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Abstract

Let Y be a real random variable and X be a Poisson point process. We
investigate rates of convergence of a nonparametric estimate 7(x) of the re-
gression function r(x) = E(Y|X = x), based on n independent copies of the
pair (X,Y). The estimator 7 is constructed using a Wiener-Ito6 decomposition
of r(X). In this infinite-dimensional setting, we first obtain a finite sample
bound on the expected squared difference E(#(X) — r(X))?. Then, under a
condition ensuring that the model is genuinely infinite-dimensional, we ob-
tain the exact rate of convergence of InE(#(X) — r(X))>2.
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1 Introduction

1.1 Functional regression estimation

Let . be a measurable space, and let the data (X;,Y}), -, (X,,,Y,) be independent
. x R-valued random variables with the same distribution as a generic pair (X,Y)
such that E|Y| < . In the regression estimation problem, the goal is to estimate
the regression function r(X) = E(Y|X) using the data.

In the classical setting, each covariate X; is supposed to be a collection of
numerical experiments represented by a finite-dimensional vector. Thus, to date,
most of the results pertaining to regression estimation have been reported in the
finite-dimensional case where . = R¢. We refer the reader to the book by Gyoifi
et al [5] for a comprehensive introduction to the subject and an overview of most
standard methods in RY.

However, in an increasing number of practical applications, input data items
take more complicated forms. In the functional data analysis, .7 is a set of curves
and, in this context, regression estimation has many applications in a wide class of
problems, among with speech recording, analysis of patients visits in a hospital,
price of an option... Last few years have witnessed important developments in
both the theory and practise of functional data analysis, and many traditional sta-
tistical tools have been adapted to handle functional inputs. The book by Ramsay
and Silverman [11] provides a presentation of this area.

In the infinite-dimensional setting, the regression problem is faced with new
challenges which requires changing methodology. Curiously, despite a huge re-
search activity in the area of infinite-dimensional data analysis, few attempts have
been made to connect it with the rich theory of stochastic processes that both pro-
vides a wide class of models and powerful tools. This approach, based on a use
of stochastic process theory for the benefit of nonparametric estimation, has been
studied in the fairly closed problem of supervised classification; in this direction,
we refer the reader to the recent papers by Baillo et al [3], Biau et al [2], Cadre
[4].

Among the classical models from the theory of time-dependent stochastic pro-
cesses, the case of Poisson processes is of great interest. Here, .7 is the set of
counting paths on a subset of R,. In epidemiology for example, the observed
curve X; represent the dates of the patient visits to the doctor and the variable
response Y; provide quantitative information on the health status of the patient.

More generally, we consider in this paper the case of a Poisson point process
covariate, which corresponds to the situation where each measurement report the



locations of every individual event. In this setting, the state space .7 is identified
to the so-called Poisson space over some measurable space X, i.e.

n

5”:{25)@» neNandyx; € X},
i=1

where &, stands for the Dirac measure on x.

1.2 Poisson point process regression estimation

In the sequel, the covariate X is a Poisson point process (see [7]) on a domain
X € R? with mean measure i, where u is a o-finite measure on the Borel o-field
Z of X. As seen before, this means X belongs to the space of integer-valued
o-finite measures on X and satisfies:

e for any A € 2, the number X4 of points of X lying in A has a Poisson
distribution with parameter [L(A);

o for any family of disjoint sets Ay,--- ,A; € 27, Xy,,- -, X4, are independent
random variables.

In the case X = R, It0’s famous chaos expansion (see [6], [13]) says that every
square integrable and ¢ (X )-measurable random variable can be decomposed as a
sum of multiple stochastic integrals, called chaos. This result has been generalized
by Nualart and Vives [10], and more recently by Last and Penrose [8].

