On Holder fields clustering

Benoit CADRE™, Quentin PARIS

IRMAR, ENS Cachan Bretagne, CNRS, UEB
Campus de Ker Lann
Avenue Robert Schuman, 35170 Bruz, France

cadre, paris@bretagne.ens-cachan.fr

Abstract

Based on n randomly drawn vectors in a Hilbert space, we study the k-means
clustering scheme. Here, clustering is performed by computing the Voronoi
partition associated with centers that minimize an empirical criterion, called
distorsion. The performance of the method is evaluated by comparing the
theoretical distorsion of empirical optimal centers to the theoretical optimal
distorsion. Our first result states that, provided the underlying distribution
satisfies an exponential moment condition, an upper bound for the above
performance criterion is O(1/4/n). Then, motivated by a broad range of
applications, we focus on the case where the data are real-valued random
fields. Assuming that they share a Holder property in quadratic mean, we
construct a numerically simple k-means algorithm based on a discretized
version of the data. With a judicious choice of the discretization, we prove
that the performance of this algorithm matches the performance of the clas-
sical algorithm.

Index Terms — Clustering, k-means, Unsupervised learning, Random fields,
Hilbert space, Empirical risk minimization.

1 Introduction

Clustering methods aim at partitioning a complex data set into a series of piece-
wise groups, or clusters, each of which may then be regarded as a separate class of
data, thus reducing overall data complexity. This unsupervised learning problem
is one of the most widely used tool in exploratory data analysis since in various
areas of science, e.g. social science, biology, oceanography, meteorology, finance
or computer science, practitioners try to get a first intuition about their data by

*corresponding author



identifying meaningful groups of observations. General references on the subject
are to be found in Duda et al (2000), Gersho and Gray (1992), Graf and Luschgy
(2000), Gray and Neuhoff (1998) and Linder (2001) among others.

We focus on the so-called k-means clustering scheme. It has been extensively
studied in the case where the data belongs to a finite-dimensional space, see for in-
stance Pollard (1981,1982a, 1982b), Abaya and Wise (1984), Chou (1994), Linder
et al (1994), Bartlett et al (1998), Linder (2000, 2001), Antos (2005) and Antos et
al (2005). In this paper, we study the infinite-dimensional setting, in the continu-
ity of the papers by Biau et al (2008) and Maurer and Pontil (2010) for instance.
This setting is motivated by a broad range of applications, e.g. turbulence, im-
age analysis, finance, speech recognition, Kinematics of chemical reactions, etc.
Here, the data to be clustered are modelled by random fields, e.g. random vari-
ables taking values in ([0, 1}*). To mention a few of them, fractional Brownian
fields (Lindstrgm, 1993, Mandelbrot, 1997, Mandelbrot and van Ness, 1968) have
been proved to be the key tools in the modelling of long-term dependency, for
instance in the analysis of river level height (Kérner, 2001) or turbulence (Frisch,
1995). Other examples are given by the class of Brownian diffusion processes or
Lévy fields, that are central objects in financial mathematics (Cont and Tankov,
2003, Lamberton and Lapeyre, 1996), and Markov processes that modelize the
kinematics of chemical reactions (van Kampen, 2007) and evolutionary dynamics
(Kimmel and Axelrod, 2002).

The following observations will guide the study of this paper : as seen above,
many relevant random variables in stochastic modelling are unbounded, and they
share a Holder type property in quadratic mean. This leads to first study in Sec-
tion 2 the performances of the k-means scheme in the case of unbounded Hilbert-
valued random variables (Theorem 2.1). In fact, the k-means algorithm requires
to minimize a function over the infinite-dimensional sample space (see Section
2). To circumvent this drawback, we consider in Section 3 the case of I.?([0, 1]%)-
valued random variables (random fields) and we construct a numerically simple
algorithm involving discretized versions of the fields, i.e. fields defined over a
finite grid. Assuming that the random fields share a Holder property, we prove
that the performance of this algorithm matches the performance of the classical
k-means scheme (Theorem 3.1).



