µ) →n→∞ 0, then
m(µn) → m(µ), as n → ∞ (see also Cadre [6] for the infinite dimensional
case). Hence, the application defined by (1.2) is continuous. The first purpose
of the paper is to prove that, if ‖.‖ is the lq-norm (q ≥ 2), a restriction of
this application is in fact Hölder of order 1/2.
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We then apply the previous result to nonparametric estimation of the condi-
tional L1-median. Let d ≥ 2, p ≥ 1, (X, Y ) be a random vector with values
in IRp× IRd and C be a compact set in IRp. For all x ∈ C, write µx the law of
Y given X = x and assume that µx possesses only one L1-median m(µx). We
now consider the sample (Xi, Yi)i≥1, and for all n ≥ 1, x ∈ C, we denote by
µnx an estimator of the probability measure µx and by m(µnx) a L1-median of
µnx. In a very general context on the law of (X, Y ), we use the Hölder prop-
erty of the L1-median in order to give an estimation of the almost sure rate
of convergence of supx∈C ‖m(µx) − m(µnx)‖. Berlinet et al. ([2] in the i.i.d.
case, [3] in the mixing case) already considered this problem but without
any attempt to give an estimation of the rate of convergence (see Berlinet et
al. [4] for an application of this result in nonparametric prediction). From a
Statistical viewpoint, one of the interest of the L1-median is the following :
suppose that X and Y are linked by the equation

Y = g(X) + ε,

where g is defined on IRp and ε is a IRd-valued random vector independent
of X with known L1-median. As easily seen, m(µnx) then gives an estimator
of g(x). The advantage of this method, compared to the classical regression,
is that it provides a robust estimator.

Section 1.2 is dedicated to fixing notations and hypotheses. In Section 2, we
state the main results of the paper. Then, we set out the proofs in Section
3.

1.2 General notations and hypothese

In the following, d and q are integers greater than 2, ‖.‖ is the lq-norm on
IRd (i.e. ‖x‖ = (

∑d
i=1 |xi|q)1/q if x = (x1, · · · , xd) ∈ IRd), and for a ∈ IRd,

δ > 0, B(a, δ) is the closed ball B(a, δ) = {x ∈ IRd : ‖x − a‖ ≤ δ} and
S(a, δ) is the sphere S(a, δ) = {x ∈ IRd : ‖x − a‖ = δ}. Note that ‖.‖ is
a strictly convex norm, since q > 1. Moreover, Hf (resp. ∇f) stands for
the Hessian matrix (resp. the gradient) of a twice continuously differentiable
function f : IRd → IR. The support of µ ∈ Pd is denoted suppµ and if
M(µ) (defined in (1.1)) contains only one element m(µ) then for all δ > 0,
ϕµ,δ denotes the function defined for all α ∈ IRd by

ϕµ,δ(α) =
∫
Bc(m(µ),δ)

(‖t− α‖ − ‖t‖)µ(dt),
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and K(µ, δ) is the real number defined by

K(µ, δ) = inf
α∈B(m(µ),δ/2), l∈IRd : ‖l‖=1

lTHϕµ,δ(α)l,

where lT stands for the transpose of l ∈ IRd. Note that, since q ≥ 2, ϕµ,δ
is a twice continuously differentiable function on B(m(µ), ε), if ε ∈]0, δ[.

Let us recall that the BL-metric is defined for all µ, ν ∈ Pd by

π(µ, ν) = sup(|
∫
fdµ−

∫
fdν|),

the supremum being taken over all f : IRd → IR such that

sup
s,t∈IRd, s 6=t

|f(s)− f(t)|
‖s− t‖

+ sup
t∈IRd

|f(t)| ≤ 1.

Our basic assumption is the following. We say that the pair (µ, γ) ∈ Pd ×
IR∗+ satisfies H(µ, γ) if µ(Bc(m(µ), γ)) > 0 and suppµ ∩ Bc(m(µ), γ) is not
included in a straight line. Note that if (µ, γ) ∈ Pd × IR∗+ satisfies H(µ, γ),
then the support of µ is not included in a straight line, so that according to
Kemperman [12], µ possesses only one L1-median.