Now recall some basic facts about chaotic decomposition in the Poisson space.
Fix k > 1. Provided g € L?(u®¥), we can define the k-th chaos I;(g) associated
with g, namely

Ik(g>=/A gd(X — ), (L.1)

where A, = {x € Xk : x; # x; for all i # j}. Interestingly, if g € L?(u®*) and
h € L2 (u®") for k,£ > 1, we have

EL(g)I,(h) = k! /X 2hdp 1y and El(g) =0, (1.2)

where g and / are the symmetrizations of g and A, that is, for all (X1, ,x) € Xk:
_ 1
g(xh' o ,.Xk) = Ezg(xG(l)? e 7x0'(k))7
o
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the sum being taken over all permutations ¢ = (o(1),---,0(k)) of {1,--- ,k},
and similarly for 4. In particular, note that I;(g) is a square integrable random
variable. In Nualart and Vives ([10], p. 160), it is proved that every square inte-
grable o(X)-measurable random variable can be decomposed as an infinite sum
of chaos. Applied to our regression problem, this statement writes as

1
r(X) =EY + ), (£, (1.3)
k>1""

where equality holds in L2, provided EY? < oo, In the above formula, each f; is
an element of Lgym(/.t®k) —the subset of symmetric functions in L?(u®*)—, and
the decomposition is defined in an unique way. Last and Penrose [8] proved that

each f; can be expressed as a difference operator of order k.

Based on independent copies of (X,Y), we shall construct a nonparametric
estimate 7 of r with the help of decomposition (1.3). Next section is devoted to
the model, and to the construction and statistical properties of 7. In particular, we
obtain a finite sample bound on the mean squared error E(#(X) — r(X))?. More-
over, we prove that if the model is genuinely infinite-dimensional in the sense that
infi>1 || fillp2(uer) > O then, under some regularity conditions:

_IE(F(X) - r(X))? _ Ja

n—oo vInnlnyn 2d’

for some & €]0, 1. Last two sections contains proofs.

2 Regression estimate

2.1 Model and heuristic of the estimate

Basic assumptions on the model. We assume throughout that X is a compact set,
say X C [-M,M]%, and the mean measure i has a density ¢ with respect to the
Lebesgue measure A on X that is, ¢ : X — R, is such that for all Borel set A C X:

EXA:/(PdA.
A

Heuristics. In view of a short presentation of the heuristic of the estimate of r,
we assume for simplicity that ¢ is a known positive function. Suppose also that
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the intensity ¢ and the f;’s defined by (1.3) are bounded functions. Let W be a
bounded density on X, 2 = h(n) >0 and forall x € X :

1
Wi (x) = h—dW(%). 2.1)

For a real-valued function g defined on X, the notation g®¥ denotes the real-valued
function on X¥ such that

k

g% (x) = ng(xi), x=(x1, ) € XK,

By relations (1.2) and (1.3), we have for all x € XK and k > 1:
EYL(W*(x—+)) = Er (X)Ik (WK (x =)
=) —Ele (SOl (W (x—-))

€>1

= [ A= )eTtaath,
X

where Wh®k (x —-) is the symmetrization of the function Wh®k (x—-). Since f is a
symmetric function, we can write

EY I (W (x — - / W (x— ) @@k dA k.

Thus, under smoothness assumptions on ¢ and f, the right-hand side converges
to f3(x)@®k(x), provided 2 — 0. From the left-hand side, we thus deduce that a
kernel-type estimator of f;(x) based on independent copies (X1,Y1),- -+, (Xn, Yn)
of (X,Y)is

N T _ W®k(x—-) . .
Ji(x) ——i:ZIY,/Ak Z@Wd(x,—u)@ .

By (1.1), the k-th chaos I;(f;) is thus estimated by

o= [ Rt -, (22)
k
which, by (1.3), gives the estimator 7 of r defined by
N1 7
=Y, + Z il (2.3)



where N = N(n) tends to infinity and, as usual,

n
Y v

i=1

:I*—‘

However, this construction requires the unrealistic assumption that ¢ is known.
Thus we shall first present a nonparametric estimator of ¢, then we shall adapt the
previous idea to this context.

