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Abstract In Bayesian Decision Theory, it is known that robustness with
respect to the loss and the prior can be improved by adding new observations.
In this paper, we study the rate of the robustness improvement with respect
to the number of observations n. Three usual measures of posterior global
robustness are considered: the (range of the) Bayes actions set derived from
a class of loss functions, the maximum regret of using a particular loss when
the subjective loss belongs to a given class and the range of the posterior
expected loss when the loss function ranges over a class. We show that the
rate of convergence of the first measure of robustness is \/n while it is n for
the others under reasonable assumptions on the class of loss functions. The
paper begins with the study of two particular cases to illustrate the results
of the paper.
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1 Introduction

In Bayesian analysis, choosing a prior distribution and a loss function accord-
ing to prior knowledge and preferences are difficult tasks. In practice, the
decision maker usually chooses convenient approximations of the subjective
prior and the subjective loss. The legitimacy of such approximations might
be investigated by a sensitivity analysis of the results with respect to the
approximations. This is the purpose of Robust Bayesian Analysis whose a



recent overview is given by Rios Insua and Ruggeri (2000). An interesting
approach, called global robustness, proposes to replace a single prior distri-
bution (resp. loss function) by a class of priors (resp. loss functions) and
then to compute the range of the ensuing answers as the prior (resp. loss
function) varies over the class.

Bayesians mainly focused on sensitivity to the prior distribution although
the final result can be drastically affected by the loss function. Moreover,
Rubin (1987) shows that the loss function and the prior cannot be separated
under a weak system of axioms for rational behavior. It is worth pointing
out that robustness with respect to the prior can be expressed as a particu-
lar case of loss robustness. This is illustrated by the following example: the
computation of the range of the posterior expectation when the prior density
p ranges over a class I reduces to the computation of the range of the Bayes
actions (i.e. decisions that minimize the posterior expected loss) when the
loss function ranges over the class {lop/pg, p € ['}, where l5 is the quadratic
loss and pg a fixed prior.

When robustness is lacking, Abraham (2001) shows it can be improved by
adding new observations. It is of practical interest to know how many new
observations are needed in order to achieve a given robustness. This paper
answers this problem by investigating the asymptotic rate of convergence of
three measures of posterior robustness. On account of the above remark, it
is focused on robustness with respect to the loss since it provides a general
framework including many prior robustness problems.

The asymptotic of global robustness measures (for example, the range of
posterior means or set probabilities) with respect to the prior has been in-
vestigated for particular classes (mainly e-contamination classes) by Siva-
ganesan (1988), Pericchi and Walley (1991), Moreno and Pericchi (1993) and
Ruggeri and Sivaganesan (2000). The local point of view has been studied by
Gustafson and Wasserman (1995), Gustafson et al. (1996) and Sivaganesan
(1996). For a recent account of the theory, we refer the reader to Sivaganesan

(2000).

In Sections 4-6, we proceed with the study of three measures of posterior
global robustness. Section 4 is devoted to the study of the Bayes actions set
derived from a class of loss functions. It is shown that the Bayes actions



set tends to a limit set with rate v/n where n is the number of observations.
In Section 5, we will be concerned with the regret of choosing a decision
associated with a particular loss function when the true loss function varies
over a given class. It is shown that the rate of convergence of the supremum
of the regrets is \/n or n, according to the class of loss functions. Section 6
deals with the range of the posterior expected loss, whose asymptotic rate
is y/n or n as well. Section 2 provides two examples. For one of them, the
above asymptotic rates are actually achieved for every finite n. In Section
3, we set up notations and terminology. In particular, it is indicated that
the posterior distribution can be calculated under misspecified models i.e.
it is contemplated that the observations are realizations from a convenient
probability distribution with density h, (¢ is the parameter) while the true
distribution ) may not correspond to h, for all value of o. Finally, we have
compiled some auxiliary results in Section 8.

2 Examples

In this section, we present two examples based on tractable classes of loss
functions. Such classes have already been considered in Martin et al. (1998)

and Abraham and Daures (1999, 2000).

2.1 The squared-error loss

As the squared-error loss is frequently used to approximate nearly symmetric
loss functions (Berger, 1985), it is of practical interest to investigate the
robustness with respect to variations around this loss. It is also of theoretical
interest as it makes the calculations relatively simple.

The set © of parameters and the set D of decisions are both assumed to be
R. Fix 0 < k; < ky, depending on the incomplete information on the true
loss and define U : © x D — IR as follows:

U(o,d) = (ko{d > o} + ky{d < o}) lo(o,d), (2.1)

where {C'} denotes the usual indicator function of C' and ly(o, d) = 0.5(d—0)?
the convenient loss chosen by the decision maker. Define L by interchanging
k; and ky in the definition of U. Let Dyl stand for the derivative of [ :
© x D — IRT with respect to d and introduce the class F of loss functions



[: 0 x D — IR" such that for all ¢ € ©, Dy l(c,.) is continuous, {(c,0) =0
and D01L S D01Z S D01U.

Assume that Xy, ---, X, are independent and identically distributed from
a normal N(u,A™!) distribution, where the variance A~! is known. Take a
N(po,Ag") prior. The posterior 7, is then normal N(u,, ;') with g, =
(Aoto + AM(X1 + -+ + X))/ A and precision A, = Ag + nA. Denoting, for
all [ € F, d} a minimizer of [*(.) = f® l[(0,.)m,(do), elementary calculations
show that U™ and L™ admit only one minimizer given by:

Z,:Mn+rl/‘\/ )\n aIld dz :,un+7’.2/\/ /\TL7

where ry < 0 < ry are constants depending on k; and k.

Let us now investigate the computation of the three measures of posterior
robustness. Since, by Abraham and Daures (1999), {d}',l € F} = [d}, d}],
the diameter of {d?,] € F} is equal to (r; — r3)/+/A, which gives the first
measure of robustness. Write now regp(d) = {"(d) — infp [ for the posterior
regret. By the definition of F, if dy > dy, we have for all [ € F:

vdy

I"(dy) — I"(dy) :/

dy

vdy

D()lln(t)dt :/ / D01Z(O',t)ﬂ'n(d0')dt.
4 Je

Hence, we deduce that

sup reg?(d) = max{reg) (4). regi ()}, (2.2)
€

Let dj = u, be the Bayes rule associated with the squared-error loss function
lo. After some calculations, we obtain that for some constants ¢, ¢,

U™(dy) — U™dyy) = er/ Ay and L™(dy) — L™(d}) = ea/ My,

and hence
sup regy(dy) = max(er, ¢2)/An,
leF
which gives the second measure of robustness. Finally, if S = kyly and

I = klg, then 1,5 € Fand I <[ < S for all [ € F. Then, if we write
ran”(d) = sup;cr {"(d) — inficr 1"(d) for the range of the posterior expected
loss, we obviously have
ran”(dg) = 5"(dg) — I"(dg)
= 05(l€2 - kl)/)\n;

4



hence the third measure of robustness.