Remark 1.1 If (µ, γ0) ∈ Pd × IR∗+ satisfies H(µ, γ0), then for all γ ∈]0, γ0],
(µ, γ) satisfies H(µ, γ). Hence there is no loss of generality in assuming that
γ0 ∈]0, 1].

Remark 1.2 If (µ, γ) ∈ Pd×]0, 1] satisfies H(µ, γ), then the support of µ is
not included in a straight line. However, it may happens that suppµ is not
included in a straight line, even though for all γ > 0, (µ, γ) does not satisfies
H(µ, γ). Indeed, consider the case d = 2 and ‖.‖ the Euclidean norm. Let
C,D,E ∈ IR2 such that the angle of vertex D is in the interval [2π/3, π[,
and

µ =
1

3
(δC + δD + δE)

where δx denotes the Dirac measure on x ∈ IR2. As C,D,E are not included
in a straight line, M(µ) contains only one element which is easily proven to
be D. But, if γ > 0 is such that µ(Bc(D, γ)) > 0, suppµ∩Bc(D, γ) equals, as
the case may be, ∅, C, E or {C,E}. Hence, (µ, γ) does not satisfies H(µ, γ).
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Remark 1.3 Let µ ∈ Pd. If there existsA ⊂ IRd−2 such thatA×IR2 ⊂ suppµ
then for all γ > 0, (µ, γ) satisfies H(µ, γ). More generally, if suppµ charges
the Lebesgue measure on IRd, then there exists γ > 0 such that (µ, γ) satisfies
H(µ, γ).

2 The results

2.1 Hölder properties of the L1-median

Theorem 2.1 Let (µ, γ) ∈ Pd×]0, 1] be a pair which satisfies H(µ, γ). Then
K(µ, γ) > 0, and for all ν ∈ Pd:

i) ‖m(µ)−m(ν)‖2 ≤ 24(1 + ‖m(µ)‖+ ‖m(ν)‖)2

γ K(µ, γ)
π(µ, ν);

and if A = 1 + ‖m(µ)‖+ ‖m(ν)‖,

ii) ‖m(µ)−m(ν)‖2 ≤ 8(1 + ‖m(µ)‖+ ‖m(ν)‖)
γ K(µ, γ)

sup
‖α‖≤A

|ϕµ(α)− ϕν(α)|.

Remark 2.1 It is at least necessary to assume thatM(µ) contains only one
element. If not, and m1 6= m2 are two L1-medians of µ, then ‖m1−m2‖ 6= 0
when π(µ, µ) = 0 !

2.2 Nonparametric estimation of the conditional L1-median

Let p ≥ 1 and (X, Y ) be a IRp × IRd-valued random vector defined on the
probability space (Ω,F , P ). In the following, C is a compact set in IRp and
for all x ∈ C, µx = PY |X=x. Assumption (A1) below is our basic assumption
on the familly (µx, x ∈ C). Note that under Assumption (A1) below, we
have for all x ∈ C : M(µx) = {m(µx)}.

(A1) There exists γ ∈]0, 1] such that for all x ∈ C, (µx, γ) satisfies H(µx, γ)
and µx(S(m(µx), γ)) = 0.
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Let (Xi, Yi)i≥1 be a sequence random vectors, with the same law as (X, Y ).
For all x ∈ C, the probability measure µx is estimated from a Nadaraya-
Watson type estimator. For n ≥ 1, let µnx be the probability measure defined
for all borel set A ⊂ IRd by

µnx =

∑n
i=1 IA(Yi)K(x−Xi

hn
)∑n

i=1K(x−Xi

hn
)

,

where K denotes a probability density on IRp and (hn)n≥1 (the bandwidth)
is a sequence of positive real numbers such that hn → 0 as n → ∞. Recall
that, according to Kemperman [12], M(µnx) is a non empty set.

Here, and in the following |.| will denote a fixed norm on IRp as well as the
standard distance on IR. Let us introduce now the assumptions:

(A2) The sequence (Xi, Yi)i≥1 is strictly stationary and geometrically mixing.