2 Clustering in Hilbert space

2.1 k-means algorithm

We now recall the general clustering context, in which the observation space
(A, ||.|]) is a Hilbert space. In this setting, the data to be clustered is a sequence
of independent .7#-valued random observations Xj,---,X, with the same distri-
bution as a generic square integrable random variable X with distribution u. We
focus on the k-means algorithm, which prescribes a criterion for partitioning the
sample space into k clusters, by minimizing the empirical distorsion

R 2
-, min [[Xi—cjf]%,
=ty
i=1
over all centers ¢ = (cy,- -+ ,¢;) € H k. Here, Uy is the empirical measure defined
by

n
n(A) = % Z Lixeays

i=1
for all Borel set A C JZ. Associated with the centers c;’s are the convex polyhe-
drons S of all points in .7 closer to c¢; than to any other center. Then, {Sy,---, S}
forms a partition of .77, called the Voronoi partition, and the S;’s are the clusters
of interest. From a theoretical point of view, the performance of a clustering
scheme given by the centers ¢ = (c1,--- ,¢;) € A k is evaluated by the theoretical
distorsion

Wi(e,n) =E min X — |
j=1,k

Clustering methods aim at approximating the clustering risk, defined by

Wi (p) = inf Wi(e, ).

More precisely, the performance of a clustering scheme based on the empirical
centers ¢, = (cp1,- -+ ,Cni) 18 evaluated by

Wiea, 1) — Wi (10).

Since the early work from Hartigan (1975, 1978), many authors have contributed
to the study of k-means clustering based on a minimizer ¢, of the empirical dis-
torsion, namely

0o W) = inf Wi(e, i) 2.1
Wi(€ns ) = nf, ACY™) 2.1)
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Proof of the existence of ¢, is to be found for instance in Graf and Luschgy (2000,
Theorem 4.12). It is proved in Corollary 2.1 in Biau et al (2008) that, provided
|X|| is bounded by M, then for any & €]0, 1]

12kM? +4M+/—21n &
NG

with probability at least 1 — 8. The proof of (2.2) consists in two steps: first
establish the result in mean, and then conclude with the McDiarmid Inequality
(e.g. see Devroye et al, 1996). In the case of non-bounded random variables,
however, such a proof can not hold because McDiarmid’s Inequality is based on
a boundedness property of the random variables. Our first task is to extend this
results to the case of unbounded random variables.

Wilen, ) = Wi (1) < (2.2)

2.2 Clustering unbounded random variables

In the whole paper, we denote by ¢, = (¢p1, -+ ,cux) € k a vector that minimizes
the empirical clustering risk in J#* :

Wi(€n, ) = ceigika(c"un). (2.3)

Then, {Sp1,--,Sux} stands for the Voronoi partition of .7 which is associated
with the centers ¢, € Su1,--- , ¢ € Sy (for a definition and properties of the
Voronoi partition, we refer the reader to Chapter 1 in Graf and Luschgy, 2000).
We know from Lemma 1 in Linder (2001) that for all j = 1,--- ,k, the center ¢,
has the following expression:
. Yo Xilixes, ) 0.4)
" Ztr’lzl 1{Xi€Snj} . .

The aim of the section is to study the performance of the empirical centers ¢, =
e ok
(Cnh 7an) € .

We shall assume that, for some 7 > 0,
Eet Xl < oo, (2.5)

and we denote by R(1t) the quantity:
R(u) = . <1 +o(u)+InEe > ,
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where o(u) = In" [W (1) — W (u)], if In”x = max(0, —Inx) stands for the
negative part of Inx. Recall that W;*_, (1) > W (1) when the support of i contains
at least k points (e.g., see Theorem 4.12 in Graf and Luschgy, 2000).

Theorem 2.1. Assume that (2.5) holds and the support of | contains at least k
points. There exists a universal constant C > 0 such that for all § €0, 1], one has

Wi(en, 1) — Wi (1) < CAR(1)? 1n<2/5>7

with probability (1 — ) — Ke”"l/s, where r,K > 0 only depend on Ee" X!l and k.

Due to the generality of the situation under study, the obtained value for the nu-
merical constant C is large. However, the interest of Theorem 2.1 is to point out
the contribution of each parameter, especially n, 6 and .

