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Abstract

Let (N*)V be the integer lattice points in the N-dimensional
Euclidean space. We define a nonparametric spatial predic-
tor for the values of a random field indexed by (N*)" using a
kernel method. We first examine the general problem of the
regression estimation for random fields. Then we show the
uniform consistency on compact sets of our spatial predictor
as well as its asymptotic normality.

Index Terms — Kernel regression estimation, Random fields,
Spatial prediction, Mixing.

AMS 2000 Classification: 62G08, 62H11.

1 Introduction

Spatial prediction, in general, is any prediction method that incorporates
spatial dependence. In fields such as petroleum exploration, mining, or wa-
ter pollution analysis, data are available at specific spatial locations (such
as experimental stations positioned above the ground or at certain distances
in the air), and the goal is to predict unsampled locations. The unsampled
locations are often mapped on a regular grid, and the predictions are used to
produce surface plots or contour maps. One of the simplest and very popular
spatial prediction method is kriging, which is basically studied by Geostatis-
tics (see Wackernagel [17] for an introduction). The origins of Geostatistics
are to be found within the mining industry in the early 50s. Since that period
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of time, high speed, inexpensive computing methods have made it easy to
look at data in ways that were once difficult. One area that has benefited
greatly from this new freedom is that of nonparametric statistics. However,
most of existing theoretical nonparametric results of dependent random vari-
ables pertain to time series (see Bosq [2] for a complete survey), where the
unidirectional flow of time underlies the construction of the models, and rela-
tively few generalizations to the spatial domain are available. Key references
on this latter topic are Tran [15], Tran and Yakowitz [16], Carbon, Hallin
and Tran [3], Carbon, Tran and Wu [4], Hallin, Lu and Tran [8], [10] and
Biau [1], who have investigated nonparametric density estimation for ran-
dom fields indexed by (N*)¥, with N > 1. Roughly speaking, data sets
whose spatial locations are regular lattices in RV are the closest analogue
to time series observed at equally spaced time points. Such data sets occur
frequently in practice, either because the process under study is essentially
discrete (many examples of such processes are to be found in forestry) or just
because it is the result of a sampling scheme. To illustrate the latter point,
think of satellites orbiting the Earth. By various sampling and integration
methods, the Earth’s surface is divided into small rectangles (e.g. 56 m x 56
m) called pizels (short for picture elements). An agriculture scene of interest
(around, say, 34,000 ka) has certain proportions devoted to wheat, corn,
soybeans, and so forth that need to be estimated. These various crops have
their reflectance properties that, together with noise, are remotely sensed.
Thus the data are received as a regular lattice in R? and are identified with
the centers of their respective pixels (Cressie [5]).

Not many theoretical works have been devoted so far to study nonparametric
predictors for spatial fields indexed by lattices (for related references, see
Lu [12] and Hallin, Lu and Tran [9]). As a first modest step towards this
direction, we will be concerned in this paper with the kernel prediction of
a strictly stationary R-valued random field (Z;);ev-)~ (N > 1). The bold
letter i will always denote an element of (N*)", and we shall use the notation
i = (i1,...,in). For nin (N*)V we define the rectangular region Z, by
Io={ie W)V : 1 <ix <my, k=1,...,N}, we set n = ny...ny, and
we write n — oo if ming—;__nynr — oco. All limits are taken as n — oo,
unless indicated otherwise. Assume now that the field is observed on a set
S, contained in Z,,. We wish to interpolate the value of the field at a given
fixed point jo € Z, — Sn. To this aim, we assume that a generic value Z; only
depends on the values taken by the field in a vicinity of j not containing j.
More precisely, this vicinity, say Vj, is assumed to be of the form j+V, where
V is a fixed bounded set that does not contain 0. We call V; the prediction
vicinity. Observe that in the time context (N = 1), the above property



means that the field is Markovian. A typical spatial example is depicted on
Figure 1.

1 n;

Figure 1: A typical prediction problem in dimension N = 2. Observed data are
in bold, the prediction vicinity is contained in the dashed line.

As is well known, the best prediction of Z;, given the values taken by the
field in V), is, for the Ly, minimizing criterion,

E[Zjo |Zi, ie Vjo]'

Our goal in this paper is to estimate the above quantity using a nonparamet-
ric kernel method. Before we define the predictor, we give some notation.

e Z; will stand for the vector whose components are the {Z;,i € V;} that
have been concatenated and ordered according to an arbitrary order
on indices, for example the lexicographic order.

e The cardinal of V (which is also the cardinal of Vj) will be denoted
by d. As a consequence, the random vector Z; is a R%-valued random
variable.

e We assume that there exists a bounded subset A C (N*)V such that,
for n large enough,
Sn=1I,— A (1.1)