We emphasize that the constant ry, r2, ¢; and ¢; can be numerically com-
puted and that similar calculations can be done with different functions U, L
and [y. As a conclusion, we proved that, for the class F, the speed of conver-
gence of the diameter of {d}',l € F} is \/n, while the speed of convergence
of the posterior regret and the range of the posterior expected loss are n.

2.2 The dam construction problem

Following Ulmo and Bernier (1973), the economical consequence of construct-
ing a dam with d metres high is the sum of the cost construction and the
cost caused by a potential flood: 10d + 100(H — d){H > d} where H is the
peak water level. Note that the consequence is a random variable. Assuming
that H is exponentially distributed with density h,(z) = oe™?% and taking
the expectation yields the loss

lo(o,d) = 10d + 1000~ exp(—do).

A similar construction of a utility function can be found in Berger (1985,
page 58). The loss lp can be viewed as a convenient approximation of the
true loss. Let us proceed similarly to Section 2.1 for studying the robustness
of the Bayes action. Consider the class F of functions [ such that Dy L <
Do1l < DoyU. As the minimum of ly(o,.) is obtained when do = log 10, we
define

Ulo,d) = (®(do—1logl0)+0.5) lo(c,d) and
L(o,d) = (1.5 —®(do —log10)) lo(c,d),

where ® denotes the cumulative distribution function of N(0,1). Let d}
and dj be generic notations for the Bayes actions associated with the loss
functions [ and [y respectively. It can be proved that U(o,.) and L(o,.)
are convex functions with unique minimizer. Thus, the set of Bayes actions
is still [d;, d}] and the largest posterior regret can be calculated by (2.2).
The posterior distribution is derived from n independent observations with
density h, and a reference prior (o) = 67! (7, ~ Gamma(n,y ., X;)). We
simulate n = 100 observations with respect to hgs and compute numerically
S X = 193.6, dfy = 2.7, d} = 7.7, dj = 4.5 and sup,.reg](d}) = 19.5.

Thus, the optimal dam size is somewhere between 2.7 and 7.7 metres and
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using the optimal decision associated with [y gives an excess posterior loss
less than 19.5. Can we get more precise results by adding new observations?
Sections 4 and 5 answer by the negative. Indeed, Theorem 4.1 applied to
L = {U, L} shows that the range of the optimal sizes approaches df — d¥,
with rate \/n where  is the true value of the parameter o and df and d?; are
the minimizers of U(#,.) and L(6,.). From the data, we can guess 6 to be
about 0.5 (as 1/z = 0.51) and deduce that df — d¥, is around 5 by numerical
computions of df and d; for § = 0.5. Since d} — d% = 5, one cannot expect
to improve the result. Note that the class F is large since, even when 6
is given, it is only known that the optimal size is somewhere between d;
and df. Remark also that if we had chosen a class F such that df, = df,
the range of the optimal sizes could have been arbitrarily reduced by adding
observations (see Abraham, 2001, for a description of the limit the Bayes
actions set). Similarly, we know from Theorem 5.1 that the largest posterior
regret approaches max{reg§ (df),regf;(d})} which remains about 20, where
d5 denotes the minimizer of Iy(0,.).

3 Preliminaries and notations

3.1 The model

Let X = (X1, X3, ...) a sample sequence of independent and identically dis-
tributed random variables defined on some measurable space (Xy, By), where
By denotes the Borel o-field of Ay. In the sequel, () will refer to the joint
distribution on (X', B) of the sequence X, where X = X' and B denotes the
Borel o-field of X.

We introduce the family of probability densities {h,,0c € O} with respect
to some o-finite measure p on (Xp, By), where the parameter space © is IR
with Borel o-field Bg. Note that the model may be misspecified since we
do not assume that () corresponds to any of the densities h,. For technical
reasons, we make the additional assumption that (o, 2¢) — h,(29) is Be ® By
measurable.

From now on, we fix a prior distribution 7 on (0, Bg). Then, the existence of
the posterior distribution for misspecified models is studied in Berk (1970).
For simplicity, it is assumed that the posterior distribution m, defined for all



A € Be by

m(A) = /A Hha(Xi)w(do) / /@ th(X,-)ﬂ(da)
does exist ()-almost surely.

We assume the model A, to be regular enough so that the maximum likeli-
hood estimate 6,, is asymptotically normal (i.e. for some 6 € O, \/n(6, — 0)
converges in distribution to a normal random variable Z;) and the posterior
distribution concentrates around the true value of the parameter as n — oc.
The precise assumptions M on the model are given in the beginning of Section
8. Sufficient conditions for the existence and the asymptotic normality of 4,
(i.e. assumption M1) with misspecified models are given by White (1982)
when O is compact. Moreover, Abraham and Cadre (2002) studied the con-
centration of m, around the true value of the parameter; see also Strasser
(1976) when the model is correctly specified. More precisely, they both give
sufficient conditions so that M2-M4 hold.

3.2 The basic class of loss functions

For simplicity, let D = IR” be the decision space. In the sequel, a loss func-
tion is defined to be a function I : © x D — IR" such that I(., d) is measurable
for each d € D and (o, .) is twice continuously differentiable for each o € ©.

If o; (resp. d;) denotes the i-th component of o € O (resp. d € D), we
write when it exists:
Doll = (al/adi)i=17___7p ) Dlol = (8l/aai)i=1,...,k ’
Dogl = (aQZ/adiﬁdj)i,j:pr, Dgol = (821/892893>
Dlll == (azl/adﬁaj)t 1,..,p

=1, ...,

5,7=1,..,k?

where ¢ and j stand for the row and column index respectively.

