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Abstract

Let X = (X;);c[0,1) be a stochastic process with label Y € {0,1}. We assume
that X is some Brownian diffusion when Y = 0, while X is another Brownian
diffusion when ¥ = 1. Based on an explicit computation of the Bayes rule,
we construct an empirical classification rule ¢ drawn from an i.i.d. sample of
copies of (X,Y). In a nonparametric setting, we prove that g is a consistent
rule, and we derive its rate of convergence under mild assumptions on the
model.

Index Terms — Supervised Classification, Brownian Diffusion Modelling,
Stochastic Differential Equation.

1 Introduction

Supervised classification deals with predicting the unknown nature Y, called class
or label, of an observation X taking values in some metric space 7. Assume
for simplicity that the label Y only takes two values, say O or 1. The statistician
creates a classification rule g : 5 — {0,1} which represents her guess on the
label Y of X. In practical issues, the covariate X usually does not fully determines
the label, hence it is certainly possible to misspecify its associated label. An error
occurs when g(X) differs from Y, and the probability of error for a particular rule
g is denoted by

L(g) =P(g(X) #Y). (1.1)
The Bayes rule g* defined by

g*(x):{ LifP(Y =1|X =x) >P(Y =0|X =x) (12)

0 otherwise



has the smallest probability of error, i.e. Bayes risk L(g*) satisfies

L(g") < L(g),

for any rule g (see Theorem 2.1 in the book by Devroye et al, 1996). The super-
vised classification problem is to construct rules g, based on independent random
variables (X1,Y1),---,(X,,Y,) with the same distribution as (X,Y) and indepen-
dent of it, whose performance is close to that of Bayes rule, i.e.

lim EL(§,) = L(g"),
n—>oo

where L(g,) = P(8,(X) #Y|(X1,Y1), -+ ,(Xa,Y,)). An empirical rule satisfying
this property is said to be consistent.

This paper is dedicated to the functional supervised classification problem. In this
setting, the covariate X belongs to an infinite dimensional space of functions 7.
Direct adaptations of finite-dimensional local averaging methods (e.g. kernel or
k-nearest-neighbor methods) to the infinite dimensional case has been studied by
Cover and Hart (1967), Kulkarni and Posner (1995), Abraham et al (2003) and
Cérou and Guyader (2006). If consistency can be obtained at the price of requir-
ing regularity assumption on the regression function E(Y|X = x), these direct ap-
proaches suffer from the curse of dimensionality, as already pointed out by Ram-
say and Silverman (2002, page 129). Taking this fact into account, many other
methods has been introduced in the litterature. For instance, Hall et al (2001) and
Ramsay and Silverman (1997, 2002) employ a functional data-analytic method for
dimension reduction based on Principal Component Analysis; Hastie et al (1995)
suggest penalized discriminant analysis; Ferraty and Vieu (2003) propose a sin-
gle functional index method; Biau et al (2005) introduce a data-driven procedure
based on filtrering; Baillo et al (2011) study the situation where X is some Gaus-
sian process.

The goal is to construct a consistent empirical rule that achieves a fast rate of
convergence. A solution for this is to introduce a learning methodology that is
specifically adapted to a given nonparametric model. The observation that the law
of X may be decomposed into a mixture

B(Y = 0)po + B(Y = D,

where U; is the conditional distribution of X given Y = i, lead to consider non-
parametric models for the y;’s. Then, in the spirit of Baillo et al (2011) that study
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the supervised classification problem for a given family of stochastic processes
(namely, the p;’s are distribution of Gaussian processes with triangular covari-
ance functions), we propose to focus on the case where the law of X is a mixture
of two Brownian diffusions, i.e. the y;’s are distributions of unknown Brownian
diffusions. Many practical issues can be derived from this nonparametric setting,
since stochastic modelling of diffusion processes has a wide range of applica-
tions. Mention, among many others, population dynamics (Lande et al, 2003),
signal processing (Chonavel, 2002), biology (Renshaw, 1991), chemical kinetics
(van Kampen, 2007), finance (Lamberton and Lapeyre, 1996)... In biology, for
instance, a supervised classification method for diffusion processes can be a pow-
erful tool to classify different types of bacteria with the help of one of its most
obvious external manifestation, namely its population dynamics. Derived from a
birth and death process, one can model the population density of bacteria X; at
time ¢ > 0 by a diffusion process (X;);>0, solution to the stochastic differential
equation (see Lande et al, 2003)