2.2 Construction of the estimator

Estimation of @. Construction of the nonparametric estimate of ¢ is based on
Mecke’s Formula (see [9]), which states in particular that

E/ YdX=/Vdu=/wpd7t,
X X X

provided 7 : X — R is in L' (ut). With this respect, we define the nonparametric
estimator @ of ¢ by

1 n
=Y [ Kolx)Xifay), xe X,
n = Jx
where, for all x = (x1,---,x;7) and u = (uy, - ,uy) € X,

(Jo(xj —uj) +Jp(2M +xj 4 uj) + Jpy(2M —xj —uj)).  (2.4)

:&

J:1

In the above formula, J is a continuous and symmetric density on [—1, 1] and, for
the bandwidth b = b(n) > 0 such that b — 0 as n — oo:

Jp(y) = %J(%), y € [=b,b].

This particular construction is classical in order to avoid bias on the boundary of
X (see p. 30 in the book by Silverman [12]). Then, we define for alli=1,--- |n
the leave-one-out nonparametric estimator ¢; of @ by

Gi(x) = ox ——/Kbxy i(dy)
1

Zn: /Kbxy j(dy),

J=1j#
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for x € X. Leave-one-out procedure is only considered here for technical matters.
Chaos estimate. Now consider the vanishing sequences p = p(n) > 0 and h =

h(n) > 0. Following (2.2), the leave-one-out estimator of the k-th chaos I (fi) is
fk, such that

W®k X— ) X A -
/Ak /Ak (pz +P ®k( )(dXz - (Pid),)®k] (dX — (p,d}L) (X),

where W), is defined by (2.1). In the sequel, we assume for simplicity that W has
a compact support.

Regression estimate. Finally, following the idea drawn by (2.3), the estimator 7 of
ris

i 1

= k!
where N = N(n) tends to infinity.

2.3 Result

R”. We assume that (X,Y) is in-
dependent from the sample (X1,Y}),---,(X,,Y,). Now introduce the assumptions
on the model.

H1. Y is a bounded random variable.

H2. infx ¢ > 0 and there exists L; > 0 such that for all x,y € X :
[@(x) — ()| < Liflx—yll.

H3. There exists a constant L, > 0 such that for all k > 1 and x,y € Xk
[fie@) = fi0)| < La[lx =]

H4. There exist two constants C;,C, > 0 such that nb@t2, nhdN+1 and np? p3 /N
are bounded below by Cy, and b*+ p< CohdN+1,

Assumptions H1-H3 are classical in nonparametric estimation. Moreover, it is
easily seen that H4 holds forb=n"7, p = n~P and h, N defined by formulas (2.6)
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below, under the additional constraints that 0 < y < 1/(d+2),0<3B <1 —dy
and a < min(1,3,2y). Note that last constraint is sufficient for b*> 4 p < ChN+!
to hold because, under the condition uy/(NInN) — 0 as n — oo:

AN+ = —qlnn+ o(Inn).

Moreover, since
Innh®™*! = (1 — a)Inn+o(Inn),

we see that o < 1 is a sufficient condition for nh®™+! > C; to hold.

For notational simplicity, we set In, n = In(Inn).

Theorem 2.1. Assume that H1-H4 hold. Then, there exists C > 1 such that

E(#(X) - r(X))> < CV <h+ ]%) 2.5)

In particular, for the following choices:

20 1nn
N = |: :|’ h = —NlnN—uN7 2.6
dlnyn ¢ 2.6

where & > 0 and uy > 0 is such that uy /(NInN) — 0 as n — oo, we have:

2

limsa ln]E(f(X)—r(X)) < a
n—><>op ViInnlnpn - 2d’

Roughly, Theorem 2.1 entails that the rate of convergence of the mean squared
error between 7#(X) and r(X) is at least

a
exp (— ﬁlnnln2n>.