For a definition of the term geometrically mixing, we refer to Doukhan [9].

(A3) X1 admits a density g, and for some ε-neighborhood C̃1 of C,

inf
x∈C̃1

g(x) > 0;

(A4) There exists an ε-neighborhood C̃2 of C such that, if

M(θ) = sup(π(µx, µx′), x, x
′ ∈ C̃2, |x− x′| ≤ θ) ∀θ ≥ 0,

then M is continuous;
(A5) K is Hölderian and

∫
exp(|t|)K(t)dt <∞;

(A6) nhpn(log n)−6 →∞, as n→∞.

Remark 2.2 The first condition in (A1) is always satisfied if for all x ∈ C,
there exists A ⊂ IRd−2 such that A × IR2 ⊂ suppµx. Moreover, the second
condition in (A1) is always satisfied if for all x ∈ C, the measure µx is
absolutely continuous with respect to the Lebesgue measure.

Remark 2.3 Under assumption (A4) we have M(θ) → 0 if θ → 0, which
implies that for all α ∈ IRd, the function (ϕµx(α), x ∈ C) is continuous.
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Theorem 2.2 Assume (A1)-(A6) hold, and let ξ > 0, λ ∈]0, 1[. If for all
x ∈ C, n ≥ 1, m(µnx) ∈M(µnx) then w.p. 1, we have for all n large enough:

sup
x∈C
‖m(µnx)−m(µx)‖ = O(hξn + (nhpn)−1/4 +M(hλn)1/2). (2.1)

Remark 2.4 Note that we obtained Theorem 2.2 without assuming that
the law of (X1, Y1) is absolutely continuous with respect to the Lebesgue
measure. Of course, one can not expect to get an optimal result because
of the generality of the situation. Finally, it is of interest to note that the
rate of convergence in Theorem 2.2 depends on the modulus of continuity M
defined in (A4).

Remark 2.5 When the data are i.i.d., Cadre and Gannoun [7] proved the
asymptotic normality of the sequence ((nhpn)1/2(m(µnx) − m(µx)))n≥1. But
this result is obtained under strong hypotheses.

3 Proofs

3.1 Proof of Theorem 2.1

First of all, we state two Lemmas, delaying their proofs to the end of this
Section.

Lemma 3.1 If (µ, γ) ∈ Pd×]0, 1] satisfies H(µ, γ), then K(µ, γ) > 0.

Lemma 3.2 Let ν, µ ∈ Pd. Then,

i) ϕµ(m(ν))− ϕµ(m(µ)) ≤ 6(1 + ‖m(µ)‖+ ‖m(ν)‖) π(µ, ν);

and if A = 1 + ‖mµ‖+ ‖mν‖,

ii) ϕµ(m(ν))− ϕµ(m(µ)) ≤ 2 sup
‖α‖≤A

|ϕµ(α)− ϕν(α)|.

Proof Theorem 2.1 Let us denote by ϕ1 the function defined for all α ∈ IRd

by

ϕ1(α) =
∫
B(m(µ),γ)\m(µ)

(‖t− α‖ − ‖t‖)µ(dt).
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Throughout the proof, k = m(ν)−m(µ) (which is assumed, without loss of
generality, to be different from 0) and h = min(1, γ/(2‖k‖)).
Since ϕµ is a convex function and h ∈]0, 1], we have:

ϕµ(m(ν))− ϕµ(m(µ)) = ϕµ(m(µ) + k)− ϕµ(m(µ))

≥ ϕµ(m(µ) + hk)− ϕµ(m(µ))

h

and the rightmost term equals

ϕµ,γ(m(µ) + hk)− ϕµ,γ(m(µ))

h
+
ϕ1(m(µ) + hk)− ϕ1(m(µ))

h
+‖k‖µ({m(µ)}).