In this paper, a class £ of loss functions is said to be locally m-dominated
if, for all d € D, there exists a function g € Lq(7) which is bounded on a
neighbourhood of ¢, and an open ball B(d,r) with center d and radius r > 0
such that:

sup sup || Doyl(o,1)]| < gl0), o€, y=0,1,2
leL teB(d,r)



with the notation Dggl = {. Here and in the sequel, ||a|| denotes the max-
imum of the absolute values of the coordinates of a vector or a matrix a
with real coefficients. Thus, a locally m-dominated class is also locally -
dominated on the event {f g(o)m,(do) < oo}, whose probability tends to
1 when n — oo by Lemma 8.1. Since this paper deals with convergence in
probability and in distribution, we may restrict our attention to the elements
of this set.

To shorten notation, we write ("(d) = [, (o, d)m,(do) the expectation of
I(.,d) with respect to m,. Note that in a locally m-dominated class, deriva-
tion and integration symbols can be inverted, and we let:

Do"(d) = [ Duyl(e dyma(de), 5= 1,2
©

Furthermore, if Do, ((0,.) is continuous for m-almost all o, Dy, " is continuous
as well.

3.3 The Bayes action process

Since, for each loss function [, ["(d) is a measurable function of z and a contin-
uous function of d, it is possible, for each z € X’ such that argmincp!"(d) #
(), to select a minimizing decision d}'(z) in such a manner that the function

x +— d}(z) is B-measurable (Theorem 14.37, Rockafellar and West, 1998).

The decision d} is called the Bayes action associated with the loss .

We use the outer probability theory in order to avoid strong assumptions
on L that ensures the measurability of (d]');c.. We will denote by Q* the
outer probability derived from @), by Y, & Y the convergence in outer prob-
ability and by Y,, ~» Y the weak convergence (with respect to Q*) of Y, to
Y. For more details about outer probability, we refer the reader to van der

Vaart and Wellner (1996).

Throughout the paper, £ denotes a locally m-dominated class of loss func-
tions such that the outer probability that argmin,.p!"(d) = () for some I € £
is zero. We then define a Bayes actions process to be a family (d]')cz of
minimizing decisions. We equip the space of functions from £ into the space
of matrices with real coefficients with the supremum norm.



4 Asymptotic of the Bayes actions process

This section is devoted to the study of the Bayes actions process. In order
to get asymptotic results, it is necessary to put some restrictions on £. We
shall assume throughout that £ satisfies the following properties. Recall that
6 is fixed (see Section 3.1).

la For every [ € £, argmin [(6,.) = {d!}

1b There exists a neighbourhood Vj of § such that, for all [ € £, Dg,l(.,d?)

is continuously differentiable on V4.

Lle supies | D11l(0,d))|| < oo, supies || Do2l(0,d})|| < oo and
infiez |det Doyl(6,d)] > 0

1d The families { Dy1l(.,d!)|v,, | € L}, {Doal(.,d?)|v,, | € L} and
{l(.,d)|v,, | € L, d € K} are equicontinuous at # for any compact
K cD.

Let B(c,r) for a generic notation of an open ball with center ¢ and radius
r> 0.

le For every n > 0, there exists p, € Li(m) with sup,cy, p,(0) =0 0
and such that for all o € ©, we have:

sup sup | Dozl(0,d) = Dozl(o, d})|| < py(0).
l€L deB(df,n)

1f There exist r > 0 and a compact set K C D such that:

sup inf [(0,d) < inf inf inf [(o,d).

les dEK leLoeB(0,r)deEK®

lg For every n > 0,

=inf inf  [I(0,d)=1(0,d7)] > 0.
wln) = inf ind, = 110,d) =16, d])]

The homogeneity of L is ensured by conditions 1b-le. From 1f, we prove that
the Bayes actions remain in a compact set (Lemma 8.2). Let us illustrate
the assumptions by the following examples.



Example 4.1 (Prior robustness) Let I' be a class of densities with re-
spect to (w.r.t.) the Lebesque measure m on IR and assume m has a pos-
itive density wo w.r.t. m. Consider the class L of functions l(o,d) =
(d—a(a))*w(o)/we(co) withw € T'. For instance, we take a(c) = o or a(o) =
{o € S} whether we are interested in the posterior expectation or the poste-
rior probability of a set S. For simplicity, let us choose a(c) = 0. Assume
that wy and each w € T' are continuously differentiable on a neighbourhood Vj
of 0. If furthermore, sup ep sup, ey, w(0) < 00, SUP,ep SUP, ¢y, [W'(0)] < 00
and inf,ep inf ey, w(o) > 0, assumptions la-1g are fulfilled.

Classes as in Example 4.1 include density band classes, mixtures classes and
e-contamination classes with adequate conditions. (Conditions on the e-
contamination class are those used by Sivaganesan, 1996.)

Example 4.2 Consider the case @ = D = R. Assume that [ |o|'n(do) <
oo and let g @ IR — [0,00) be a polynomial of degree p. Consider the class
G of three times differentiable non-negative functions f such that |f®(t)| <
g(t). Assume further that f is decreasing on (—o0,0] and increasing on
[0,00) with an unique minimizer at 0 and that there exists M > 0 such that

supfe}—f(()) < o0, supfe}—f(()) < inferinfysar f(t) and 0 < infser f7(0) <
supser f"(0) < co. Then, the class L of loss functions l(o,d) = f(d — o),
f € G, satisfies every assumption of Section 3.2 and 1a-1g of Section 4.

This example includes, for instance, parametric classes (with Linex losses)
and e-contamination classes with adequate conditions (for definitions and
examples of classes of loss functions, we refer the reader to Rios Insua and
Ruggeri, 2000).

To shorten notation, we write (/) instead of [Dogl(6,d?)]~* D111(0, d?).
Theorem 4.1 Under the assumptions M:
i) Vi supree (d7 = &)+ o(1)(0, — 0)] % 0,
i) /n(dy —dfJiec ~ ((1) Zs)rec-
i) /i suprge 147 — &2~ supyee [lo(0) Zl.