Note that this rate is obtained for that bandwidths % that satisfy, as n — oo:

Inh ~ —,/%hmlnzn.

Hence, the general finding here is that the rate of convergence of the mean squared
error is much slower than the traditional finite-dimensional rate (see [5]), but faster
than the rates obtained by Biau et al [1] in the infinite-dimensional setting. This,
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of course, is explained by the fact that we fully exploit the particular nature of the
covariate via the chaotic decomposition of square integrable o (X )-measurable
random variables whereas Biau et al [1] utilize a k-nearest neighbor estimator
whose construction does not depend on the law of X.

Our task is now to prove that the rate of Theorem 2.1 is optimal in a gen-
uine infinite-dimensional setting. With this goal, we see that it is necessary to
strengthen the conditions on the model. Indeed, if all the f;’s for k > kg have a
null ]Lgym(,u[@k)—norm, then r can be decomposed into a finite sum of chaos (see
1.3), and hence we are faced with a finite-dimensional estimation problem, for
which the rate of theorem 2.1 may not be optimal. To avoid this situation, we

assume that all the f;’s have a > (u®*)-norm greater than a positive constant.
Theorem 2.2. Assume that H1-H4 hold, and infi>y || fillp2(yex) > 0. If N and h
are given by (2.6) with the additional assumption on uy that uy /N — oo, we have

mERX)-r(X))’ [

lim =—1/=—.
n—yeo VInnlnyn 2d

To the best of our knowledge, this is the first exact rate in the regression es-
timation problem with a Poisson point process covariate. However, it is an open
problem to know whether this rate is optimal over the whole class of regression
estimates.

3 Proof of Theorems 2.1 and 2.2

In the sequel, ¥ > 0 is such that supx ¢ supg2s K < k and we assume for simplicity
that constants C1,C; of assumption H4 are equal to 1. Moreover, we assume that
p,b and h are smaller than 1 (recall that they vanish as » tends to infinity). Finally,
we let for all k > 1: s
—k nb’p
Pe=p eXp<_ 4x )
We start the section with the following result, whose proof is presented later in
this section.

Lemma 3.1. Assume that assumptions H1-H3 hold and nb9t% > 1. Then, there
exists C > 1 such that for all k > 1:

2
» 2 k :
E(l—L(f)) > <C ((k!) bt o).



Proof of Theorem 2.1. In the sequel, C > 1 denotes a constant whose value may
change from line to line. According to Jensen Inequality and Lemma 3.1:

N1, 2 b*+ B h 1
B( L ki) < CNZ( i (k!)2+k!nhdk>
+B 1
< CN(M—NZNMJFW) 3.1

Moreover, according to Theorem 4.2 in Last and Penrose [8],

2 1
E( y Ik;{]:k)) SJWE/XM DY 2r(x) 02N ()AEV D (4x), (3.2)

k>N+1

where for all x € XN+2, DQ’ *2 denotes the difference operator of order N + 2, that
is, if &, is the Dirac mass on z:

pY2rx)= Y (VP x+ Y 8y).
Sc{l,- ,N+2} ses

In the formula above, |S| is the number of elements of S. But |r| is bounded since
Y is bounded under H1. Hence, [DY+27(X)| < C2V*+2 and, by (3.2):

(3,0 <

k>N+1

Putting all pieces together, we deduce from (3.1) and above that

. 2 1 b*+ By 1 1
E(FX) = r(X))* S (- + TP bt — g ),

because E(EY —¥,)> < 1/n. Now, under condition H4 which in particular states
that nb?p3 /N > 1, we have for n large enough:

Bov < p~ eV < p. (3.3)
Moreover, since nhN*1 > 1 and b*> + p < BN+
. 2 1
E(#(X) —r(x))* < ¥ (n+ m), (3.4)
hence the first part of the theorem.
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Now consider the case where N and & are given by (2.6). We have

CNh — eNlnC—NlnN—uN S e—NlnN—b—NlnC‘ (35)
Furthemore, according to the Stirling Formula,

N
< eNlnC—I—N—NlnN
N! — '

Hence by (3.4), we have for all € > 0:

lnE(?(X)—r(X))2 < In (elenN+N1nC_|_efN1nN+N(1+lnC))

< —NInN+1In (eNlnC + eN(Hl“C)).