It is worth pointing out that condition (1.1) is required to hold for n large
enough. Thus, in practice-that is to say at finite distance—(1.1) involves no
loss of generality on the shape of the sampling region &, that can be, for
instance, star-shaped. We just make this assumption in order to get asymp-
totic results. Large-sample properties of estimators and predictors based
on spatial observations have been studied under several different asymptotic
structures. All studies appear to arise from different combinations of two ba-
sic sampling paradigms. In the present paper, we assume that the sampling
sites are separated by a distance greater than some fixed positive number,
and the sampling region becomes unbounded as the sample size increases.
The resulting structure leads to what is known as increasing-domain asymp-
totics. This is the most common framework used for asymptotics for spatial
data. The other form, known as infill asymptotics, is inherently different and
is more suitable for making inferences about a continuously indexed random
field observed on a bounded region. When an increasing number of samples
are collected from within a bounded sampling region (that does not grow
with the sample size), we obtain the infill structure. For references and dis-
cussion, we refer the reader to Cressie [5] and Lahiri, Kaiser, Cressie and Hsu
[11].

Now, the prediction of the value of the field at the point j, reads

>z (B 2)

i€Sn
ViCSn

#(Z3,) = = (12)

> w( B

i€ESn
ViCSn

where the kernel K : R? — RT is a probability density, and the smoothing
parameter (or bandwidth) h = h(n) is a sequence of positive real numbers
such that h — 0 as n — oo. Observe that in (1.2), we have to impose the
condition V; C S, just to ensure that the sums make sense. Anyway, by
(1.1), these sums have the same asymptotic behavior as the sums taken over
Tn.

The paper is organized as follows. In a second part, we consider as prerequi-
sites the general problem of regression estimation for random fields, i.e., for
random pairs (Xj, Y;) with values in R? x R. We show the uniform consis-
tency on compact sets of a kernel estimator of the regression function of Yj
given Xj, as well as its asymptotic normality. In a third part, we particularize



these results to the spatial predictor (1.2). Proofs are gathered at the end of
the paper (Section 4).

2 Regression estimation for random fields

2.1 Notation and general hypotheses

Let (X,Y) be a RY x R-valued random variable admitting a density g with
respect to the Lebesgue measure. In the remainder of the paper, R? is en-
dowed with the Euclidean norm ||.||. We assume that Y is integrable and we
denote by f the density of X. Then the regression function r(.) of Y given
X is defined by

EY if f(z) =

In this section, we intend to estimate the function r using n observations
(Xi, Yi)iez, drawn from a strictly stationary random field (Xj, Yi)ieqeyv of
random variables with the same law as (X,Y"). To this aim, we first introduce
the kernel estimator fy of f (Bosq [2]) defined by

B = S ()

where the kernel K : R¢ — R* is a Lipschitzian density with compact
support, and the smoothing parameter (or bandwidth) h = h(n) is a sequence
of positive real numbers satisfying h — 0 as n — oo. In this framework, the
kernel estimator r, of r is defined by

nhdfn ZYK( ‘) it fu(z) #0;

1€I

EZYi if fo(z) =0

i€Zy

Tn(x) =

In order to obtain asymptotic results, we will assume throughout the paper,
and unless specified otherwise, that the field (Xj, Yi)ieqw )~ satisfies the fol-
lowing mizing condition: there exists a function y : Rt — R* with x(¢) N\, 0
as t — 0o, such that whenever E, E' C (N*)" with finite cardinals,

a(B(E),B(E'")) :=sup {|P(AN B) — P(4)P(B)|; A€ B(E),B € B(E")}
< ¢(Card E,Card E') x(dist(E, E')),



where B(E) (resp. B(E')) denotes the Borel o-field generated by (X;, Y})icr
(resp. (Xi, Yi)icr), Card E (resp. Card E') the cardinality of E (resp. E'),
dist(E, E') the Euclidean distance between E and E', and v : N> — R*
is a symmetric positive function which is nondecreasing in each variable.
Throughout the paper, it will be also assumed for simplicity that ¢ satisfies

$(i,j) < cmin(i,j), VijeN, (2.1)

for some constant ¢ > 0. If ¢ = 1, then the field (Xj, Y})icqw)nv is called
strongly mixing. Finally, in order to have a large choice of bandwidths, we
will require the existence of two positive real numbers a, b such that

Eexp (a]Y]") < co. (2.2)

2.2 Uniform strong consistency of r,

In this paragraph, we fix a compact subset S of R¢. By a dilated of S, we
mean a set § such that

S ={zeR¢: dist(z,S) < 6}
for some 9 > 0, where
dist(z,S) = inf ||z — y|| .
ist(z,5) = inf ||z — |
In order to establish the uniform strong consistency of r, on S, we need the
following assumptions.

(H1) The functions f and r are continuous on some dilated S of S and
moreover infg f > 0.