From a robust point of view, it is of interest to know the rate of convergence
of the Bayes actions set with respect to the Hausdorff metric A. Let A =
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{d!,l € £} and A" = {d}',l € L}. Recall that h(A", A) < § if and only if
every point in A is within distance ¢ of at least one point in A™ and vice

versa. Thus, h(A, A") < sup,e. ||d} — d}| and by Theorem 4.1:
Vi /u, h(A, A™) <0

for any sequence of positive numbers such that u, — oo, thus improving the
main result in Abraham (2001). Clearly, the same result holds if ~(A, .A™) is
replaced by (diameterA™ —diameter.A). Assuming moreover that D = © = IR
and d! = d’ is independent of [ € £, we get from Theorem 4.1:

Vvn diameterA” ~ sup(p(1)Zy) — inf(p(1)Zy).

lec leL
Example 4.1 (continued) Assume that for somew € T with [, o*w(0)do <
oo, we have w < w for all w € I'. The class L is then m-dominated. Write
["(d) = [y(d—0)*w,(do) where w, is the posterior distribution derived from

the prior density w and denote by A" the set of posterior expectations. Since
o(l) = =1 and A" = A", we deduce from above that \/n diameterA™ ~~ 0.

Example 4.2 (continued)Since p(I) = —1, we have y/n diameter 4™ ~ 0.

Proof of Theorem 4.1 Recall that integration and derivation can be in-
verted in a locally m-dominated class. By definition of d}, 0 = Dgl"(d}).
For s € [0, 1], write 7, = d] + s(df — d}). By Taylor’s formula, we have:

0 = VEDI ) 4V [ D)~ df) s
= Vi (Doul(d) - Dul(0, d0)(0, — 0))
¥ [ / Dot WS] A} = &) + Dusl(0, &) /(0 - 0)

0

= an(l) + Au(l) Vn(d} — d) — Ra(0),
with evident definitions of oy, (1), A,(l) and R,(l). By Theorem 8.1, the

supremum when [ ranges over £ of a,(l) tends to 0 in outer probability.
Then, (i) is straightforward from Lemmas 8.4 and 8.6. By Slutsky’s lemma
and M1, (i) gives (ii). Taking into account the continuity of the application
z = sup,e. ||2(1)|| where 2 is a function from £ to IR*, we easily deduce (iii)
from (ii). O
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5 Posterior Regret

Let Iy € L. From now on we think of [y as being a convenient approximation
of the true loss. For simplicity of notations, we write dj and d% instead of
d?o and d;g. We let So C L be a class which satisfies the following conditions.
(Recall that V4 and p, were defined by 1b and le.)

2a For every [ € S, I(.,dj) is continuously differentiable on V.

2b For every n > 0 and o € O, we have:

sup sup || Dol(o,d) — Donl(r, do)|| < py(0).
€S0 deB(dfm)

2¢ The families {Doyl(.,d5)|v,, | € So} and {Dyl(.,d%)|v,, | € So} are
equicontinuous at 6.

2d supjcg, ||D01l(0,d8)|| < oo and sup;gg, ||D10l(9,d8)|| < 0.

Similarly, the class S C £ is defined by replacing d$ by d! and Sy by S in
conditions 2a-2d. In the remainder of this section we restrict our attention
to a class of loss functions £; C § N Sp.

For every [ € £y and every d € D, write:
regl(d) = "(d) — gnzf) "(d) and reg!(d) = 1(0,d) — inf 1(6,d).
€

deD

This section is devoted to the study of the posterior regret process for the
decision dj associated with the convenient loss /5. This measure of robustness

is used in Berger (1984).
Theorem 5.1 Under the assumptions M:

Vi (vegy (dg) — regf(dg)) .,
s ([=Dosl(8, dY' (1) + Diol(6,d5) — Diol(8, dfY] Zs)

lEL‘l )

Taking into account the continuity of the application z — sup,c., [|2({)]]
defined on the functions from £, to ./Rk, we deduce from Theorem 5.1 the
following asymptotic bound for every u € IR:

lim sup Q* (ﬂsup reg? (dr) — reg? (db)| > u) <Q (sup | M| > u) ,

lely lely
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where (M;)iez, is the limit process appearing in Theorem 5.1. The above
inequality provides an information on the value of n we need in order to ob-
tain an arbitrarily robust analysis. For instance, choose « arbitrarily small
and u € IR so that the right-hand term is less than a. Then with probability
greater than 1 — «a, the posterior regret reg(dy) associated with any loss
function [ € £ is less than u/\/n 4 sup,,, regf(d) for large n.

Proof of Theorem 5.1 By Proposition 8.1, we have:
Vasup |I"(d}') = 1(0, d]) — Diol(9, df)(0, — 0)] & 0,

lECl

and

visup |I"(dg) — 16, dy) — Doul(6, dg)"(dg — dg) — Diol(0, dp)" (6, — 6)] 0.

lEEl

The conclusion easily follows from Theorem 4.1 and Slutsky’s lemma. O

From a practical point of view, it is of interest to consider the particular
case where the optimal decision df is actually independent of [, as it is the

case in estimation problems. If we assume moreover that [y is such that
d5 = d, then by Theorem 5.1:

V/nsup reg)(dgy) ~ 0.
lEEl
In this situation, we can expect to obtain a better rate of convergence. As
a matter of fact, it turns out that the rate of convergence of the posterior
regret is of order n.

Theorem 5.2 Assume that d = d! for every | € Ly. Then, under the
assumptions M:

n sup regf (dg) ~ 1/2 sup [Z; (#(lo) — ¢(1))' Doal(8, d7) (¢ (lo) — (1)) Zs] -
lely lely

The theorem gains in interest if we consider the special case where D = 0

and [y and every [ € L, are functions of d — o, which is a very common

situation in estimation problems. In this case, ¢(l) = —I, where I, is the

p x p-identity matrix and:

n sup regy (dy) ~ 0.
lEL‘l

13



It is easy to check that every assumptions of this section are satisfied by the
class of Example 4.2. Thus, the result above also holds for this class.

Example 4.1 (continued) The assumptions of Section 5 are fulfilled with
lo(c,d) = (d—0o)?. Define p(w,n) such that Zn(d) = p(w,n)l"(d) and assume
that sup,cr p(w, n) remains bounded in Q*-probability (this holds for instance
if there exists w such that w > w for all w € T and if w and wy satisfy the
conditions of Strasser, 1976, or Abraham and Cadre, 2002). We deduce from
the above remark that nsup,cr ([(dy — o) *w,(do) — V(w,)) ~ 0 where dj
and V(w,) are respectively the posterior expectation derived from the prior
wo and the posterior variance derived from the prior w.