Moreover, by the very definition of N given in (2.6):

20tlnn 20clnn
NInN = [ dlnzn] In [ dlnzn] =, /ﬁlnnlnzn (1+0(1)).  (3.6)

Putting all pieces together yield

i InE(F(X) — r(X))* .|
n_mp VInnlnon - 2d’

which is the desired result. [

Proof of Theorem 2.2. For simplicity, we assume that infy>1 || ficllp2(yer) > 1.
Then, by the triangle inequality and (1.2):

\/E(f(X)—r(X))z = [ﬁ% (he—1(f)— ) %Ik(fk)r
k=1 k>N+1
> \/ (k§+lllk fr) )2— (g‘,kl (I —I(f)) )2

_t E( i %(ik_lk(fk)))z'

(N+1)! =

11



Applying successively (3.1), (3.3) and H4, we first deduce that
v L 2N —~NInN+NInC—u
E(};E(Ik_lk(fk))) <C'h=e N

Moreover, by the Stirling Formula:

Lo - 0v32)me )4
(N+1)! =

Consequently, E(?(X) — r(X)) ? is greater than
(ef(zv/2+3/4) In(N-+1)+N/2 _ ,~(N/2)InN+(N/2) 1ncuN/2)2_
Then, using the condition uy /N — oo, we get with easy calculations that

InE (#(X) — r(X))* > —=NInN+cN,

for some constant ¢ > 0. By (3.6), we deduce that

. E(RX) (X)) o
liminf > — =,
n—o0 vVinnlnyn 2d

which, combined with Theorem 2.1, gives the result. [

Fix k > 1 and denote for all x,y € X*:

Wh®k(x_}’)
o (X, = . (37)
Bio) = 1, pyt()
We also letforalli=1,--- ,n:
dX; = dX; — ¢;dA, dX; = dX — ¢;dA, (3.8)
dX; = dX; — @dA and dX = dX — @dA. (3.9)

With this respect, we have:
N 1 & R " _
Iy = n Z Y; /A2 gk,i(an)Xi®k(dY)Xi®k(dx)-
i=1 k

12



Proof of Lemma 3.1. For simplicity, we shall assume in this proof that |Y| < 1.
Moreover, C > 1 denotes a constant whose value may change from line to line.
With the help of notations (3.7)-(3.9), we let:

1 R s 3
o= Y] 8t @)X @)
i=1 k

. 1 & > o
o= LY [ s Rt et
=1 U4
where, for x,y € X
W®k (X o y)
gk(x,y) = —————
=k (x)

Then, since |Y| < 1, we get by Jensen’s Inequality:

IN

E(fk_jl)z E(/Azﬁk,l(w) (X7 (dy) X (dx) —ngk(dY)X®k(dx)})2

< 2(Rix+Ro),

where R and Ry are defined in Lemma 4.4. Hence,

b2

]E(fk—fl)zng(k!)2(1+[32k)W. (3.10)

Moreover, conditioning first by X, ---, X, then by X5,--- X),, we find with two
successive applications of the isometry formula (1.2), that

BUi-h) < B( [ (8(n) - g XA @)X @)

k

< WD [ B () - an(6)) 0 (1) )dvay,

Thus, using the notation of Lemma 4.3, we get:

E(fi—h) < C"(k!)sz/XZk (W (x —y)) dxdy
b2 2
< ck(k!)zJ”’T%‘ (3.11)
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Finally, formula (1.2) gives