(H2) For all i # j, one has

s () ("5 2) | = 00

(H3) There exists D > 0 such that the pairs (Xj, X;) and ((Xj, Y3), (Xj,Y)))
admit a density, say fi; and g3, as soon as dist(i,j) > D. Moreover,
for some constant ¢ > 0,

| fig(u,v) = f(w) f(v)| <e, VYu,ve R?

and
gi3(s,t) — g(s)g(t)] < e, Vs, t € R



Note first that condition (H3) is automatically fulfilled when the univariate
and bivariate densities are bounded. Observe moreover that when (H3) holds
with D = 0 (as it is usually assumed in the context of spatial regression, see
Hallin, Lu and Tran [9]), then (H2) holds as soon as (H1) holds. Here, we
shall work under the more general framework D > 0 in order to derive results
for the prediction problem (we refer the reader to the discussion in Section
3, where a sufficient condition for a random field to satisfy (H2) and (H3)
for D > 0 is explicited). From now on, |u] stands for the integer part of a
real number wu.

Theorem 2.1 Let p be an integer such that p = |(h?/(log 8)'*2/*)/N| and
assume that

p— oo and Z h=442) (1og ) 2Ny (p) < o0 (2.3)
ne(N* )N

If (H1)-(H3) are satisfied we have, with probability 1,

sup |rn(z) — r(x)| — 0.
z€S

If we assume now that the field is geometrically mizing, we obtain the fol-
lowing corollary, whose proof is clear.

Corollary 2.1 Assume that there exists £ > 0 such that x(t) = O(e%") for
t>0. If (H1)-(H3) are satisfied, and if

n h¢

we have, with probability 1,

sup |rp(z) — r(z)| — 0.
€S

In the time context (N = 1), the condition (2.4) on the bandwidth A is very
similar to the condition that appears in Bosq ([2], Theorem 3.2).

2.3 Asymptotic normality of r,
In this paragraph, we fix r € RY. If f(2) > 0, we let
o(2) = E)2|X = 2] — EX[V|X = ],

In order to derive the asymptotic normality of r,, we need some additional
conditions.



(H4) The functions f and r are Lipschitzian in a neighborhood of z, the
function v is continuous at x and, moreover, v(z) f(z) > 0.

(H5) For all i # j, one has
r— X - X5\ | _ d+1
E{K( A (T )]_o(h )

Observe, as in Paragraph 2.2, that when (H3) holds with D = 0, then (H5)
holds as soon as (H4) is satisfied. The case D > 0 will be more specifically
considered in our spatial prediction problem.

Theorem 2.2 Assume that (H3)-(H5) are satisfied. Assume moreover that
(4) A hit? —0;
(i3) There exists 6 €]0,1/2[ such that i h4+20N) (log ) ~8V/b — oo;

(i71) There exists a sequence of positive integers ¢ = q(n) — oo such that

q= o((ﬁ Ad(1+26N) (log ﬂ)—SN/b)l/(QN))

and
0

ﬁZiNﬁlx(iq) —0;

i=1
(iv) The bandwidth h tends to zero in a manner such that
W (log )" iV 1 (x (i) — 0.
i=q

Then, with the notation

we have
n hd
o(z)

where N'(0,1) denotes the one-dimensional standard Gaussian distribution

(ra(z) — r(2)) 2 N(0, 1),

D e
and — the convergence in distribution.



Observe that under (iv), one has Y oo V=1 (X(i))6 < 00. In the geometrically
mixing case, the following corollary is easily deduced.

Corollary 2.2 Assume that there exists &€ > 0 such that (i) x(t) = O(e™%)
fort>0. If (H3)-(H5) are satisfied, and

(ii) A hit? — 0;
(i4i) For some & €]0,1/2[, i h@1+20N) (Jog n) =8N/6=2N 3 o |
then, with the notation of Theorem 2.2, we have

v ht

o(z)

(ra(®) = () = N(0,1). (2.5)

If Y is almost surely bounded, one may choose b = oo. In this case, the
conditions on the bandwidth that appear in Theorem 2.2 and Corollary 2.2
are the same as those of Tran [15], who considers the problem of estimating
the density for a random field.

As for most nonparametric regression techniques, the shape and smoothness
of the estimated function depends to a large extent on the specific value
chosen for the smoothing parameter h. This choice is very important in
practice, and it typically involves a bias-variance trade off. Here, the usual
data-driven selection methods used in the time series context (such as cross-
validation or plug-in, see e.g. Gyorfi, Hirdle, Sarda and Vieu [7]) can be
adapted to our spatial framework without further difficulties. We believe
however that such results are beyond the scope of the present paper and we
will deal with this problem elsewhere. We also refer the reader to Opsomer,
Wang and Yang [13] whose comparative study and results would provide
valuable information on the choice of the smoothing parameter. We would
like as well to shed light on the fact that there are some problems associated
with the use of results of this type. As an example, if one is interested
in constructing confidence sets, it will be necessary to estimate the limiting
variance, which involves not only f(x) but also the conditional variance v(zx).
A possible answer is to use the weakly consistent estimates f,(x) and

on() = nhdfn iz:YQ ( i)—rfl(x)

of f(z) and wv(z), respectively, as well as (2.5) in order to obtain, under
suitable assumptions,

(ra(z) — r(z)) = N(0,1),



with

3 Spatial prediction

We shall use in this section the notation of the introduction as well as the
notation and hypotheses of Section 2, with X; = Zi and Y; = Z;. Moreover,
we assume that the kernel K is a product kernel, i.e., that it may be written
for v = (21,...,24) € R? as

K(x) = Ki(z1) ... Ky(zq),

where the K;’s are univariate and bounded densities. We now introduce the
last hypothesis.