On one hand, ϕµ,γ being a twice continuously differentiable function
on B(m(µ), h‖k‖), we get from Taylor’s formula, for some θ ∈]0, 1[:

ϕµ,γ(m(µ) + hk)− ϕµ,γ(m(µ))

h

= kT∇ϕµ,γ(m(µ)) +
h

2
kTHϕµ,γ(m(µ) + θhk)k

≥ kT∇ϕµ,γ(m(µ)) +
h

2
‖k‖2K(µ, γ).

On the other hand, since ϕ1 is a convex function, we have for all β ∈]0, h]:

ϕ1(m(µ) + hk)− ϕ1(m(µ))

h
≥ ϕ1(m(µ) + βk)− ϕ1(m(µ))

β
.

According to the Lebesgue Theorem, as β ↘ 0:

ϕ1(m(µ) + βk)− ϕ1(m(µ))

β
→ kT∇ϕ1(m(µ)).

Consequently,
ϕµ(m(ν))− ϕµ(m(µ))

≥ kT∇ϕ1(m(µ)) + kT∇ϕµ,γ(m(µ)) + ‖k‖µ({m(µ)}) +
h

2
‖k‖2K(µ, γ).
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But, according to Kemperman ([12], Theorem 4.11), since m(µ) is a L1-
median for µ:

kT∇ϕ1(m(µ)) + kT∇ϕµ,γ(m(µ)) + ‖k‖µ({m(µ)}) ≥ 0,

hence

ϕµ(m(ν))− ϕµ(m(µ)) ≥ h

2
‖k‖2K(µ, γ).

Now, by Lemma 3.1 we have K(µ, γ) > 0, and moreover

1

h
≤ max(1,

2(‖m(µ)‖+ ‖m(ν)‖)
γ

) ≤ 2

γ
(1 + ‖m(µ)‖+ ‖m(ν)‖),

because γ ∈]0, 1]. Hence we have obtained the inequality

‖k‖2 ≤ 4(1 + ‖m(µ)‖+ ‖m(ν)‖)
γ K(µ, γ)

(ϕµ(m(ν))− ϕµ(m(µ))),

which, according to Lemma 3.2, proves the assertions i) and ii) of Theorem
2.1.2

Proof of Lemma 3.1 Let us prove that ϕµ,γ is strictly convex. Obviously,
ϕµ,γ is a convex function. If ϕµ,γ were not strictly convex then there exists
α0 ∈ IRd and l0 ∈ IRd\0 such that ϕµ,γ(α0+2l0)−2ϕµ,γ(α0+l0)+ϕµ,γ(α0) = 0.
But then we have, for µ-a.e. t ∈ Bc(m(µ), γ), ‖α0 − t + 2l0‖ − 2‖α0 − t +
l0‖ + ‖α0 − t‖ = 0. Hence from Kemperman ([12], Lemma 2.14) (since ‖.‖
is a strictly convex norm), for µ-a.e. t ∈ Bc(m(µ), γ), α0 − t is a scalar
multiple of l0. Equivalently, suppµ ∩ Bc(m(µ), γ) is included in a straight
line, which contradicts the fact that (µ, γ) satisfies H(µ, γ). Hence, ϕµ,γ is
strictly convex, which implies that for all α ∈ B(m(µ), γ/2), l ∈ IRd \ 0 :
lTHϕµ,γ(α)l > 0, since ϕµ,γ is a twice continuously differentiable function on
B(m(µ), γ/2). By continuity, we deduce K(µ, γ) > 0. 2

Proof of Lemma 3.2 Since m(µ) (resp. m(ν)) is a minimum for ϕµ (resp.
ϕν):

ϕµ(m(ν))− ϕµ(m(µ))

≤ |ϕµ(m(ν))− ϕν(m(ν))|+ |ϕν(m(ν))− ϕµ(m(µ))|
≤ sup

α∈B
|ϕµ(α)− ϕν(α)|+ | inf

α∈B
ϕµ(α)− inf

α∈B
ϕν(α)|

≤ 2 sup
α∈B
|ϕµ(α)− ϕν(α)|, (3.1)
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where B = B(m(µ), 1/2) ∪ B(m(ν), 1/2). This gives Assertion ii). Now, by
the very definition of the BL-norm :

sup
α∈B
|ϕµ(α)− ϕν(α)|

= 3 sup
α∈B

max(1, ‖α‖)|
∫ ‖t− α‖ − ‖t‖

3 max(1, ‖α‖)
(µ(dt)− ν(dt))|

≤ 3 sup
α∈B

max(1, ‖α‖)π(µ, ν)