Examples:
1. Bounded random variable. Though our study is not fully adapted to the
bounded case, it is of importance to compare the previous result to its equiva-
lent as given in Biau et al (2008). In the case where p has a bounded support,
i.e. | X|| <M for some M > 0, then T can be chosen arbitrarily large, say T = oo.
Theorem 2.1 reveals that there exists a universal constant C > 0 such that for all
0 €]0,1],

Wk(cl’hu)_Wk*(nu) SCkMz @7
with probability (1 —6) — Ke™" "1/5, where r, K > 0 only depend on M and k. In
this result, the contribution of each parameter n, k, 6 and M is very close to that
of Corollary 2.1 in Biau et al (2008).

2. Diffusion process. We let 5 = 1.,]0,1] be the set of square integrable and
real-valued functions on [0, 1], and we assume that X = (X(¢)),c[o,1] is @ solution
to the stochastic differential equation:

dX (1) =b(t,X(2))dW(t) + o (¢, X (¢))dt, (2.6)

where W = (W(t)),c[o,1) is a standard one-dimensional Brownian motion, and
b,o are real-valued Borel functions defined on [0, 1] x R. (For an overview on
stochastic differential equations, we refer the reader to the book by Revuz and Yor,
1999). In a recent paper, Huang (2009) finds a wide class of diffusion processes
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such as (2.6) so that the exponential condition (2.5) holds. For simplicity, we
shall assume for this example the stronger conditions that functions b and ¢ are
bounded. In this case, we can prove (see the Appendix) that, for some judicious
choice of T > 0,

R(u) < C'(sup |b| +sup|o])(1+ o(u)), 2.7)

for some numerical constant C' > 0. Then by Theorem 2.1, there exists a universal
constant C > 0 such that for all 6 €]0, 1],

Wi(en, 1) — Wi (1) < Ck(sup |b| —f—sup|(j|)2(1 + a)(‘LL))Z ln(;/S) ,

with probability (1 — ) — Ke ™" where r,K > 0 only depend on EeIXIl and «.

3 Holder fields clustering

3.1 Numerical step in the clustering of random fields

The k-means algorithm assigns the data x € 7 to the j-th cluster if for all ¢ =
1,k
[lx = cnjll < llx—caell,

where ¢, = (cn1,- -+ ,cnx) is defined by (2.3); that is, if ¢, is the nearest-neighbor
of x among {c,1, - ,cux}. However, when the dimension of .7 is infinite, the
step (2.3) is numerically unrealistic since it involves a minimization in the space
A%, To circumvent this drawback, Biau et al (2008) proposed to make use of the
so-called random projections method, leading to a minimization step in a finite
dimensional space. Roughly speaking, they proved that a projected version of ¢,
in a (nlnn)-dimensional space has similar performance than ¢, (Corollary 3.1 in
Biau et al, 2008).

If the previous approach has the advantage to hold whatever is the situation, it
leads to many complications in term of the computational complexity (e.g., com-
putation of the random projections, orthonormal representation of the data), and it
does not fully exploit the particular form of the data under study. Indeed, as men-
tioned in the introduction, classical stochastic modelling often leads to consider
diffusion processes, fractional Brownian fields, Lévy fields, etc. The common
point here, is that most of these random fields satisfy a Holder property. The aim
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of the next subsection is to exploit this fact in order to derive a simple and tractable
method for clustering, in which the numerical step (2.3) is computationaly feasi-
ble.

3.2 Discretized fields

For the rest of the section, we assume that JZ = L([0, 1]%) is the set of square
integrable and real-valued functions defined on [0, 1]°. (Here, the choice of [0, 1]*
instead of a general space is for convenience of the reader and simplicity of the
statements; it turns out that the case of a compact s-dimensional space could be
considered as well.) In this setting, the random variable X = (X(t)),c[,1}s is a
random field taking values in J7.

Our goal is to evaluate the performance of the natural method that simply con-
sists of creating the empirical quantizer, based on the partial information carried
by the data that are evaluated over a common finite grid . = {t1,--- ,#;} of [0, 1]°.
With this respect, the natural questions that arise are: Where must the points of .
be located and what must the size of .% be, so that the performance of an optimal
quantizer associated with the discretized data is comparable to that of ¢, ?