Proof of Theorem 5.2  Since Dy ["*(d}') = 0, we have by Taylor’s formula:
regi'(dg) = l”(ldg)—l”(d?)
= /0 (1 =) (dg — di') Doal™(d} — s(dg — di'))(dg — d)ds.
But, by Theorem 4.1 and Lemma 8.4,

sup sup ||Dol™(d} — s(dy — d})) — DOQ[(&,d?)H .
leLy s€[0,1]

Moreover, we easily get from by Theorem 4.1 that:
Vildy = d e, ~ ((o(lo) — (1) Zs) e, -

Hence,

nsup [reg] (dy) — 1/2(dg — di)’ Doal (0, d])(dg — d}')| % 0.

leﬁl

We conclude by using again the asymptotic behavior of \/n(d} — d}')icz,. O

6 Range of the posterior expected loss

The beginning of this section is devoted to the study of the range of the
posterior expected loss:

rang (d) = supl”(d) — inf ["(d), (6.1)

€S, ESy

where d € D and Sy is defined in Section 5.
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Theorem 6.1 Assume that dy = df and 1(0,d5) = 1'(0,d) for every | and
I' € Sg. Then, under the assumptions M:
Vnran? (dg) ~ sup [Diol(0, d5)" Zs] — inf [Diol(0,dg)" Zs] .
l €50

€Sy

Proof  Since Dy l(6,d}) = 0, Proposition 8.1 shows that:
Visup |I"(dy) — 10, d5) — Diol(0,d5)' (0, — 0)] < 0.

ZESO
This gives (v/n(I"(d?)—1(0,d%)))ies, ~ (D1ol(0,d5)! Zg)ies, according to The-
orem 4.1. But, by assumption:

van, (d5) = sup[1"(d3) — 1(6, d5)] -

inf
18, I€So

[1"(dg) — 10, dy)],

so that the conclusion follows from a continuity argument as in the proof of
Theorem 4.1 (iii). O

It is worth pointing out that ran} (d) = S™(d) — I"(d) when there exist
I and S in Sy such that sup,cs, !/ = 5 and infies,{ = I. On account of
the above remark, let us define another class of loss functions which is well
adapted to the study of the range of posterior expected loss. Let I € Sp,
S € 8y and define [I, 5] to be the class of loss functions [ : © x D — RT
such that 7 <[ < S. Such a class was considered in Abraham (2001). The
important point to note here is that regularity assumptions are only required
on I, S and lg. Thus, this class includes very irregular losses as soon as they
are bounded by I and S. It is very attractive from a practical point of view
since [y can be regarded as a tractable approximation of the true loss whose
accuracy is now given by and I and S. It is also of computational interest
as it only involves two loss functions. For simplicity of notation, we write
ranfq(d) instead of ran&s](d), where the previous expression is defined by
replacing Sp by [, S] in (6.1). Similarly, we write:
ranfg(d) = sup 1(0,d) — inf 1(6,d).

l€[1,S] le[1,5]

Theorem 6.2 Under the assumptions M:

\/ﬁ(faﬂ?s(dg) - faﬂ?s(dg)) o
[[D10(S = 1)(6,d8))" — (Do (5 — 1)(0, )] p(lo)] Zo.
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Proof Since S € &y, Proposition 8.1 yields:
Vn|S"(dg) = S(8, ) — Doy S(9, dg)'(dg — dg) — D10S(8, dg)" (6, — 6)| & 0.

The same result holds with S replaced by I. Theorem 6.2 is then an imme-
diate consequence of Theorem 4.1 and assumption M2, since by assumption:

ranjs(dy) —rangs(dg) = [S"(dg) — S(0,dg)] + [1(0,dg) — I"(dg)] .

O

Observe that if S, I and [y are functions of d — o, Theorem 6.2 reduces
to:

Vn(ranjs(dg) — rangs(dg)) ~ 0.

In this case, we can improve the rate of convergence.

Theorem 6.3 Assume that I(.,d5) and S(.,d%) are twice continuously dif-
ferentiable, D1ol(0,d) = D10S(0,d3) and Doy I(0,d5) = D1 S(0,d5). Then,

under the assumptions M:

n(ranjs(dg) — ranto(dh)) ~ 1/2 [Z(Ns — Ni)Zo + Ls — L]
where:

Ns = ¢(lo)' DozS(0, dg)¢(lo) + D205(0, dg) — 2D11 (0, dg) (o),
Nt is defined by replacing S by I in the above formula; the constants Ls and
L; are defined in Section 8 by replacing f by S(.,d5) and I(.,d5) in (8.6).
Furthermore, if D1 S(0,d5) = D1oS(0,d5) = 0, then

n(S™(dy) — S(0,d3)) ~ 1/2 [Z§NsZy + Ls] . (6.2)

The same result holds if S is replaced by I in (6.2) under the assumptions
D()l[(a,dg) == Dm](@,dg) == 0

Consider again the usual case where [y, S and [ may be expressed as functions
of d — 0. Then, we have ¢(ly) = —1,, DpaS = DS = —Dy1.S and finally
Ng = Ny =0, so that by Theorem 6.3:

n(ranfg(dy) — rangg(dg)) ~ 1/2(Ls — Ly).
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Example 4.1 (continued) Take w; and ws in I' and consider the density
ratio class ' = {w € Li(m) : wr < w < ws}. If plws,n) & wo()/ws(0)
(which holds under the conditions of Strasser, 1976, or Abraham and Cadre,
2002), it can be proved from (6.2) that

wsup /@ (d2 — o), (do) (1(, /@ TQFg(dT))_l

remains asymptotically in the interval [1,ws(0)/w(0)].

Proof of Theorem 6.3 Write A = S — . Let us first examine the
convergence of the sequence n(A"(d}) — A(6,d5)). By Taylor’s formula:

An(dz) = AYd]) = Doy A(d2)'(dg — df)
b [ 00y~ ) Do sty — )y~ ) ds
= AO-I- B,
where A and B are obviously defined. Theorems 4.1 and 8.1 show that:
n|A — (0, — 0)' Dy A0, dg)" (dy — df)| 0.
Moreover, by Lemma 8.4 and Theorem 4.1, we have:
n|B —1/2 (dy — d§) Dos A(6, do)(dy — dg) | 0.
Finally, since D1oA(8,d4) = 0, Theorem 8.2 shows that:
n|A™MdS) — A0, d5) —1/2(0, — 0) Dy A8, d5)(0, — 0) —1/2LA]S0.
Therefore, it follows from Theorem 4.1 that:
n|A"(dg) — A0, dg) — 1/2 [(0n — 0)'Na (0, — 0) + La]|%0.