. 2 1 & 2
B(h-1() = [ B( LA - AW) 6w
= [ Grar(ziw) + (82,00 — i) ) 9 ()5 3.12)
where forallxe Xfandi=1,---,n:

Zix) =Y, [ aulx )% ().
By (1.3) and (1.2):

EZi(x) = Er(X) [ aley)¥H @) = [ f0)a)o™ 0)d

= o L O =)0 ay

Then, easy calculations prove that, since W has a compact support:
/Xk (EZi(x) — fe(x)) >0 (x)dx < Ch. (3.13)
Moreover, by (1.2):
var(Z;(x)) < E( /A k gi(x,y) Xk (dy)>2
< & /Xk g0, y) 9% (y)dy

m /Xk (W2 (x— )29 (y)dy.

Hence, ;
C
k
/Xk var(Z; (x)) @®*(x)dx < k!w. (3.14)
We can conclude with (3.12)-(3.14) that
£ 2 k k!
E(L—L(fk) <C (h+ W)

Finally, the lemma is then a consequence of (3.10), (3.11) and above, since b and
p vanish. [
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4 Auxiliary results

4.1 Intensity estimation

Recall that

bdp2

—pkexp (=2 )

where k > 0 is such that supx @ supp2 K < k.
Lemma 4.1. Assume H2 holds and nb®*2 > 1. Then, there exists C > 1 such that
forallk > 1 and x € X:

(i) El¢i(x) — ()| < '

g 1 Uk ik ok
(ii) E|- — <CH (b +p" + By)-
Gre el <O )
Proof. First we compute the bias of @;(x). For simplicity, we assume d = 1 only
for the computation of the biais. By the very definition of @;(x) (see 2.4 and
below), we have

M
E¢i(x) = / MKb(x,y)QD(y)dy

(x+M)/b (3M+x)/b
— / J@)@(x — bz)dz + J(@)0(bz —2M —x)dz
(x—M)/b (M+x)/b

(3M—x) /b

—l—/ J(2)(2M — x — bz)dz.
(M—x)/b

Distinguishing the cases x € [-M,—M +b], x € [-M +b,M — b] and x € [M —

b,M], it is an easy exercise to prove that under the Lipschitz condition H2 on ¢,

we have

1
Ef1(x) = 9(x)| <361 | (Iy]+2)7()dy < Cb, @

where, here and in the following, C > 1 is a constant that does not depend on x, k
and n, and may change from line to line.

Our second task is to give an exponential inequality for the deviation proba-
bility of @; (x). Fix o > 0 and, for simplicity, write Fy(y) = K (x,y) fory € X. We
have by independence, for all s > 0:

P(01() ~E@i(x) > @) = P(exp (sg5 [ Flaxi— gan)) = e)
< e_‘m’(Eexp (s/XFx(Xm—(pdk)))n17
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using Markov Inequality. By Campbell Inequality (see [7]), we thus have

P(¢1(x) B (x) > @) <exp(—am-+(n- 1)/

SEe _sF.—1 . (4.2
[ (s, Jpd2). (42)

But, if Ky, ¢4+ > 0 are constants such that K(x,y) < K} and ¢@(x) < ¢4 for all
x,y € X, we have:

J
Foosh-1lpar < Y% | Fled
[ e =sri—1jpar < Y% | Flgar

=7
stjfl(p
< Z_+—+
= Ll
(p+bd SK+ SK+
< K. (ex(bd)_bd _1>'

Letting 6 the function defined for all # > 0 by 6(r) =¢— (1 +1¢)In(1 +¢) and
choosing s so that

b a

= In(14+—),

Tk, n( §D+)
we have by (4.2) and above:

. . nblo, . «a a blo, a
P(f1(x)~EQi ()2 @) < exp( %, S(E)_E+K—+ln(”a)>
o4 nbo, ., o
< (I—I—E)exp( X, S(E)>,

for n large enough, since b vanishes. Considering —F; instead of Fy, we can
conclude that

A A o I’lbd(P+ o
IP’(|(p1 (x) —E@, (x)‘ >a) < 2(14—@) exp< @ 5(a)> (4.3)

We are now in a position to establish (i) and (ii). Regarding (i), we have by
4.1):
~ k ~ A~ k
E[¢1(x) — o(x)|" <28 (C** +E| @1 (x) —Ey (x)|").