dX; = H(X;)dt + /vX; dB,

where the unknown parameters ¥ > 0 and H : R — R depend on the type of bac-
teria and, here and in the following, (B;),>0 is a standard 1-dimensional Brownian
motion. (We refer the reader to the books by Revuz and Yor, 1999, or Kloeden
and Platen, 1999, for materials on stochastic calculus.) Observe that the particu-
lar case H(x) = (r — cx)x leads to the well-known Feller logistic model. In this
situation, the learning sample is composed of n observations of the evolution of
the population density and, for each of them, the type of bacteria. Based on the
learning sample, the empirical rule introduced in this paper aims at specifying the
type of bacteria associated with a population density path.

In the whole paper, the covariate X = (X );c[o,1) belongs to the space 7 = C([0, 1])
of continuous real-valued functions defined on [0, 1]. The pair (X,Y) € C([0,1]) x
{0,1} is defined by a nonparametric model in which X is some diffusion process
when Y = 0, while X is another diffusion process when Y = 1. Asin (1.1), we as-
sociate the probability of error L(g) of the classification rule g : C([0,1]) — {0, 1},
and Bayes rule g* defined by (1.2) has the smallest probability of error. In this
paper, we study the performance of an empirical rule ¢ based on the explicit rep-
resentation of Bayes rule; consistency and rate of convergence are established.
More precisely, we prove that for some u > 0 that depends on the regularity of the



coefficients of the diffusion, we have:
EL(g)—L(g") <Cn",

with an explicit constant C > 0 (under the same functional setting, this rate is the
optimal rate of convergence in the nonparametric regression estimation). As far
as we know, only Baillo et al (2011) obtain similar results in supervised classifi-
cation for stochastic processes, but dealing with some Gaussian processes.

The paper is organized as follows. In Section 2, we fix the nonparametric model
and we compute Bayes rule. Section 3 is devoted to the construction of the em-
pirical rule. We also establish consistency. In Section 4, we give the rate of
convergence of the empirical rule. Finally, Section 5 contains proofs.

2 Bayes rule for diffusion models

Model — The model (X,Y) is a random pair that takes values in C([0, 1]) x {0,1},
with po = P(Y = 0) €]0,1[. The covariate X = (X;),¢[0,1] and the label Y are
related by the equation:

(M) X dXt = b()(t,X[>dt + Go(t,Xt)dBt when Y = O7 while
" dX; = (bo(t,X;) + (fo00)(t,X;))dt + 09 (2, X, )dB; when Y = 1,

for all 7 € [0,1], where (B;),c[o,1 is a standard real Brownian motion independent
of Y, the initial value Xy is independent of Y and (B),¢[o,1), and by, fo, 0o : [0, 1] x
R — R are unknown Borel functions such that each equation in (M) has a strong
solution for given initial value Xp. In the sequel, for a function r : [0,1] xR — R,
we write the stochastic integral [} 7(¢,X;)dB; (resp. the integral [§ (¢, X;)dt) under
the implicit condition

1 1
E/ F(t,X,)dt < oo (resp. IE/ (£, X,)|df < o0).
0 0

We finally assume throughout the whole paper that a Novikov criterion is fullfiled,
ie. o
Eexp (5/ fo(t,Xt)zdt) < oo, @.1)
0
Bayes rule —For h = (r1,r) : [0,1] x R — R?, let

1 1
F(h,X):/O rl(t,Xt)dX,—/O 2 (1, X,)dr. 2.2)
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Lemma 2.1 above is a consequence of Corollary on page 292 in the book by Lip-
ster and Shiryaev (2001). In the sequel, u; stands for the conditional distribution
of X givenby Y =i,i=0,1.