The second part of Theorem 6.3 is obtained by replacing A by S and [
respectively in the above calculations. a
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7 Discussion

We give in this paper sufficient conditions in order to get optimal rates of
convergence. Let us investigate whether they are necessary. We mainly
discuss the existence of the second d-derivative.

Consider the class F of Section 2.1 and define a new class F by replacing
U and L respectively by U(o,d) = f(d — o) and L(o,d) = f(o — d) in the
construction of F, where f(t) = ¢e™* + ¢ — 1. Note that the quadratic loss
ly defined in Section 2.1 belongs to F. From the arguments of Section 2.1,
the diameter of {d",[ € .7?} is equal to the diameter of {d,d?}. Thus, from
Section 4 (Example 4.2 applied to £ = {UU, L}), \/n diameter{d},l € F} ~» 0
while y/n diameter{d},l € F} ~» r;y —ry > 0. The difference in the limit
indicates different rates of convergence. It is due to the fact that DoyUU(6,80)
does not exist while DOQU(U,G) ~ DOQU(G,H) for o closed to #. From a
technical point of view, the term Dgyl"(¢],) defined in the proof on Theorem
4.1 no longer converges to Dosl(8, dl&) when [ = U but switches from k; and
ko according to the sign of df; — 0 even for large n. Consequently, it is no
longer possible to derive by this way the limit of /n(d}; — 0) and Theorem
4.1 does not hold for £ = {L,U}. (A theoretical asymptotic study of such
classes can be found in Abraham, 2002). The default of smoothness (i.e.
DoaU(0,0) does not exist) slows down the rate of convergence. Analogous
situations have already been noted in prior robustness: classes with point
mass priors have slower rates of convergence (Sivaganesan, 1988).

8 Auxiliary assumptions and results

8.1 The assumptions M

M1 There exist § € © and a matrix I such that \/n(6, — ) converges in
distribution to a centered normal random variable 7, with covariance
matrix 7.

M2 For every g € Li(7m) and a > 0, there exists n > 0 such that:

e””/ g(o)m,(do) = 0 in Q-probability.
llo—0[|>er
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Write for all £ > 0:
Wk = {0 €0 ||T(o)] < \/k‘logn},

where T'(c) = \/519_1/2(0 — 0,,). Let F, be the probability distribution in-
duced by T applied to 7, and let B* be the closed ball with center § and

radius vk log n.

M3 For all r > 0, there exists £ > 0 and ¢ > 0 such that:

Q(m,(O\ WF) > en™) — 0.
M4 There exists a probability distribution with zero mean Fj such that:
[ at)Ftdo) > [ glo)Filn)
BE ®

in Q-probability, for all g : © — IR with |g(co)] < ¢(1 + ||o]|?) for some
c¢>0and all 0 € 0.

8.2 Asymptotics for the posterior expectation

Throughout this subsection, we shall denote by (¢ f(c) the gradient at o € ©
of a function f : ©® — IR.

8.2.1 First order result
We denote by Py a set of functions f : © — IR with the following properties.

Al For all f € Py, f(0)=0.

A2 There exists an open neighbourhood V; of § on which any f € Py is
continuously differentiable and sup;cp, |G f(8)|| < occ.

A3 The family {G f|,, f € Py} is equicontinuous at 6.
6
A4 There exists a m-integrable function ¢ : ® — IR and d¢ > 0 such that :

sup |f(o)]| < q(c) Vo€ O, and sup  ¢(o) < oc.
fEPs llo—6]| <50
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Theorem 8.1 Under the assumptions M:

Vasup | | flo)m,(do) — Gf(6) (0, —0) & 0.

f€Pq (C]

Proof We proceed analogously to the proof of Theorem 1 of Strasser (1975).
We separate the proof into two steps.
Step 1 Let us prove that for every ¢ > 0, there exists £ > 0 such that:

0" (v/m sup /@\Wk f(0)|mn(de) > ¢) = 0.

f€Py

Let ¢ = infj,=1 H[e_lﬂaﬂ and § = 18y, where §y is the real number of A4.
Clearly, we have ¢ > 0 and hence § > 0. Moreover, we also have by A4:

a = sup glo) < sup g(o) < oo.
1157 (o—0)|1<8 llo—6l1<50

Fix ¢ > 0. By A4, one has for all £ > 0:

visw [ G

f€Py

Tu(do) > ¢ = /n q(o)m(do) > e,
O\W}k

and if the latter property holds, then
11576 — 0)]] > 6/2
or <\/ﬁ q(o)ma(do) > ¢, | 1;% (0, — 0)|| < 5/2) . (8.1)

O\Wk

The probability of the event associated with the first property tends to 0 by

M1. We now focus on the second property. Let us denote by &£ the subset of
© defined by:
E={oe0 :|I;'*c-0) <}

There exists N > 1 such that if H[a_lﬁ(ﬁn —0)|| < &/2, then for all n > N,
WP* c €. Thus, if the second property in (8.1) holds:

<\/ﬁ (o) ma(do) > c/‘2> or <\/ﬁ 4(0)ma(do) > ¢/2,WF C 5) .

e\ E\WE
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Using the obvious notations, let A and B be the events associated with the
above properties. On one hand, the probability of A tends to 0 by M2. On
the other hand:

B C {ay/nm,(0\ Wk > c/2},

and, for some k& > 0, the probability of the latter event tends to 0 by M3.
Step 2 Let us prove that for all £,¢ > 0:

Q" (\/ﬁ sup | flo)m,(do) — Gf(0)'(0, —0)] > c) — 0.

f€Py JW}k

We obviously have for all f € Py:

(0)mn(do) = . F(T7Hr)) Fuldr), (8.2)

w}k

where T' and BF are defined in Section 3 (recall that 7-'(7) = Hn—l—l/\/r_zfgpr).
If T-'(7) € V, then there exists A €]0, 1[ such that, according to Al:

FT7Hr)) = GFO + Mu(r) u(r), (8.3)
where u(7) =6, — 0 + n_1/2]€1/27. Let us denote by H the property:
Vre B T7Y(r) €V, and 0 + Mu(r) € Vj.