(H6) For all i,j € (N*)" with i # j, there exists 1 € Vj such that the pair
(Z3, Z1) has a locally bounded density on R+,

Observe that since V is bounded, it is possible for a pair ((Zi, Z), (Zj, Zj)) to
have a density as soon as dist(i, j) > D, for some D > 0 which only depends
on the size of V. Therefore, in the context of prediction, the assumption
(H3) makes sense. Condition (H6) holds in the important case where the
random field is such that, for any bounded subset B C (N*)V, (Z)ics admits
a bounded density. In this particular case, assumption (H3) holds for some
D > 0 (depending upon the diameter of V), as well as (H2) (see the proof
of Corollary 3.1) and (H5) (see the proof of Corollary 3.2).

Corollary 3.1 Assume that (H1) holds for any compact subset S of R and
suppose moreover that (H3) and (H6) hold. If (2.3) is satisfied or if (2.4)
is satisfied with x(t) = O(e~*") for some & > 0, then

(7) f(ZjO) — T(Zj ) in probability;

(17) f(ZjO) — T(Zjo) with probability 1, if Z; is almost surely bounded.

Proof of Corollary 3.1 By Theorem 2.1 or Corollary 2.1, one only needs
to prove that the hypothesis (H2) holds. Let i,j € (N*)" with i # j. Since
K is a product kernel, there exists ¢ > 0 such that for all 1 € V; and all
r €S,

[k () ()] < e[ (AR (5 2]




for some s € {1,...,d}. Using (H6), we choose 1 € Vj such that the pair
(Z;, Z)) has a locally bounded density on R, and we easily deduce that
(H2) holds. |

In order to obtain the asymptotic normality of f(ZjO), we need to introduce
another concept of mixing, known as @-mizing. More precisely, we shall
assume that the random field (Z;, Zi)ie(n+yv is such that for all finite subsets
E,E' of (N*)V,

sup {[P(AB) ~ P(A)[} < p(dist(E, ), (3.1)

the supremum being taken over all A € B(F) and B € B(E') with P(B) > 0,
and where @ is a real valued function with

o(t) >0 ast— oo.

Corollary 3.2 Assume that (H3), (H4) and (H6) hold for all x € R?.
Assume moreover that (Zy, Z;)ieqv v satisfies (3.1). Then, under conditions
()-(iv) of Theorem 2.2, or conditions (i)-(iii) of Corollary 2.2, we have

> (f(Zjo) - T(Zjo)) 2) N(O, 1).

Proof of Corollary 3.2 Following the proof of Corollary 3.1, one may
prove that (H5) holds, for all x € R?. Consequently, by Theorem 2.2 or
Corollary 2.2, we have, for all z € R?,

(ra(z) — r(z)) B N(0,1). (3.2)

Let k(n) = [loglogn|. If A is large enough, one can find a subset P, of
Po={i€ S8, : Vi C Sy} such that

dist(Py, Vj,) > k(n) and Card (P, —Pn) < ck(n)?,

for some constant ¢ > 0. We then denote, for all z € R?,

T — 7
JaTi i%zm( h )

| SR

i€Pn

—r(x)

11



It is an easy exercise to prove that the result of the corollary will hold if we
prove the convergence

La(Z;,) 2 N(0,1).

Notice also that a straightforward consequence of (1.1) and (3.2) is that, for
all x € R?,

La(z) 3 N(0,1). (3.3)

Let now u € R and » € R?. From Serfling [14] and the definition of ¢-mixing
(3.1), we can write

‘E[exp (iuLn(z )‘ZJO] Eexp (iuLy(z ‘ < 2¢p(k(n)).
Since ¢ (k(n)) — 0, we deduce from (3.3) that, with probability 1,
E[exp (iuLy(z )‘ZJO] — exp(—u?/2).

Finally, according to the Lebesgue convergence theorem,

Eexp (iuln(Z;,)) :/ E|[exp (1uLn( ‘ z)dz — exp(—u?/2),
Rd
and hence the corollary is proved. |
4 Proofs

4.1 Block decomposition and general notation

In this section, we will make use of the following notation. If z € R¢, we let

((z) = /Rd yg(z,y)dy;
- ()
i€Tn

K ()

where 7, = (3a 'logn)'/*. Recall that the constants a and b have been
defined in (2.2). Moreover, we set

i€Zn

= ﬁlhd (Y 1(|Yi\gwn>K($ _hXi> —E [Y1<Y|<vn>K(aj ;Xﬂ )

12

AI(ZE)




Let us now introduce a spatial block decomposition that has been used by
Tran [15] and Carbon, Tran and Wu [4]. Let us fix two integers p,q > 1
(possibly functions of n) and assume that for some integers t1,. .., ty,

=tp+q), i=1,...,N. (4.1)
The random variables A;(z) are now set into blocks of different sizes. Let

k(p+q)+p

U(l,n,z,j) = Z Ai(z),

lk—Jk(IH—QH-l

.....