Lemma 2.1. The probability U, is absolutely continuous with respect to [y with
density exp F (ho, .), where
b 2
ho = (&, Jobo f_o) ,
Oy Op 2

Based on Lemma 2.1, we can now derive the explicit form of Bayes rules g*.
Recall that (see Theorem 2.1 in the book by Devroye et al, 1996):

g (x) =1{E(Y|X =x) > 1/2},
hence the task is to compute E(Y|X). Observe that
E(Y[X) =P(Y = 1|X) = (1= po) w(X),
where po = P(Y =0) €]0, 1] and y is the density of u; with respect to the distri-
bution ¢ of X. Since by Lemma 2.1,
di = podpo + (1 — po)dps = (po+ (1 — po) exp F (ho,.))dHo,
we deduce that
dur 1 dur expF (ho,.)
du po+(1—po)expF(ho,.)do  po+ (1—po)expF(ho,.)
Consequently,

V[:

(1 —po) epr(hO,X)

E(Y|X)= , (2.3)
( | ) po+(1—p0)epr(h0,X)
so that Bayes rule writes as
g =1{F(h,)>m 21} (2.4)
1—po

Remark 2.2. Consider the particular case where coefficient fy of model (M) sat-
isfy fo(t,x) = fo(t) for all (t,x) € [0,1] x R, with fo € L2(]0,1]) a non null func-
tion. Bayes risk has the expression (see the proof in the Appendix):

Il foll 1 Po | foll 1 Po
B )| U >+ 1= po qb(— f— In )
2 TRl T=p) TP R T

where @ is the distribution function of the standard normal law, ® =1 — ® and
||.|| is the IL?([0, 1])-norm. Note that it does not depend on &y and by,.

L(g") = po® (



3 Bayes risk estimation

We introduce the sets . and .% (&), for all € > 0, of functions / : [0,1] x R — R2.
We only assume that .7 (€) is a finite set, and we let N(€) = |.% (€)|. One may
think of .7 (&) as an €-net for .% (see Corollary 3.3 and next section), while the
unknown coefficients fy, bg and oy of model (M) satisfy

fo fobo 13 o~
ho_(G() o1y} Z)GJ'

Let (X1,Y1),-- (Xn,Y ) be the learning sample, that is i.i.d. copies of the pair
(X,Y). For h € % orin .Z(¢€) and p €]0, 1], we let g(h, p) be the classification
rule defined by:

glh,p)(.) = I{F(h,.) > In 1 P }

4
Observe that by (2.4),
g" = g(ho, po),
where pg = P(Y = 0). The empirical loss of rule g(h, p) is

Lls(h.p)) = 3 3 sl p)() # 1

Letting

I(¢)

{[kel; k=1,---,[1/€]},
we then consider the pair (f¢, pe) € .7 (€) x I(€) such that
L(g(he, pe)) <L(g(h,p)) V(h,p) € F(g) x(e). (3.1)

By (2.4), a natural estimator for Bayes rule constructed over the finite set .7 (€) is
then

gs:g(il87ﬁ€):1{F(ilg,.>>ln pSA }
1 — pe

Now we describe the data-driven choice for €. Let Az > 0 be a penalty term such
that

A= Z _2’182 < oo, where & = {1/0;¢ > 1}.

ee&
For instance, the A¢’s can be chosen so that

1
A2 > 2In— +1InN(¢), (3.2)



whence A < 2. Then, the data-driven choice & of € is as follows:

N VSO |
L(ge) + 7’% <L(ge)+ 7% Ve e &, (3.3)

and the empirical rule is then defined by

g:gézl{F(ﬁé,.)xnl”i } (3.4)
— pe

In the sequel, we let 4(¢) = .% (€) x I(€). Next theorem aims at evaluating the
loss between the performance of ¢ and the best performance among the g(h, p)’s,
provided (h,p) € 4(¢) and € € &.

Theorem 3.1. We have:

EL(8) - L(g") < inf{L(g(h,p)) ~ L(g") + %} * lnnA " A\/ilnA ’

the infimum being taken over all € € & and (h,p) € 9(¢).