It is easy to check that there exist s > 0 and N > 1 such that for all n > N,
|6, — 0| < s = H. Then, if the property

Vn osup | flo)m(do) — Gf(0) (0, —0)] > ¢

fEPe JW}k

holds, we have ||0,, — 8| > s or

(ﬂ sup | f(o)ma(do) — Gf(0)T (0, — 0)] > c, H) . (8.4)

fE€Pe JWE
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By M1, we only need to focus on the latter property. If H holds, we have
according to (8.2) and (8.3):

sup | [ f(o)ma(do) — Gf(0)'(6n — 0)]
fEPy JW[E

= sup | [ G0+ 2u())u(r) B = G (0) (0, ~ 0)

< sup | Bk(Gf(9 +Au(r)) = Gf(0)) u(r) Fu(dr)]

+ sup |GF(0) (0, — 0)(Fu(By) — 1)]

+ sup n” |G F(0) ) / 7F,(d7)]. (8.5)
fe€Py Bk

Let v > 0. By A3, there exists 3 > 0 such that for all 0 € V}, with ||c—0]|| < 3:
sup [|Gf(o) = GFO)|| <.
fEPq

Let & = sup ¢p, |G f(0)|| which is finite by A2. For all n > N, if the property
in (8.4) holds, we have by (8.5):

(16 = 011+ =212} /ETogm > 5)
or (owalo, = ol [ rFan) > ef3)
or (/|0 — 0]l |Fu(BY) — 1] > ¢/3)
or | & 1/2 . T, (dT c/a ).
( Tl ||/Bh Fo(dr)] > /s)

Since Fy is centered, [y, 7F,(dr) — 0 in probability by M4. Hence the
probability of the event associated with the latter property vanishes. The
probabilities of the events related with the other properties tend to 0 by M2
and M4, for some choice v. Step 2 is then proved, and the theorem is a
straightforward consequence of Steps 1 and 2. O

8.2.2 Second order result

Throughout this subsection, we shall denote by H f(o) the Hessian matrix
at 0 € O of a function f : © — IR satisfying the following properties.
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B1 There exists an open neighbourhood V9” of ©® on which f is twice con-
tinuously differentiable.

B2 f(#) =0and Gf(0) = 0.
B3 f is m-integrable.
We introduce the notation:

L= / (1) 1 (0) (1)) Fy(dr), (5.6)

provided such a quantity may be defined. Note that Fj is normal under usual

models (Strasser, 1976).
Theorem 8.2 Under the assumptions M:

ol [ F@)mado) = 11206, = 01 HF0)(0, = 0) = 1121 =0,

in probability.

Proof Following the arguments of the first step of the proof of Theorem 8.1,
we can prove that for all ¢ > 0, there exists £ > 0 such that:

o(n [ @ Imalde) > ) =

and hence, we only need to prove that for all £ > 0:
n|/ flo)ma(do) = 1/2(0, — 0)'Hf(6)(6, — 0) — 1/2Ls| = 0,
wk

in probability. We use the notations of the proof of Theorem 8.1. According
to B2, if T7'(7) € V;, then there exists A €]0, 1] such that:

FT7Hr)) = 1/2u(r) Hf(0 + Au(r))u(7). (8.7)
Fix £ > 0, and denote by H' the property:

Vre BE T=Y(r) € V, and 6 + hu(t) € V.
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For some s > 0 and N > 1, we have ||0, — 0| < s = H' for alln > N. If H’
holds, then according to (8.2) and (8.7):

|| f(o)mu(do) = 1/2(0, — 6) Hf(0)(6n — 0) = 1/2Ly]|

<1/2] . u(r) (Hf(0+ Au(r)) — Hf(0))u(r)Fu(dr)|

1720, = O H IO Fa(BE) — 1
VIO, =N [ 7P

syl [ (P IO ) - Ll (53)

Let v > 0. According to BI, there exists 3 > 0 such that if o € V' with
lo — 0] < 6:
1Hf(o) = Hf(O)| <.

Fix ¢ > 0 and let:
I — / (1) F(0) (1) F(dr).
B}
We deduce from (8.8) that if we have:

n| p.w F(o)maldo) = 1/2(6, — O) HF(0)(6, — 0) — 1/2L;| > c,

then for all n > N,
(6, = 01l > ) or (116, = 01l + 1/ 1} /K logn > 5)
or (ny/Z/ | (7)||? Fn(dr) > c/4)
B}

or (/210 = O|*| Hf(O)I[|Fu(By) = 1] > ¢/4)

or (V@0 — 0P [ Pt > of4)
or (1/2|L" — Ly| > ¢/4). (8.9)
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According to M2 and M4, the sequence (n ka Hu(T)H2Fn(dT)> is stochas-

tically bounded and hence, for some ~, we have:

Q (m/z/Bk [u(r)||2Fu(dr) > c/4) 0.

n

Moreover, the probability of the events associated with the other properties
of (8.9) obviously vanish according to M2 and M4. O

8.3 Technical results for the classes £, S and &)

Lemma 8.1 Let g be a w-integrable and non-negative real-valued function
such that there exists a bounded neighbourhood of 6 on which g is bounded.
Then, under the assumptions M:

Q[ [ somtin <o) 1.

Proof Denote by B the bounded neighbourhood of 8. For ¢t > 1, let
falt) =Q (ch g(o)m,(do) > t). By M2, we have:

sup | fn(t)] < Q (/Bcg(a)wn(do) > 1) — 0.

t>1

Furthermore, lim;_,, f,.(t) exists since f, is decreasing and bounded, so that

limy oo liMisoo fr(t) = limyeo lim, oo fu(t) = 0. We conclude by noting
that:
Q( [ stomtdo) = o) < fim @ [ glomaldo) 2 1) + lim (0,
) t /oo B t oo
hence the lemma, since ¢ is bounded on B. a

Lemma 8.2 Under the assumptions M, there exists a compact set K C D

such that Q* (Al € L, d} € K°) — 0.

Proof Taker >0 and K compact as in 1f and introduce o and 0 < ¢ < 1
such that

s;gg ;gjf{l(&d) <(l—-gla<a< }gggean(fé’r) dlerﬁfcl(a, d).
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Then, if d € K¢, we have:

"d) = /B(h)l(a, d)ﬂ'n(da)—l_/BC(e,r) l(o,d)m,(do)
> am,(B(6,r)).