Jk(p+q)+p (Gn+1)(p+q)
U(2,n,z,j) = Z Ai(z),
i Jlk(p+q)+1 in=jJn (p+q)+p+1

=1,...,N

Jr(p+q)+p (in—1+1)(p+q)

in(p+a)+p
U(3,n,x,j) = Z Z Z Ay(z),

11% Jlk(PJrq)“ inc1=jn-1(p+q)+p+1 in=jn(p+q)+1

=1,...,.N

Je(p+a)+p (in—1+1)(p+q) (Gn+1)(p+q)
U(4a l’l,.%‘,j) - Z Z A1(‘%‘)
1156_111«_(‘1#4)“ inc1=jn-1(p+q)+p+1 in=jn(p+q)+p+1

and so on. Note that

(Jr+1)(p+q) in(p+q)+p

U(2N_1,n,x,j) = Z Z AI(ZE) .

i k]k(p+q)+p+1 in=jn(p+q)+1

.....

Finally
(Jr+1)(p+aq)

U(2N,H,I,j) = Z AI(ZE) .

ip= ]k(p+q)+p+1

.....

Setting 7 = {0,...,t; — 1} x...x{0,...,txy — 1}, we define, for each integer

. _ N
1=1,...,2%,
T(n,x,1) ZUznx,J
JET

Then, with this notation, we obtain the decomposition

Gle) — EG(w) = 3 T(n,a,1).

13



If it is not the case that ny =t;(p+¢q),...,ny = ty(p+ q) for some integers
ti,...,ty, then a term, say T'(n, z,2" + 1), containing all the A;(z)’s at the
ends not included in the blocks above can be added.

From now on, the letter ¢ is used to denote constants whose values are unim-
portant and may vary from line to line.

4.2 General results

In this paragraph, we provide three general propositions that will be useful
in the sequel.

Proposition 4.1 Under (2.2), one has

Z PEieZ, : |Yi|>m) <o

ne(N*)N

Proof of Proposition 4.1 By stationarity of the random field (Y;);e )~
and according to Markov inequality, we have

P(I e, : [Yi| >7) <) P(IYi] > )
i€Za
=aP(|Y|> 1)
b
<4 Eexp (a|Y)
- exp (avh)

1 b
(ﬁ)2 (CL|Y| )a

hence the proposition, using (2.2). [ |

Proposition 4.2 Let i € {1,2}. Under (2.2), there exists ¢ > 0 such that
for 1 large enough and all x € R?,

r—X\1’
E[|Y|1(|Y|>%)K( . )] < c () MEVK (2

X)Zi

Proof of Proposition 4.2 For n large enough, we can write

z—X

B[ g (25 5] B e (P00 1 (255

14



We deduce from the Cauchy-Schwarz inequality that the rightmost term is
smaller than

El/2 [exp (a|Y|b/2) 1(‘y|>%)] EI/QK(

x—X)%

X\ 2
< exp(—ayn/4)E"? exp (alYlb)E”ZK(x ) ,
hence the result, by (2.2) and the very definition of 7. [

Proposition 4.3 (i) Under the hypotheses of Theorem 2.1, one has, for
large enough n,

nhdsup(z:EA2 Z |EA;(z |) <l

TeS ez, ijeZn
i#j

(i1) Under the hypotheses of Theorem 2.2, one has
A h'Var (z) = f(z)(v(z) +r°(2)) [ K*(u)du.

Rd

Proof of Proposition 4.3 The proof of (i) follows the proof of Lemma
2.2 in Tran [15] and the proof of (i7) below. Therefore, we only prove (ii).

Let
I, =) EA}(z)
i€Tn
and

= ) EA;(2)Aj(x

1,j€Zn
i

Clearly, Var ¢#(z) = I, + R,. Observe that, by stationarity,
= _ z—X
it =14 (e an (55 - raoncn (55)])
2
o _ r—X
= h < { ( ] E[Yl — _ )}

_ g2 [Yl(ygm[((x _hX)] )

By Proposition 4.2 and hypothesis (H4), one has

<k (55
)

_X
h™E [Yl(y|>%)K($T)] < ch™(n)” 3/4E1/2K(

X)4
< Chfd/Z(ﬁ)f?)/él.

15



Since n h? — oo by Theorem 2.2 (ii), one deduces that

_ r—X\1?
h dE[Y1(|y>vn)K< n )} — 0.

In a similar fashion, one may prove that

hE? {Y1(Y|S%)K(‘T _ X)] 0.