Observe that the error in Theorem 3.1 is decomposed into an estimation error term
and a bias term, namely the term

A
inf {L(g(h,p)) — L(g") + 7‘%}
Remark 3.2. For the statistical methodology, the main difficulty of this approach

lies in the fact that the calculation of he defined by (3.1) requires evaluations of
stochastic integrals of the type

1
/ r(1,X,)dX,,
0

for some function r. In the literature, many numerical methods have been devel-
oped for this purpose, see for instance the book by Kloeden and Platen (1999).
They are often based on discretizations of the stochastic integrals, e.g. applying a
Euler type scheme.

Under weak assumptions on class ., the empirical rule ¢ is consistent (see Intro-
duction for definition), as shown by next result.



Corollary 3.3. Assume that, on each compact set K C [0, 1] X R, the restriction of
F to K is relatively compact for the supremum norm. For all € > 0, we then let
F (€) a finite g-net for the restriction of F to [0,1] x [—1/¢g,1/€], such that the
support of each function in F (€) is contained in [0,1] x [—1/€,1/¢€]. Then, the
empirical rule ¢ is consistent.

However, such a simple approach can not give a fast estimator because the size of
Z (€) considerably increases as € goes to 0. Hence in the next section, which is
devoted to the rate of convergence of the empirical rule g, we need to adapt the
construction of .7 (¢€).

4 Rates for the Bayes risk

Assumptions on model (M) — In the sequel, we fix L > 1 and we let for all a > 0,
Y, the function defined by

Wa(x) = L(1+ |x|)* Vx € R.

We suppose that the coefficients of model (M) have polynomial grows, namely
there exist &, B > 0 such that for all (¢,x) € [0, 1] x R:

|bo(,x)] +[(f000) (2,%)| < Wa(x) and [oo(z,x)| < g (x). (4.1)

Finally, s > 0 is such that

1
B=Eexp <16L4/ (1+|Xt|)sdt) < oo, 4.2)
0

Huang (2009) proved that this assumption is satisfied by a wide class of diffusion
processes, such as the Black-Scholes model for which s =2 and o = 8 = 1, even
in the case where the drift and the volatility depend on the time variable.

Sets # and F (€) — For all a > 0, introduce the set .%, of real-valued functions
on [0, 1] x R such that:

> for all compact K C [0, 1] X R, the restriction of .%, to K, equipped with the
supremum norm, is relatively compact;

> for all ¢ € .%,,

o(t,x)] < yu(x) V(t,x) € [0,1] x R.



For all € > 0 and j € Z, we then let .%, j(€) be a finite &-net for .%, j, the re-
striction of .%, to [0, 1] x [j, j+ 1] equipped with the supremum norm. Moreover,
Na,j(€) = [Fa,j(€)]-

Now introduce the measure Q on [0, 1] x R defined for all borel sets I C [0, 1] and

A CRby
QI xA) = L4E/1{X, e A}(1+|X)ar.
1

In the sequel, we fix ¢ > 1 large enough so that 2max(a, ) < ¢, and we denote:

M= sup E(1+ |X,|)2q < oo,
t€[0,1]
The following result is proved in Section 5.3.

Proposition 4.1. Leta > 0, € > 0 and 20 < g — 2. With the sole knowledge of M,
one can construct an &-net F,(&) for F, equipped with the 1L.2(Q)-norm so that

max(jl, 1’
Fa(€)] = T Naj ( —mll ),
7o) =] (o)

and, for all ¢ € Z,(¢€), |@(t,x)| < yu(x) V(t,x) € [0,1] x R.

Remark 4.2. (1) An explicit construction of %#,(€) is given in the proof of Propo-
sition 4.1. In the usual cases (see the examples below), the set F,(€) can be
described from the classical €-nets. (2) Note that M is unknown; however, it can
be consistently estimated from an i.i.d. sample drawn from X. Hence, in the se-
quel, we assume that M, hence the #,(€)’s, are at hand.

Now fix a,b > 0. The sets .% and .% (&) of the previous section are defined by:
F =Ty x Fpand F (€) = Fu(€) x Fp(e).

Recall that we assumed that hy = (fo/ 00, fobo/ 00 + fg /2) e F.

Combining the observations of Remark 3.2 and 4.2, we then have developped a

statistical methodology for nonparametric supervised classification of diffusion

paths. However, we realize that the algorithm is time-consuming, so that a further
study is needed to improve this drawback.