Moreover, writing

E

¢NX%—E¢ﬂxﬂk=:AwPﬂ¢qu_E¢ﬂx”;zuquu
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and observing that, since &§(¢) is smaller than —>/4 or —t /4, depending on ¢ < 1
or not, we deduce from (4.3) and an obvious decomposition of the above integral

that : c
k
)

Vnbd

Putting all pieces together gives (i), since nb9+% > 1.
Next we prove (ii). Note that, according to (4.1):

’ 1 B 1 ‘< Cb
E¢i(x) o)~ ¢_(¢-—Cb)’

Since b vanishes as n tends to infinity, we thus have

E[¢1(x) — Edi ()| < (

1
— < Cb. 4.4
o < ()

Let now A = {|®;(x) —Ed;(x)| > p}. Since infx ¢ > 0 by assumption, we have
according to (4.1):

1 B 1 ‘k E‘ 1 B 1 kl
o) +p Ep)| ~ Tlgx)+p Ee)l
1 1 k
+E| = —— 1
‘qn(x>+p E(ﬁ(x)‘ A
< C*(p*+p*P(4))
deZ

< (ot rptew (-0,
< C(p +ptexp (=)
Last inequality is a consequence of (4.3), p — 0 as n — oo and the fact that §(¢) <

—1?/4 provided ¢ > 0 is small enough. We can now conclude with the above
inequality and (4.4). U

4.2 Perturbated chaos
Lemma 4.2. Let g € L?(u®*) and w € IL>(1). If dv = wdA, we have

B( [ safx—v)* = x-n)H)’

k—1 2 ] i
<3 () lo-viE" " [ e2 Lot e

J=1
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Proof. For simplicity of the proof, we assume that g is a symmetric function.
Otherwise, one only needs to consider its symmetrized version. First observe that
by symmetry of g:

/Ak gd(X —v)®F = zk: (k> /Akgd(X  )id(p — )Pk

i=0 \!

Consequently,

D = /A X v /A d(x— )

= % () [, st v -

i=0
Hence, letting fori =1,--- ,kand x € X,
F(xi,x)={y€Mi:ye & {xi,-,xi}foralld=1,-- k—i},

we have:

k—1 k )
D= [ elo-w s ¥ (1) [ save-w?
Xk i=1 \1/ JA;

where for (x1,---,x;) € A;,

k
saw) = [ gl [T (0= w)()A(dy)

j=it1

Observe that by Cauchy-Schwarz,

gibaree ) < o= yIE [ gl x0A (i) A (dw).

Xk—i

Then, since each g; is symmetric, we deduce from equations (1.1) and (1.2) that

2 k=1 /N2 .
2 — _ ®k Rk ° 2 ®1
ED (/ng((p w)“kdA ) +izziz.(l_> /Xl_g,du

k—l. k 2 _; i
< Zz!(l,) o —w)3* )Agkg(X)ZH¢(XJ)l®k(M),
i=0 Jj=1

hence the lemma. [
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4.3 Technical inequalities

Lemma 4.3. Assume H2 holds and nb®+2 > 1. There exists C > 1 such that for

all k,f,n>1:
(i) My ¢ = sup E(M)z < Ck(l—f—BZk)bzg'
T ext M@r+p)K(x) /) T ;
1 1 2
.. N, = E —~ _ <Ck b2—|— 2+ .
) ‘ xsellsg< (@1 +p)%k(x) (p®k(x)‘ = ( p sz)

Proof. We only prove (7). First observe that by Cauchy-Schwarz and since X is
bounded:

- . 4
M;, < EH<P1—¢|!§‘sugE((¢1+p)®k(X))
xeX!