≤ 3(1 + ‖m(µ)‖+ ‖m(ν)‖)π(µ, ν),

which gives Assertion i), according to (3.1). 2

3.2 Proof of Theorem 2.2

First of all, we state one Lemma, delaying its proof to the end of the Section.

Lemma 3.3 Assume (A1)-(A6) hold. Then w.p. 1, there exists S < ∞
such that for all n ≥ 1:

sup
x∈C
‖m(µx)−m(µnx)‖2 ≤ S sup

‖α‖≤S
sup
x∈C
|ϕµx(α)− ϕµn

x
(α)|.

Proof of Theorem 2.2 In this proof, we fix α ∈ IRd \0, ξ > 0 and λ ∈]0, 1[.
The constants c1, · · · , c6 defined in this proof are independent of α. For all
n ≥ 1 and x ∈ IRp, let

Kn(x) = h−pn K(xh−1
n ),

Rn(x, α) = n−1
n∑
i=1

(‖Yi − α‖ − ‖Yi‖)Kn(x−Xi),

gn(x) = n−1
n∑
i=1

Kn(x−Xi).

Then, for all n ≥ 1:

sup
x∈C
|ϕµn

x
(α)− ϕµx(α)| ≤ 1

infx∈C gn(x)
(An(α) + ‖α‖Bn + Cn(α)), (3.2)
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where

An(α) = sup
x∈C
|Rn(x, α)− E[Rn(x, α)]|;

Bn = sup
x∈C
|gn(x)− E[gn(x)]|;

Cn(α) = sup
x∈C
|E[Rn(x, α)]− ϕµx(α)E[gn(x)]|.

According to Collomb ([8], Lemma 4), there exists δ > 0 such that∑
n≥1

P (inf
x∈C

gn(x) ≤ δ) <∞.

Then, the Borel-Cantelli Lemma yields that w.p. 1, for all n large enough:

inf
x∈C

gn(x) ≥ δ. (3.3)

Moreover, an easy modification of the proof of Lemma 3 of Collomb [8] leads
to the existence of c1, c2 > 0 such that for all n large enough, and for all
ε > 0:

P (An(α) > ε) ≤ c1n
c1 exp

(
−c2

ε

‖α‖
nhpn

(log n)2

)
+ P (‖α‖c1h

2ξ
n > ε).

Let ε = ‖α‖(hξn + (nhpn)−1/2). Then, for n large enough, since hn → 0 as
n→∞:

P (An(α) > ‖α‖(hξn + (nhpn)−1/2)) ≤ c1n
c1 exp

(
−c2

(nhpn)1/2

(log n)2

)
≤ c1 exp

(
c1 log n− c2

(nhpn)1/2

(log n)2

)
.

According to (A6), we then have∑
n≥1

P (An(α) > ‖α‖(hξn + (nhpn)−1/2)) <∞,

so that by the Borel-Cantelli Lemma, w.p. 1, for all n large enough:

An(α) ≤ ‖α‖(hξn + (nhpn)−1/2). (3.4)
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Similarly, one can also prove that w.p. 1, for all n large enough:

Bn ≤ hξn + (nhpn)−1/2. (3.5)

For all v ≥ 0, let:
Γ(v) = inf(x : M(x) > v),

M being defined by (A4). Recall that, since M is continuous, we have
M(Γ(u)) = u and Γ(M(u)) ≥ u for all u ≥ 0. Now, an easy modification of
the proof of Lemma 5 of Collomb [8] leads to the existence of c3 > 0 such
that for all n ≥ 1 and β > 0:

Cn(α) ≤ c3 max(1, ‖α‖)(β + ψβ(hn)),

where for all u > 0:

ψβ(u) =
∫
I{|t|>u−1Γ(β/(3 max(1,‖α‖)))}K(t)dt,

Let c4 =
∫

exp(|t|)K(t)dt, which is finite by (A5). We then have for all
n ≥ 1:

ψβ(hn) ≤ c4 exp(−h−1
n Γ(β/(3 max(1, ‖α‖)))).