Rate of convergence — In the setting described above, one may specify the bias
term in the inequality of Theorem 3.1, as shown by next result.
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Theorem 4.3. Assume that (4.1) and (4.2) hold, and that b, 2(a+ ) and a+ o
do not exceed s. Then,

A InA 1
EL(8) — L(g*) < inf (Ke+—8)+ + :
(8) (g)_geg T n T AvinA

where K = 8(1+2B'/%).

As an example, even in the case where the drift and the volatility depend on the
time variable, Black-Scholes model has parameters a = b =0and o = 3 = 1, so
that conditions of Theorem 4.3 hold.

We now give an explicit bound in the important case where InN (&) < Ce™ for
some u,C > 0. Using a penalty term A¢ as in (3.2), namely

1
A2 = 2In—+1InN(e),

it is an easy exercise to prove that provided C > 1 :
A K"\ 1/(24u) /2 2
inf (Ke+ %) <2(=) (E+c)”
ecs Vn n u
Hence we have the following result :

Corollary 4.4. Assume that there exist u > 0 and C > 1 such that InN(g) < Ce™*
for every € > 0. Then, under the conditions of Theorem 4.3, we have:

EL(8) - L(g") < 2<K_u)1/(2+u) (2 C>2+ lnnA * A\/lilm '

n
Example 1. Homogeneous diffusions — As an illustration, consider the case of
homogeneous diffusions, i.e. the coefficients of model (M) satisfy fy(t,x) = fo(x),
bo(t,x) = bo(x) and op(t,x) = op(x) for all (z,x) € [0,1] x R. Also assume that
the sets .%, and .%;, only contain functions of class €* such that there exists A > 0
satisying forall j € Zandi=0,--- ,k:

u

di
sup (—f‘ <A(|j|+ 1), if f € FuU. T,
o1t dx

For any j € Z, consider the e-nets .7, ;(€) and %}, j(€) of the restrictions of .%,
and %, to [0, 1] x [j, j+ 1], as constructed in the proof of Theorem 2.7.1 in the
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book by van der Vaart and Wellner (1996). We deduce from Proposition 4.1 (let-
ting £ > r+2) that for every € > 0, InN(g) < Ce~ /¥ where C > 0 only depends
on k,a,b,M and L. Corollary 4.4 then gives:

. X (o
]EL(g) _L(g ) < nk/(2k+1);

for some C’ > 0. Note that many usual models (Black-Scholes model, Langevin
equation...) often have ¢’ coefficients, so that any value for & is suitable.

Example 2. Now assume that the coefficients of model (M) satisfy fy(z,x) =
fo(t), bo(t,x) = bp(t) and op(t,x) = op(t) for all (¢,x) € [0,1] x R. Also assume
that hy = (fo/ 00, fobo/ 00+ fg /2) belongs to some set .7 of functions of class €*,
with uniformly bounded derivatives. Similar to the previous example, we deduce
from Theorem 2.7.1 in the book by van der Vaart and Wellner (1996) that for every
€>0,InN(¢) < Ce1/k where C > 0 only depends on k,M and L. Therefore, by
Corollary 4.4:

C//
]EL(g) _L(g ) < I’lk/(2k+1),

for some C” > 0. Notice that in this case, « = f =a = b =0, hence s = 0 is
suitable.

5 Proofs

5.1 Proof of Theorem 3.1
Let p > 0. By (3.3), we have for all € € &

P(L(g)—i<§g>>%+p) < P(L@-L@> ﬁ‘%ﬂ?)
< Z ( e)>7gr—l+p>
N(e) Ae 2
< Lz exp( 2n<%+p> >
< Ae—an
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according to the Hoeffding Inequality (Theorem 8.1 in the book by Devroye et al,
1996), and because |¥4 (€)| = |7 (¢) x I(g)| < N(g)/¢€. Since for all € € &,

o Ae
EL(g) <EL(g +—+ )>7+p>dp,

we obtain, for all u > 0,

A PN A ® anp2
EL(2) §EL(g£)+7%—|—u—|—/u e 2P dp.