Finally, by a classical change of variable, we have

— xX\1?
h9E [YK(x )] = / v’ K%(u)g(z — hu, y)dudy
h Rd+1

= [ K?*(wE[Y?|X =2 — hu]f(x — hu)du,

Rd

so that by (H4) and the fact that K is compactly supported,

z—X

Rd

hE {YK( )] L F(@)(v(z) +2(x)) | K2(u)du.

Consequently,

Ahl, — f(x)(v(x) + (7)) | K*(u)du.

Rd

We have now to show that .
nhiR, — 0.

To this aim, we introduce the set Sy defined by
So={i,j €Z, : 0 <dist(i,j) < D},

where D is the real number of hypothesis (H3). Split Rn into two separate
sums, i.e., Ry, = Jy + Jj, where

Jo=Y_ EAi2)Aj(x) and Jj= ) EAj(x)A;(),

i,jeSo i,jess

where S§ stands for the complement of S;. A straightforward modification
of the proof of Lemma 2.2 in Tran [15] gives

nhtJ, — 0,

16



and it remains to prove that the same result holds for .J,. Since Card Sy <
cn, one obtains by strict stationarity of the field (Xj, Yi);e)~ that, fori # j,

R _ z — X; z — X;
nh'Jy <ch d<E{IYiI1<Yi|s%>K<T)IYj|1<YjsmK( 7 ’)]
r—X

+E2[|Y|1<YS%>K< . )D

<ot (B[ () ()

< et i (S5 (5)

X
+ chd(log ﬁ)Q/”h‘QdEQK(xT).

By (i) of Theorem 2.2, we have h(logn)?* — 0 and hence, the rightmost
terms tend to 0 according to (H4) and (H5). Consequently, nh®Jy — 0 so
that n AR, — 0, and the proposition is proved. [ |

4.3 Proof of Theorem 2.1

We assume in this paragraph that assumptions (H1)-(H3) hold as well as
(2.3). Let [ be the integer defined by I = [y2h~(™V|. Since S is compact,
one can find a real number v > 0 such that v < ¢ and

ld

SC UB(JL’j,U),

J=1

where B(z, p) is the closed ball in R with center at z and radius p > 0, and
the 27 s are elements of S. Theorem 2.1 will be a consequence of the following
three lemmas, whose proofs are deferred to the end of the paragraph.

Lemma 4.1 One has

sup |EC; (z) = ((x)] = 0.

€S

Lemma 4.2 One has, almost completely,
max [EG;(27) — ¢ (27)] — 0.
g<id

Lemma 4.3 One has, with probability 1,

sup | fu(z) — f(z)] = 0.
zES

17



We are now ready to prove Theorem 2.1. Observe first that for any z € S,
provided fn(z) # 0,

_ Gnlo) = C() fal@) — f(2)
Jfa(2) fal@) flz)

According to (H1) and Lemma 4.3, it is enough to show that, with proba-
bility 1,

+ ( ()

sup [Cu(2) — ¢(2)[ = 0.
€S

Now, let € > 0. One has

P(ilengn(:r) —((2)[ > ¢) SP(ilengn(x) —((2)| > e, Vi€ Ty 1 |Yi] < 7m)
+P(FHETL, : |Yi] > Tn)
< P(suplGi(e) - C(0)] 2 ¢)
+P(Ei€Z, : [Yi]> ).

According to Proposition 4.1, it will be enough to show that

S P(suplGi(e) — ((2)] > £) < oo.

DL zES

But, for each x € S, one can find j < [ such that ||z — 27| < v and
consequently, as K is Lipschitzian,
G (@) = Gal(a?)| < eymuh (Y,

n

Therefore we get
sup |G, () — C(x)]
€S
< sup |(;(7) — B, (2)] + sup [E¢, (2) — ((2)]
z€S z€ES
< cmuh” Y 4 max |G (27) — BG (@) + sup [BG (7) — ()
WS TES

< ()t max Ga(a?) =BG (a)] + sup By () = ()],

where the last inequality arises from the very definition of [ and the fact that
lv < c¢. Therefore, according to Lemma 4.1, we obtain, for n large enough,

P(sup |Ga(#) = ()] 2 €) < P(max|¢y(a’) —EG ()] = £/2),

18



hence the theorem, thanks to Lemma 4.2. [ |

Proof of Lemma 4.1 The proof runs in two steps. First, we observe that
by Proposition 4.2, for all z € S,

h
_ 2
:L’h}X)’

B4 (+) ~ BGulo)| < B[ 11100 ()
< c(m) BV (
and hence, using (H1), one has

sup |EC;(z) — E¢a(2)| < ¢ () */*n"?,
TES
which tends to 0. Second, we observe that for all z € S,

BGo(o) = C0) = [ wB (wigle = hu,)dudy = r(2) /(o)

= [ K(u)(r(z—hu)f(z—hu) —r(z)f(z))du. (4.2)

Rd

Now, K is compactly supported and, by (H1), the function r f is continuous
on §. Consequently, according to the Lebesgue theorem,

sup |[EC,(z) — ((x)| — 0,

€S
and the proof is complete. [
Proof of Lemma 4.2 We follow Carbon, Tran and Wu [4]. Without loss
of generality, we assume that n satisfies (4.1). We adopt the notation of

Paragraph 4.1, and we choose p = ¢, where p = p(n) is defined in Theorem
2.1. Using the block decomposition of Paragraph 4.1, we have, for x € S,

C;(JC) - EC;(iE) = ZT(II,:E,i).