We fix a partition & = {Vj,---,V;} of [0, 1]° such thatz; € V; and vol(V;) = v
for all i = 1,---,d. Note that the cells V; have the same volume. In the se-
quel, the number d is referred to as the discretization level. To any function x =
(x(2))sejo, 115 € La([0, 1]*), we associate the discretized function x™ = (x™(t)),e[0,1)s
defined as follows:

(1) =x(t;) if teV;,
foralli=1,---,d. In the sequel, L7 ([0, 1]°) is the Hilbert space defined by
L7 (10,1]) = {x",x € L([0,1]") }.

Let now p be the empirical measure associated with the transformed data
XT,--- XV, ie. for any borel set A C LZ([0,1]°):

1 n
Ly (A) = p Y Lixreay-
i=1

We define the discretized empirical centers ¢jf = (cJ;,--- ¢ ) by
Wi(el uF) = inf  Wi(e,ur). (3.1

ce(ILF([0,1]%))*
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Observe that since the cells V; have the same volume v, then for any ¢ =

(Clv T 7Ck) € (Lg([()? l]s))k:

n
C,LLn _YKlZ:l

Then, in comparison with the minimization step (2.3), step (3.1) only requires to
minimize the function

tg —C] tg))z.

HM&

n
d\k 2
(R > (e1,-++,c »—>Zj_nlnn 1Xi —c;|%,
i=1 3"t a
hence a minimization over a d x k-dimensional space. In the previous formula, |.|
stands for the euclidean norm on R and X; is the random vector with coordinates
(Xi(t1),--+,Xi(ts)). The aim now is to find the value of d, and the location of the
t;i’s so that the center ¢/ has similar performance than the center c,,.

3.3 Result

In this subsection, we shall make use of a mean Holder condition on the random
field X. As mentioned in the introduction, this is a mild assumption which is
satisfied by most of the relevant random fields that arise in stochastic modelling,
such as fractional Brownian fields or diffusion processes for instance. We assume
that X satisfies the inequality:

E[X(s) =X (1)]> <Lls—1t|", V5,0 € [0,1], (32)

for some ~ > 0 and L > 0. Here, |.| stands for the euclidean norm in [0, 1]*. Ob-
serve that assumption (3.2) does not mean that X has Holder sample-paths, as
illustrated by the case of the Poisson process (for which 7 = 1).

For simplicity, we assume that X(0) = 0 a.s. and a stronger property than
(2.5), namely that for some 7 > 0,

Ee Xl < oo, (3.3)
if ||| stands for the supremum norm of X = (X(#));e[o,1)s- Furthemore, we let
1
Ro(1) = - (1 +o(u) —|—ln]EeT”X”°°> .

The next result shows how to choose the partition 7 and the discretization level
d so that the empirical center ¢/ has similar performance than c,,.
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Theorem 3.1. Assume that (3.2) and (3.3) hold, and the support of L contains at
least k points. If d = [ns/ M and each V; is an hypercube with edge length 1/d 1/s,
then there exists a universal constant C > 0 such that for all 6 €0, 1], one has

Wi, ) — Wi (1) < % (L5724 kR () V/in(1/5) )

with probability (1 — ) — Ke'?, for some r,K > 0 that only depend on Ee® Xl
and k.

Except for some specific cases, e.g. the diffusion process (2.6) in whichh =1,
the exact value of £ is usually unknown. A lot of attention has been paid to the
estimation of 4 in the litterature, for example, in the case of Gaussian or Lévy
fields. With this respect, we refer the reader to the recent papers by Breton et al
(2009), Coeurjolly (2008), Lacaux and Loubes (2007) and the references therein.

With our method based on a Holder property of the random fields, the step
(3.1) leads to a minimization in a k X [ns/ "]-dimensional space. Hence, except for
the case s > h of long-range dependence, we improve the approach by Biau et al
(2008). Nevertheless, we recall that our approach is simpler from a computational
point of view.

Examples:

1. Diffusion process. Suppose that X is the process defined by (2.6), with bounded
coefficients terms b and ¢. Burkholder Inequality and the exponential Inequality
for martingales (see Revuz and Yor, 1999) ensures that assumptions (3.2) and
(3.3) are satisfied for any 7 > 0, with 7 = 1 and L = 4(supb? + supc?). Hence
by Theorems 3.1 and 2.1 the discretized centers ¢/ provide an upper bound which
matches the upper bound for c,, at least when the discretization level d is n.