Now use the bound

0 2 1 2
/ eonp dp < eonu :
u dnu

to get, with the choice u = y/(InA)/(2n):
. Ae InA 1
EL(g) <EL(g¢)+ —F+ + ,
(8) SEL@)+ £+ 2 e
for every € € &. Since, by (3.1),

EL(ge) <EL(g(h,p)) = L(g(h,p)),

for all (h, p) € ¥(¢€), we therefore obtain:

o Ae nA 1
EL(g)—L(g") < inf f L(g(h —L(g")+—
(&)-Lig )—elgg(h,pﬁgg(e){ (s(h ) ~L(s )+\/ﬁ}+ nAVamA’

which is the desired result. [

5.2 Proof of Corollary 3.3

on R?.
Lemma 5.1. Forall € € &, let pe € I(€) and he € 7 (€) be such that

|pe — po| < € and sup ||he (2,x) — ho(2,x)] < €.
(t.x)€[0,1]x[—1/¢e,1/€]

Then, F (he,X) converges to F (ho,X) in probability when &€ tends to 0, with € € &.
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Proof. In the sequel, € € &. Letting he = (r1¢,72,¢), ho = (r1,0,72,0) and omitting
the dependency of (z,X;) in the above expressions, observe that when ¥ = i

1 1
F(hg,X) —F(h(),X) = /0 (1’178 — r170) (G()dBt -+ ’)/,dl‘) —/0 (1”278 — r27())dl, (51)

where Y = bg and y; = by + fy0p. For all p > 0:

1 1
o e=nwsl 20) < #(f Il o, ap 1= 1
0 0 t€[0,1]

+]P’( sup |X;| > 1/8)
t€[0,1]

IP( sup [X,|> 1 /s), (5.2)
t€[0,1]

IN

as soon as € < p, since fol 2,6 — r2,0/dt < € when sup,¢( ;| X;| < 1/¢. Similarly,
1 1
P(‘/ (rl,g—rljo)yidt’ > p) < P(e/ |yi|dt > p, sup |X;| < 1/8)
0 0 t€[0,1]

+IP>( sup [X,| > 1/£>
t€[0,1]

sup |X;| > 1/8),(5.3)

1
< f/ E|y,~|dt+IP><
pJo t€[0,1]

according to the Markov Inequality. Finally, since for all bounded stopping time

T: T 2 T 2 5
E(/O (Vl,g—r1,0)00d3t> :E/o (r1.e = r10) Gpdr,

we get with Lemma 4.6 in the book by Revuz and Yor (1999):

1 2 1
IP’((/ (rl,g—rm)codBt) >p, sup [X,| < 1/8,/ o2dr < 1/s)
0 te[0,1] 0

! 2 1
SP((/O (”78_”70)60(”91) ZP;/O (rl,e—rl_,o)zcgdtgg)

<

| m
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Therefore, using the fact that sup,¢jo ;) [X| and fol ogdr are almost surely finite
random variables, we get

1
lim [ (rie—rip)00dB, =0,

e—0.J0
in probability. We deduce from (5.2)-(5.3) that F (he,X ) converges to F(ho,X) in
probability, when € tends to 0. [

Proof of Corollary 3.3. In the sequel, € € &. Let pe € I(€) and he € % (€) be
such that
Ipe—pol <€and  sup  |[he—hol <.
[0,1]x[-1/e,1/¢]

Consider the rule g, = 1{ne > 1/2}, where

_ (1=pe)expF (he.X)
Ne(X) = pe+ (1 —pe)expF(he,X)

By Lemma 5.1, F(he,X) converges to F(hg,X) in probability as € tends to 0,
hence 1n¢(X) converges in probability to

(1—po)expF (ho,X)

EYX - )
( ‘ ) po—i—(l—po)eXpF(ho,X)

according to (2.3). Since 1M¢(X) is bounded by 1, the convergence also holds in
L' (P). Recalling now that by Theorem 2.2 in the book by Devroye et al (1996),
we have

L(ge) —L(g") < 2E[E(Y|X) —ne(X)],

we deduce that

lim inf L(g(h p)) = L(¢").
lim inf (g(h,p)) =L(g")