N

Y

Thus, to prove the lemma, it is enough to show that for alli =1,...,2

r;l;}ng(n,xj,iH -0,

almost completely. For a sake of simplicity, we will only consider the case
t = 1. Let us first fix a generic x € §. We enumerate in an arbitrary
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way the £ = ¢, ...ty terms (U(1,n,x,j),j € T) of the sum T'(n,z,1) that
we call Wy, ..., W;. Observe that the set of sites associated with each of
these random variables contains p'¥ sites, that two distinct sets of sites are

~

separated by a distance of at least p and finally, that for all 7 =1,...,¢,
|Wj| < CpN(ﬁ hd)ilfyn-

According to Lemma 4.5 in Carbon, Tran and Wu [4], one can find indepen-
dent random variables W7, ..., W} such that for all j =1,... £, W} has the
same law as W; and

E|W; — W} < cp™(nh?) ym o(n,p") x(p)
< cep™(@hY) v x(p),

where the last inequality comes from (2.1) and the fact that p¥ < n. Then
we fix £ > 0. Bernstein and Markov inequalities lead to

i

zs) +P(Z|Wj—wj*| zs)

J=1

i
P(|T(n,z,1)| > 2) < P(‘ Sy
j=1

<2 exp ( _ c/(iE(W;)z +pN(n hd)_l%)>

7j=1
+ cprN(ﬁ hd)*lfyn X(p).

By Proposition 4.3 (i), one has n h? Z§:1 E(W})? < cv2. Since n = 2VpNi
by (4.1), one deduces that

P(ma3<|T(n,:z:j, 1)| > 2¢) < 21%exp ( —cnh?/(vi —|—pN’yn)>
J<l

+ el h 4y, X(p).

Now, let

: ﬁhd ~\1/b
An = min (W, (logn) / )

By the definitions of [ and ~,, we have
P(magi T (n,27,1)| > 2¢) < cl®(exp(—cAnlogn) + p"h™%ymx(p))
J<l

< ch™ " (log n)?"* (exp(—cAp log i)
+p"h(log ) 'x(p)).
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Observe that since i h¢/(logn)'*2/* — oo by (2.3), one has

Z A=) (log 1) 24/ exp(—cAy logn) < 0o

ne(N*)N
Consequently, from (2.3),

Z P(max |T(n,z7,1)| > 2¢) < 0o.

ne(N=)N iste
This completes the proof of the lemma. [ |

Proof of Lemma 4.3 Just adapt the proof of Carbon, Tran and Wu [4] to
the case where f is only continuous on S, or adapt the arguments considered
above to the case Y = 1. [

4.4 Proof of Theorem 2.2
4.4.1 Main arguments

In the whole Paragraph 4.4, assumptions (H3)-(H5) as well as hypotheses
(¢)-(iv) of Theorem 2.2 are assumed to be satisfied. The proof of Theorem
2.2 will strongly rely on the next two propositions, whose proofs are deferred
to the end of the paragraph.

Proposition 4.4 For any pair (o, 3) € R?, one has
Vaht a(G(z) = EG@)) + B(fa(@) ~ Efa(@) | BN (0,07),
where

ot = [a?f(z)(v(z) + () + B f(z) + 2afBr(z) f(z)] [ K*(u)du.

Proposition 4.5 One has
(i) Vahd(EG(z) - ((z)) — 0;
(it) Vahd(Efa(z) — f(z)) — 0.

We are now in position to prove Theorem 2.2. Let (a, ) € R? and denote
by Wha(a, §) the random variable

Wale B) = Vahi[a(Gal@) = (@) + B(fale) — £@)) .
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and by W}(a, ) the random variable being defined similarly, with (%(z)
instead of (,(z). Denote also by G, the event

GOn = [Vi €T, : i < fyn].
Fix t € R and observe that
P(Wa(a, 8) <t.Gn) = P(Wi(e, B) < t,Ga).
By Proposition 4.1, P(G,) — 1 and hence
P(Wa(a, 8) < t) = P(Wi(a,8) <t) — 0. (4.3)

Moreover, according to Proposition 4.5,

Wala, B) = VRt [a(Gi(2) = EG(@)) + B(fal@) = f(2)] = 0. (44)
We then deduce from Proposition 4.4 and properties (4.3) and (4.4) that

Wal(a, 8) 2 N(0,0%).