2. Fractional Brownian field. Assume that X is the fractional Brownian field of
index H € (0,2) (for an overview on fractional Brownian motion/field, we refer
the reader to Pipiras and Taqqu, 2003 and Lindstrgm, 1993). In this case, both
conditions (3.3) and (3.2) hold, with L = 1 and 2 = H. Hence, we deduce from
Theorems 3.1 and 2.1 that the empirical quantizers ¢/ and ¢, have similar behav-
ior, provided the discretization level d is chosen so that d = n*/H_ In the case
s = 1 with a positive correlation (i.e. H > 1), the process has an aggregation
behavior, and the numerical step (3.1) is reduced to a minimization in a nl/H x k-
dimensional space. From a computational point of view, we considerably improve
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the complexity of the minimization procedure, in comparison with the diffusion
process above for instance.

4 Proofs

4.1 Proof of Theorem 2.1

From now on, we assume that the exponential moment condition (2.5) holds. We

let for any measure v on .7 and ¢ = (cy,--- ,c) € A~
Wi(e,v) = in [-2<x,¢;> 1121 v(dx),
de,v)= [ min [-2<xc;>+llejl"] v(dn)

where < .,. > stands for the scalar product in 7. Furthemore, we denote by B,
the closed centered ball in .7 with radius p. In the proofs, the letter C stands for
a positive real number whose value may change from line to line.

Lemma 4.1. Let p,t > 0 and denote k = (InEe™XI1) /7. Then,

_ _ 16k
P ) — > VEIX|2 ) +4
sup [Wi(c, Un) Wk(c,u)l_\/ﬁp (p+ X >+t

k
ceBp

< dox (_ i’ >+1zex (_—f)
=P T 16p2(EX 2 + p2) P\ cplp+r)mn)

PROOF. We set o
b=— +4/E||X 2.
\/ﬁp (P Xl >

The classical symmetrisation argument (see Devroye et al, 1996, pp. 193-195)
reveals that

IP’( sup |Wi(e, ) — Wi (e, )| > 8b—|—4t> < 41?(2 > 2b—l—t>, @.1)
ceBﬁ

where we put:
1 n
Z = sup —

x N
ceBp

)

1 o j:r?ig,kgc" (i)

i=

with £.(x) = —2 < x,¢ > +||c||? forx,c € s, and 61, - - - , G, are i.i.d. Rademacher
random variables, independent from the data X1, --- ,Xj,. Proof of Theorem 2.1 in
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Biau et al (2008) reveals that EZ < b. According to Theorem 4 in Adamczak
(2008), we then have:

P(Z>2b+t) < P(Z>2EZ+1)
< . nt?
X S —

nt
+3exp | — , (4.2)
( Cl max <i<n Supep ‘Ec(XiMHlI/)

where 62 = sup,._ B Elc(X)? and ||.||y stands for the Orlicz norm associated with

y(x) =e*— 1, x € R. Recall that for a real random variable Y, the Orlicz norm is

defined by:
=it {3 0y () <11,

We now proceed to bound the terms in (4.2). By definition of /., we have:
o> <4p*(E[|IX|]* +p?). (4.3)
Moreover, according to the Pisier Inequality (cf Pisier, 1983),

|| max sup [le(X)|lly < C| sup |[€e(X)]|llyInn

1<i<n &
ceBp ceBp

< 2Cp(p +]X|[y)Inn. (4.4)

Since ||X||y < K, we finally obtain the announced result, combining inequalities
(4.1),(4.2),(4.3) and (4.4) I

In the sequel, R is a positive real number that satisfies both conditions:
1
AE1X 15 (X) < S Wiy (1) = Wi ()], and (4.5)
1
(R/2—r)* u(B,) > S W (1) + W (w)] for some 7 €]0,R/2[. (4.6)
Lemma 4.2. There exists K,r > 0 that only depend on Ee™\X|l and k such that

P (cn ¢ B’§R> <Ke ™",
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PROOF. We fix € > O such that

AB|X Py (X) < £ < 3 W () — W 1)

Since R satisfies (4.5) and (4.6), one can prove that (e.g. see the proof of Theorem
4.12 in Graf and Luschgy, 2000):

¢ ¢ Big = Wi(e, 1) > Wi (1) + €.