Therefore,

1ot (h,p%gg(s) {L(g<h’p)) —Lg)+ _} =0,

hence the result, using Theorem 3.1. [J
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5.3 Proof of Proposition 4.1
For all j € Z, let

N emax(|jl,1)! -
Ii=10,1]x[j,j+1[, & = BN = Na,j(€j)
and {fj1,--,f i, NJ-} be the ¢;-net for .%#, ; equipped with the supremum norm. For

all jeZandi=1,--- ,Nj, we let

fii=min(fj;, Wa)1{fj; > 0} +max(fj;, —Wa)1{f;; < 0}.

Observe that | f il < wa. Hence, we only need to prove that the set of functions

Fale) = { Y Fix iy ki€ {1, ,N;} forall j € Z},
JEZ

forms an &-net for .%, endowed with the L>(Q)-norm. Let f € .%,. For all j € Z,
there exists k; = 1,---,N; such that

5111P|f—fj,kj| < Ej.
J

Consequently, by definition of the f QS

SIIJP’f—fj,kj <g;.
j

Since the /;’s form a partition of [0, 1] x R, we have:
3 5 3 2
=X dintilitng = [ (X (=Tt a0

JEZ JEZ

= ¥ [ (=T a0

JEZ'J
82

< o (1+ L liMew)).
JEZ
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Let j € Z be different from 0 and —1. By definition of Q and M, we get

ouy) = £ [ BADG € [ j+ 101+

IN

1

L4/ VEU <X < j+ DE(L+[X])2di
0

L4M1/2

1
- / (EIx,2) "% e
] 0
L*M

jq

IA

<

Y

using the Cauchy-Schwarz Inequality. Consequently,

2

~ 2 £ Df—
11 =X Fixtillzg < oo <2+2L4szze q)
JEZ jz1

2
€ 4 '—2>
< & (2420*m
= 6ML4< + ;]
J=
< &

Y

because ¢ > 2¢+2 and L,M > 1. Thus .%,(€) is an &-net for .Z,. [

5.4 Proof of Theorem 4.3

We begin the subsection with two lemmas.

Lemma 5.2. Let he = (r1¢,12¢) € % (€) be such that
1 fo/ 00— rielliz(o) < € and || fobo /G0 + f5 /2 — r2.elli2(0) < €
Then, if 2max(a, ) < g:
E(F (he,X) — F (ho, X))” < 9¢?,

Proof. For notational simplicity, we let r; = fo/ 00, r2 = fobo/ 0o+ fg /2, and we
omit the dependency on (z,X;) in the expressions of the functions ry,r, as well as
for r1 ¢ and rp ¢. Observe that when Y = i:

i i
F(he,X)—F(hO,X):/O (rl,e—rl)(00d3z+%df)—/() (re—r2)dt,  (5.4)
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where Y = bg and y; = by + fp0p. First consider the first term on the right-
hand side of (5.4). Since ( fo(r1,e —71)00dB;)sco,1] is a martingale with quadratic
variation ( [§(r1¢ —r1)?0gdt) se[0,1)» the definition of Q gives:

1 2 1
E(/ (r17e—r1)60de> = E/ (r1e—r1)*ogdt
0 0

||”1,€_’”1Hi2(Q)
< & (5.5)

IA

because |oy| < v with 28 < ¢, and L > 1. We now turn to the second term on
the right-hand side of (5.4). Observing that || < y, we deduce from the Jensen
Inequality that, since 2a < g:

1 2 1 ’
E</0 (rl’g_rl)%dt> < E/O (rie—ri) yl-zdt
< re=rilltz g
< & (5.6)
Similarly,
1 2
E( / (r27g—r2)dt) < e, (5.7)
0

We conclude from (5.4)-(5.7) that
E(F(h87X) - F(h07X)>2 < 9827
hence the lemma. []

Lemma 5.3. Let h = (r1,r2) : [0,1] x R — R? satisfying |r1| < w, and |r2| <y,
and let s > 0 be such that

1
B=Eexp <16L4/0 (14X dr) <o

If2(a+B), a+ o and b do not exceed s, we have:

Eexp (2F (h,X)) < B'/2.