From this convergence, it follows that f,(z) — f(x) and (u(z) — ((z) in
probability, so that

W“(fn(x) T (@) fa f@)” o)

Finally, we conclude with the decomposition

) — 0 in probability.

1 ¢ (x)(x)) B Wn( 1 ¢()

ey Gl@) @)
) =D =56 T W)

((x) )

4.4.2 Proof of Proposition 4.4

For the sake of simplicity, we only give the proof in the case o = 1 and
[ = 0. The proof of the general case is similar, putting a'Y; 4+ 5 instead of Y;.
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Without loss of generality, we assume that n satisfies (4.1) and we use the
decomposition of Paragraph 4.1, where the integer p = p(n) is defined by

and the integer ¢ = ¢(n) satisfies the conditions (7ii) and (iv) of Theorem
2.2. Note that by assertion (iz) of Theorem 2.2, one has p — oco. We first
prove a technical lemma.

Lemma 4.4 One has

(i) For allu € R,

Eexp (iuvﬁth(n, x, 1)) - HEexp (iu\/ﬁ hiU (1, n,x,j)) 5 0;

JET

oN

(i) ﬁth(ZT(n,x,z‘))2 0

(i) ahd> EU(Ln,z,§)* = f(z)(v(x) +r*(x)) [ K*(u)du;

d
jeT R

(iv) For all e > 0,

nh® Y " BU(L 10, 2,5)* Ly ne|sc@ni)-12) — 0.
jeT

Proof of Lemma 4.4 Assertions (i)-(iv) are the strict equivalents of as-
sertions (3.5)-(3.8) of the proof of Lemma 3.2 in Tran [15]. More or less
immediate adaptations of the proofs of Tran to our context of regression
allow us to prove the lemma. For this reason, we only give the important
points of the proofs of assertions (i)-(iv).

(i) The proof is ezactly the same as the proof of (3.5) in Tran [15].

(#7) One only needs to prove for instance that
1 h'ET (n, z,2)* — 0.

Enumerate the random variables (U(2, n,zj),j€ T) in an arbitrary manner
and refer to them as Uy, ..., Uy, where M = Card T = H,]cvzl ty = n(p +
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q) N. Now,

nx2 ZV&rU%—ZCOV[Afﬁ
7,j=1
i#£]

An easy adaptation of the proof of (3.6) in Tran [15] gives

nhdZVarU < eMy2pNTt ﬁ)’lh’d‘SZiN’lx(z)‘s

=1 i>1
and
n h? Z Cov( U;, U <cy2 h_d6ZiN_lx(i)6.
=1 i>q
i#j =
Consequently,
nhIET(n,2,2)? < cy2qp 'h” d5ZN1 i) +cy2h™ d6ZN1 (5)°
i>1 i>q
< Cq(fl hd(1+26N) (log ﬁ)—SN/b)*l/(QN) Z iN—IX(i)ﬁ

i>1

+ch P (log )y "N Ix (i),

12q

and the last two terms tend to 0 by (i7i) and (iv) of Theorem 2.2.

(#74) The proof is a straightforward adaptation of the proof of (ii), using as
well Proposition 4.3 (i7). See also the proof of (3.7) in Tran [15].

(iv) We clearly have |A;(x)| < cyn(nh?)~! and hence
U(1,n,2,§)| < cyap” (@A)
Then, by definitions of v, and p,
Vahi|U(1,n,1,j)| < c(loga)! =2V
which goes to 0. Consequently, if n is large enough, we have, for all j,
P(|U(1,n,z,j)| > e(ah®)™/?) =0,

hence (iv). |
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We are now in position to prove Proposition 4.4. Recall that only the case
a =1 and § =0 is considered here. Write

Viaht(C(z) — BCi(r)) = VahiT(n,z,1) + Vi he ZT(n, ,17).

According to Lemma 4.4 (ii), the rightmost term vanishes in probability.
Moreover, the random variables (U(1,n,z,j),j € T) are asymptotically in-
dependent by Lemma 4.4 (i). Thus, the asymptotic normality

VAR (n,,1) B N (0, f() (o) + (@) | K (u)du)

Rd

follows from Lemma 4.4 (iii) and the Lindeberg-Feller condition (iv), by a
straightforward adaptation of the proof of the Lindeberg theorem (see for
instance Dudley [6]). |

4.4.3 Proof of Proposition 4.5

We only prove (i), the proof of (ii) being similar. By (H4), the function r f
is Lipschitzian in a neighborhood of z, so that by (4.2), one has for n large

enough,
Vi h!|EG(z) — ¢(z)] < evVRhit2,

which tends to 0 according to condition (i) of Theorem 2.2. Moreover, by
(H4) and Proposition 4.2, one has

VARIBG () ~ BGfo)| < Vahth B IV 1K (57 |
<cvVah (ﬁ)—3/4E1/2K(x _hX)

<c(n)™",

2

hence the proposition. [ |
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