Let us choose β = 3 max(1, ‖α‖)M(hλn). Since hn → 0 as n → ∞, we have
for n large enough : ψβ(hn) ≤ hξn. Consequently, there exists c5 > 0 such
that for all n large enough:

Cn(α) ≤ c5 max(1, ‖α‖)(hξn +M(hλn)). (3.6)

Finally, we get from (3.2)-(3.6) that there exists c6 > 0 such that w.p. 1, for
all n large enough:

sup
x∈C
|ϕµn

x
(α)− ϕµx(α)| ≤ c6 max(1, ‖α‖)(hξn + (nhpn)−1/2 +M(hλn)).

Hence, by Lemma 3.3, w.p. 1:

sup
x∈C
‖m(µx)−m(µnx)‖ = O(hξ/2n + (nhpn)−1/4 +M(hλn)1/2),

for all n large enough. 2

In the rest of this Section, ∆ stands for the symetric difference, η stands for
the function η(x) = ‖x‖, x ∈ IRd, and for simplicity, ‖A‖ denotes the lq-norm
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of any d×d-matrix A with real coefficients. Lemma 3.4 below will be usefull
for the proof of Lemma 3.3.

Lemma 3.4 Assume (A1), (A4) hold and let x ∈ C. If (xn)n≥1 is any
sequence in C which converges to x, then

µxn(B(m(µx), γ)∆B(m(µxn), γ))→ 0, as n→∞.

Proof Let (βn)n≥1 be a decreasing sequence of positive real numbers such
that β1 < γ. According to (A4), the sequence (µxn)n≥1 weakly converges to
µx. Then, by Kemperman ([12], Theorem 2.29), for all p ≥ 1, there exists
N ≥ 1 such that if n ≥ N :

‖m(µx)−m(µxn)‖ ≤ βp.

Consequently, if p ≥ 1, one has for all n ≥ N :

B(m(µx), γ − βp) ⊂ B(m(µxn), γ) ⊂ B(m(µx), γ + βp),

so that

µxn(B(m(µx), γ − βp)) ≤ µxn(B(m(µxn), γ)) ≤ µxn(B(m(µx), γ + βp)).

Letting n→∞, we get from (A4) that for all p ≥ 1:

µx(B(m(µx), γ − βp)) ≤ lim inf µxn(B(m(µxn), γ)),

lim supµxn(B(m(µxn), γ)) ≤ µx(B(m(µx), γ + βp)).

By monotone convergence and (A1), one deduces that

µxn(B(m(µxn), γ))→ µx(B(m(µx), γ)), as n→∞.

Finally, observe that by (A4),

µxn(B(m(µx), γ))→ µx(B(m(µx), γ)), as n→∞,

so that
µxn(B(m(µx), γ)∆B(m(µxn), γ))→ 0, as n→∞,
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hence the Lemma. 2

Let us state now without proof an easy Lemma, which will be usefull for the
proof of Lemma 3.3.

Lemma 3.5 Let a > 0. Then, Hη is uniformly bounded on Bc(0, a) and if
(εn)n≥1 is a sequence in IRd such that ‖εn‖ → 0 as n→∞, then

sup
‖u‖≥a

‖Hη(u)−Hη(u+ εn)‖ → 0, as n→∞.

Lemma 3.6 Assume (A1), (A4) hold. Then infx∈CK(µx, γ) > 0.

Proof Let

Ξ = {(x, α, l) ∈ C × IRd × IRd : α ∈ B(m(µx), γ/2), ‖l‖ = 1},

and note that
inf
x∈C

K(µx, γ) = inf
(x,α,l)∈Ξ

lTHϕµx,γ(α)l.