A A —4
< CkS“}le‘(Pl(x)_(P(x)’M sup E((¢1 +p)(x)) 7,
xXe

xeXk

where, here and in the following, C is a positive constant that does not depend on
k,¢ and n and may change from line to line. Hence by Lemma 4.1:

M}, < Chp* supE (@1 + p)(x)) . 4.5)
Xe

Thus, we only need to consider the rightmost term. Fix x € Xk, and note that

1 1
(¢1+p)*(x)  @%(x)

N - 8
]E(((Pl +p)®k(x)) 4 < W + 8E

The task is to bound the term

(4.6)

A=E

rEromrell
(@1 +p)%(x)  9=(x)

We shall make use of the following inequality:

k k
[Tai—TT6i <16 Y [Tla—oi* T2}
i=1 i=1

OAIC{T, k) i€l i1
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where the a;’s and the b;’s are positive real numbers. Since ¢ is bounded below
by a positive constant:

1 1 4
A < ¢t ETT |~ _
B @#c%,-.-.,k} g Pr(xi)+p  @(x)
1 14N 1
k
¢ X NEGmm ewml )
0AIC{1,- k} i€l 1\A i

according to Holder Inequality, and where || is the cardinality of the set /. Thus,
by Lemma 4.1:

ko (k 14
A < C* () E|— -
L () e 57~ o)
KON 4 an : nb’p?
k 4 j 4j —4j _
< C;(j)(b +p+p exp( I )>
< (14 % nb'p?
< (1o ten(-50))

because b and p vanishes as n — co. Assertion (i) is then a straightforward conse-
quence of inequalities (4.5) and (4.6). [J

Before statement of next lemma, we recall the notations (3.7)-(3.9).

Lemma 4.4. Assume H2 and H3 hold, and nb®*2 > 1. Then, there exists a con-
stant C > 1 such that for all k,n > 1, both quantities above:

R = B( [ g0 @) (% @) - £ a) )
Ru = B( [ ualen) (87 (@) - X7 @) 2% (@0)

are bounded by
2

CHRP (14 o)

Proof. We only prove the bound for Ry, other proof being similar. In the sequel,
C > 1 is a constant that does not depend on n and k, and may change from line to

20



line. Writing (see notations (3.7)-(3.9)):

R =BE[{ [ ([ fulen®i @) (%749 -2 @) } - ],

k

we obtain with Lemma 4.2, using the independence of X and Xi,---,X, and the
fact that ¢ is a bounded function:

k—1

ruzc za(}) B [ ([ ateniiian) aaal, @)
where V = ||@; — ¢||3. Now fix x € Xk and i = 0,--- ,k — 1. We have
EV,H(/ 8r1 (60X (dY)>2 <2(A1+4y), (4.3)
where
A = Evk([;gﬂnwﬂ%mwf,
wddy = BV [ o) (874 - XiH@) )
X

We proceed to bound A,. As before, we apply Lemma 4.2, but conditionally on
X5,---,X,. Hence, since ¢, X and W are bounded:

Ay < Ck21<) VZkl]/ 811 (x,y) A% (dy)
Ck k-1 2 y2k—i
< hde](> (¢ 2

@1+ p) = (x)]

Consequently, by Lemma 4.3:

k —

A2<ch (14 Ba) ): ( > pPid), (4.9)

In a similar fashion, we get by conditioning and (1.2):

c* S
MJ@W /;@@W”W@)

Chk! (1 + o) b* 1.

Ay

IN

IN
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Thus, by (4.7)-(4.9) and above:

ct &k 2(k—i) &k 2(2k—i—j)
< — 1l ! ! il —i=J
le <~ hdk(l-l—ﬁzk)igol.(i) <kb +J§)](]> b >

b2
< ckrn3(1 "‘ﬁZk)Wu

hence the lemma. [J
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