17



Proof of Lemma 5.3. In the sequel, we omit the dependency on (¢,X;) in the
expressions of the functions ry,r, and fy, bg and oy, and we let Yy = bg and y; =
bo + fo0p. Observe that when Y = i:

1 1 1
exp (2F (h,X)) = exp<2 /0 r100dB; +2 / r1ydt —2 / rzdt

1
= é"lexp(4/ rlcrodt+2/ r1Ydt — 2/ rzdt
0

where (&5)se0,1] is the process defined for all s € [0, 1] by

&:exp<2/ r1oodB; — 4/ ”160 )
0

Observe that the stochastic exponential process (&) se[0,1] 1s a martingale; indeed,

1
Eexp (4/ r%ogdt> < Eexp <4L4/ (14 |X,))2@th) dt) <B,
0
since 2(a+ PB) < s, implying the Novikov Criterion (Proposition 1.15, Chapter 8

in the book by Revuz and Yor, 1999). Hence Eg’lz =1, so that by the Cauchy-
Schwarz Inequality:

1 1 1
(Eexp (2F(h,X)))> < Eexp (8/ 2oddt +4/ r1ydt —4/ rzdt>
0 0 0
I
< Eexp (16L4/ (1+ %] dr ),
0
provided 2(a+ ), a+ o and b are smaller than s, hence the lemma. [J

Proof of Theorem 4.3. By Theorem 3.1, we only need to bound the term

o . A{E
"= 81232’ (h,pﬁgg(s) {L(g(h,p)) ~HeD T %}

Forall e € &, let hg = (r1¢,72¢) € F (€) be such that

() < €and || fobo/Go+ f5/2—r2ellLz(g) < €

and pe € I(€) be such that |pe — po| < €. Letting g¢ = g(he, pe), We have

A
m<L(ge)—L(g")+—=Vee &,

NG
18



hence one only needs to bound the term L(ge) — L(g*). Similarly to (2.4), observe
that ge = 1{ne > 1/2}, where

(1= pe)expF(he,X)
ng(X) - P£+(1 —pg)eXpF(hsaX)'

Therefore, by Theorem 2.2 in the book by Devroye et al (1996), we have
L(ge) —L(g") < 2E[E(Y|X) — n(X).
Moreover, easy calculations leads to the inequality :

(1—x)e (1—x)e’
x+(1-x)e¥ X+ (1—x)e

< <%+max (ey,e’y)) (x=xT+ 1y =)

for all x,x" € [0,1] and y,y’ € R. Thus, using the explicit representation of E(Y |X)
given in (2.3), we deduce that

B 1K)~ ne(X)| < (5 +H) (1F(he,X) ~ F(ho.X)] + |pe — pol),

where
H = max (exp(F (ho,X)),exp(—F (hy,X))).

According to the Cauchy-Schwarz Inequality and Lemma 5.2, we get

L(ge)—L(g") < (1+2\/IE:H2)<\/E(F(hs,X)—F(ho,X))zﬂpe—po!)
< 8(1+VEH?)e.

Since |ry¢| and |ry¢| are respectively bounded by y, and y; by construction
of the e-nets .%#,(€) and .%;,(€) (see Proposition 4.1), and similarly for |fy/0p|,
| fobo/ 00 + f2 /2| by assumption, we deduce from Lemma 5.3 that

EH? < +/Eexp(2F (ho,X)) +\/Eexp(—2F (ho,X))

< Z[Eexp <16L4/01(1 + |X,|)Sdz)] 7

hence the theorem. [
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6 Appendix : proof of equality in Remark 2.2

Note that

L(g") = poP(g"(X) # Y|Y = 0)+ (1 — po)P(¢"(X) # Y[V =1).

Compute for instance

P(g*(X)£Y|Y =1) = P(F(ho,x)glnlfopowzl)

- P(/lfo(r)d3,+1\|foy|2<1n Po |Y:1).
0 2 — 1—=po

Since fol fo(t)dB, ~ A (0, ]| fo|?), we then have

-+ In
2 1foll  1—po

and similarly for P(g*(X) #Y|Y =0). O
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