Since for all x ∈ C, ϕµx,γ is a twice continuously differentiable function
on B(m(µx), γ/2), one deduces from Lemma 3.1 that if (x, α, l) ∈ Ξ, then
lTHϕµx,γ(α)l > 0. Hence, one only needs to prove that the function

(x, α, l) 7→ lTHϕµx,γ(α)l

defined on Ξ is continuous, since Ξ is a compact set.
In this proof, c denotes a constant which may vary from line to line. Let
(x, α, l) ∈ Ξ and ((xn, αn, ln))n≥1 be a sequence in Ξ which converges to
(x, α, l). For all n ≥ 1,

|lTHϕµx,γ(α)l − lTnHϕµxn ,γ(αn)ln| ≤ c(An +Bn + Cn), (3.7)

where

An = ‖l − ln‖‖Hϕµx,γ(α)‖;
Bn = ‖Hϕµx,γ(α)−Hϕµxn ,γ(α)‖;
Cn = ‖Hϕµxn ,γ(α)−Hϕµxn ,γ(αn)‖.
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According to Lemma 3.5, An → 0 as n → ∞. Moreover, for all n large
enough:

Bn ≤ ‖
∫
Hη(t− α)(IBc(m(µxn ),γ)(t)− IBc(m(µx),γ)(t))µxn(dt)‖

+‖
∫
Bc(m(µx),γ)

Hη(t− α)(µxn − µx)(dt)‖

≤ cµxn(B(m(µx), γ)∆B(m(µxn), γ))

+‖
∫
Bc(m(µx),γ)

Hη(t− α)(µxn − µx)(dt)‖,

according to Lemma 3.5. The first term on the right hand side converges to
0 as n → ∞, according to Lemma 3.4. Moreover, according to (A4), the
second term converges also to 0 since, by Lemma 3.5,

sup
t∈Bc(m(µx),γ)

‖Hη(t− α)‖ <∞.

Consequently, Bn → 0 as n→∞. Finally, observe that for all n ≥ 1,

Cn ≤ sup
t∈Bc(m(µxn ),γ)

‖Hη(t− α)−Hη(t− αn)‖

≤ sup
t∈Bc(αn,γ/2)

‖Hη(t− α)−Hη(t− αn)‖

= sup
‖u‖≥γ/2

‖Hη(u+ αn − α)−Hη(u)‖,

which, according to Lemma 3.5, converges to 0 as n→∞.
As a conclusion, the rightmost term in (3.7) converges to 0 as n→∞, proving
that the function (x, α, l) 7→ lTHϕµx,γ(α)l defined on Ξ is continuous. 2

Proof of Lemma 3.3 One wants to prove first that w.p. 1,

sup
x∈C

sup
n≥1
‖m(µnx)‖+ sup

x∈C
‖m(µx)‖ <∞. (3.8)

We only prove that the first term in the left hand side is finite. According to
Collomb ([8], Theorem 2), and following the proof of Lemma 1 of Berlinet et
al. [2], it is easy to obtain, under assumptions (A2)-(A6), that w.p. 1,

sup
x∈C

sup
n≥1
|
ϕµn

x
(α)

‖α‖
− 1| → 0, as ‖α‖ → ∞.
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Consequently, w.p. 1, there exists r > 0 such that for all ‖α‖ ≥ r, n ≥ 1 and
x ∈ C, ϕµn

x
(α) ≥ ‖α‖/2. Assume that for some p ≥ 1 and y ∈ C, ‖m(µpy)‖ ≥

r. But then we have ϕµp
y
(m(µpy)) ≥ ‖m(µpy)‖/2, which is impossible because

ϕµp
y
(m(µpy)) ≤ 0. We have proved (3.8).

According to Theorem 2.1 ii), Lemma 3.6 and (3.8), we have w.p. 1 the
existence of S <∞ such that for all n ≥ 1:

sup
x∈C
‖m(µx)−m(µnx)‖2 ≤ S sup

|α‖≤S
sup
x∈C
|ϕµx(α)− ϕµn

x
(α)|,

hence the result. 2
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