Thus,
el df e K = Flel, Ide K°, I"(d) < 7Itinjfyl”(t)
€K
= dleL, ar,(B(f,r)) < tlélff ["(t)

= (Ell €L, ar,(B(0,r)) < tiéljf'l(a’t) + Ea/Z)

or (Ell €L, infl™(t) > infl(0,t)+ 5&/2)

teK teK

= (a(—&:/Q + 7, (B(0,1))) < sup infl(@,t))

leL teK

or <sup sup |I"(t) — 1(0,1)] > 5@/2)

leL teK

= (m,(B°(0,r)) > ¢/2)
or (/ supsup |l(o,t) —1(0,1)

lelL teK

mp(do) > 5a/2> :

By M2, Q (m.(B°(0,r)) > ¢/2) — 0. Moreover, if the last condition on the
right-hand side holds, then for all p > 0:

/ supsup |l(o,t) = 1(0,t)|m.(do) > ca /4
B(8,p)

lel teK

or / supsup |l(o,t) = 1(0,1)|m.(c) > ca/4.
Be(d,p) I€L teK

By 1d, we choose p small enough so that the outer probability of the event

associated with the first property tends to 0. Then, for the second property,

bound the integrand by ¢; € Li(7) and conclude by the concentration as-

sumption M2. Since £ is m-dominated, the existence of g; is deduced from

the compactness of K. a
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Lemma 8.3 Under the assumptions M:

sup [ldf — df]| & 0.
leL

Proof  According to Lemma 8.2, we may restrict our attention to those
re€{zreX, Ve L, di(x) € K}, where K is a compact set. By 1f, there is
no loss of generality in assuming that df € K for [ € £. Let ¢ > 0. Remark
that, for [ € £ and d € B%(d!,¢), the property {"(d) < {"(d}) implies that:

M(d) = 1(0,d) < —(1(0,d) — (0, d))) + (I"(d) = 1(0,d}))
< —hle) + ((d)) = 10, d7)),

where the last inequality follows from 1g. According to the above remark,
we have, for all r > 0:

sup ||df = dl|| > = 3l €L, Ide B(d,e)NK, I"(d) <I™(d)
lel

= (sup sup  |I"(d) = 1(8,d)] > H(E)/Z)

leL deBe(df e)nK

or (sup "(af) = 10, > w(2)2)

lel
= supsup [["(d) — 1(0,d)| > k(e)/2

lel deK

= supsup sup |l(o,d)—1(0,d)|
lef deK oceB(6,r)

+/ supsup |l(o,d) — (8, d)|m,.(do) > k(e)/2.
Be(d,r) 1€L dEK

By 1d, we can choose r > 0 such that:

supsup sup |l(o,d) —1(0,d)| < k(e)/4,
leL deEK oceB(6,r)

and we thus get:

sup |[df —di|| >¢ = / supsup |l(o,d) — (8, d)|m,.(do) > r(e)/4.
lec Be(9,r) lEL dEK

Taking into account the compactness of K, we can deduce from the definition
of a locally m-dominated class that there exists g1 € Li(7) such that:

supsup |l(o,d) —1(8,d)| < g:1(0), Yo € O.
lef deK
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The conclusion then follows from M2 and 1g. O

Lemma 8.4 For everyn > 1,s€[0,1] andl € L, let 1} : X — D be a map
such that sup;c, sup ey 1t7, — di | 0. Then, under the assumptions M:

sup sup |[Do2l™( I's) — Dogl(ﬂ,d?)H 25 0.
leL s€[0,1]

Proof Fixe > 0. By le, take n > 0 such that sup,cy, p,(0) < /2. Then,

sup sup || Doal"(t],) — Dogl”(d?)ﬂ > =
leL se[0,1]

<sup sup ||t7, —di || > 77) or (/ pu(o)mn(do) > 5/2) :
IL s€[0,1] Ve

The outer probability of the events associated with the above properties tends
to 0 by assumption and M2. Consequently, it remains to prove that:

sup sup HDogln(d?) - D02l(9,dl€)” 200,
leL s€[0,1]

By 1d, take # > 0 such that:

sup sup |[Doal(o, d?) — Dogl(ﬁ,df)ﬂ <e/2.
IeL oeB(6,06)

Then, by splitting the integral according to © = B(0,3)U B(8, 3)¢, we have:

sup | | (Dozl(o,d]) — Do2l(0,d]))mn(do)|| > & =
€ (€]

/ sup(|| Dozl (o, d)) || + || Dozl (0, d))|) 7 (do) > /2.
B(0,8)

clel

Taking into account that £ is locally m-dominated, the outer probability of
the event associated with the above property tends to 0 by M2. O

Following the arguments of the proof of Lemma 8.4, we obtain the result
below.
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Lemma 8.5 For everyn > 1, s € [0,1] and | € So, let 1}, : X — D be a
map such that supcs; supepo 1 [t} ,—dg|| < 0. Then, under the assumptions

M:

sup sup ||Doil™(t],) — Doil(0,d5)|| < 0.
leSy s€[0,1]

The result is still true if d and Sy are replaced by df and S respectively, in
which case Doyl(0,d}) = 0.

Proposition 8.1 Under the assumptions M:

Visup |I"(dP) —1(8,d5) — Doyl (0, d%)!(d? — dS) — Dyol(6,d5) (6, — )| & 0.

1650

The result is still true if d5, d? and Sy are replaced by df, d} and S respec-
tively, in which case Dyl(6,d)) = 0.

Proof Letl € Sy. Then
I*(dg) = 1(0,d3) = (I*(dg) = I*(dg)) + (I"(dg) — I(6, d5)).

By Taylor’s formula, the first term on the right-hand side equals:
1
| Dot sty = d8)) g — ) s,
0

so that, by Lemma 8.5 and Theorem 4.1:

Visup |I"(dg) — I"(dg) — Donl(0, dg)"(dg — dg)| 0.
1ESy

Moreover, by Theorem 8.1,

Vasup |[IM(d8) = 1(6,d%) — Dyol(6,d5) (0, — 6)| % 0,

IESO

which proves the proposition. a
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8.4 Technical result related to weak convergence

Let F'(L£) be the set of mapping from £ into IR and let M; ;(F(L)) the
set of ¢ x j matrix with coefficient in F/(£). For A € M, ;(F(L)), write
|Allsc = supes ||A(t)]]. The proof of the following lemma is left to the
reader.

Lemma 8.6 Foralln > 1, consider the following maps M, : X — M,1(F(L)),
Ay 0 X = M (F(L)) and R, : X — Mp1(F(L)). Let A € M, (F(L))
such that infiec | det A(L)| > 0 and ||A|| < co. Assume that A, -9 A, R, ~

R where R: X — M, 1(F (L)) is Borel measurable and || A, M,, — Ry || < 0.
Then, we have |M, — A7 R,||oo % 0.
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