Hence,
P(end Bix) < P(Welew )~ Wiln) > )
But, since for all ¢ = (cy,--- ,c;) € ¥,

Wi(e, i) = E[|IX[|*+E min [2<Xej> +lejl1F] (4.7)
we also have ) .
P (e0 ¢ Big) <P (Welew 1) — W (1) > &),

where W (i) = inf ,,x W/ (., ). According to Theorem 4.12 in Graf and Luschgy
(2000), there exists 1o > 0 such that W (i) = infB/;7 Wi(.,it). Let 7 > ng. Ob-
0

serving that
Wk(cm ;un) = g}(fWk(7 ;un)a

n

when ¢, € B’,}, we deduce that
Wi (en, ) =W (1) < |Wk(cm“)_Wk(cn=Hn)|+‘Wk(cmun)_ielngk(ca“H
ceby

< 2 sup [Wi(e, 1) — Wi(e, ) (4.8)

CGB%
provided ¢, € B’,‘]. Consequently,

Pleo & Big) < P (Welen ) =Wy (1) = €., € BY ) +P (e ¢ By )

< P( sup [Wile, ) ~ Wile, )| = 5 ) +P (en ¢ BY ) . 49)

k
cEBn
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We apply Lemma 4.1 with ¢ such that

16k / £
- 2 —

and p = 1 such that ¢ defined above is a positive real number. For the choice of
n= nl/s +1Inn/7, we can then find s > 0 such that

- - E
IP( sup |Wi(c, ) — Wi(e,p)| > —) < 16exp(—sn'/?).
ceBl 2

Moreover, according to (2.4) we get ||c,/|| < maxj—p ... ,||X;|| forall j=1,--- k.
Consequently,

k
P(cngéBn) < kjf%?,).(ykp(c”j¢3n)

kIP’( max || Xi| Zn)
i=1,.n

knP([|X] >n)
kne TMETIXI

ININ A

We deduce from above and (4.9) that
P (0 ¢ Bie) < (16 kBT ) o

for some constant » > 0, hence the lemma. [
We are now in position to prove Theorem 2.1.

PROOF OF THEOREM 2.1. Let b > 0 be such that

4k
b= TR (R+,/E||X||2). (4.10)

For t > 0, we derive from (4.7) and (4.8) the chain of inequalities:
B (Wi(en 1) — Wi (1) 2 8b+8) = B (Wilen 1) — Wy (1) > 8b+81)
< P (Wk(cn,u) — Wi (1) > 8b+8t,¢, € B’§R)

+P <cn ¢ B]§R>

P( sup [Wie, 1) — Wele, )| > 4b+41)

k
cEB3,

+P <cn ¢ B’§R> .

IN
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By Lemmas 4.1 and 4.2, we deduce that

nt?
4R%(E||IX > +R?)

nt _1/5
12 _— Ke ™™
* exp( CR(R+ K)lnn) e ’

P (Wi (cn, i) — Wi (1) > 8b+81) < 4exp<

for some r, K > 0 that only depend on k and Ee®IXll and where x = (InEe®IX1) /7.
Then, any choice of ¢ so that

[P w0+ P e g an

gives
5

P (Wi (Ca, 1) — W (1) > 8b+8) < 8+ Ke ™"
It is proved in the Appendix that there exists a numerical constant A > 0 such that
if
14+ () + InEe®lXI

R>A . (4.12)
then R satisfies both conditions (4.5) and (4.6). Using the upper bound
2
1 + InEe®IXIl
E|X|2<cC (“‘% 4.13)

proved in the Appendix, we deduce that a choice of 7 like

e (1 +o(u) J;mEe”)z In(1/8)

Y

satisfies (4.11). We finally use a similar argument for the choice of b in (4.10),
hence the theorem. [

4.2 Proof of Theorem 3.1
In the sequel, u” stands for the law of X”.

Lemmad4.3. (i) Forall c € 7%, |Wi(c,u™) —Wile, )| < 4Ls"2d="/(29),

(ii) We have [Wr(u™) —Wr(u)| < 4Ls"/2q—h/(2s)
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PROOF. Proofs of (i) and (ii) are similar. We only prove (ii). According to Lemma
3 in Linder (2001) and (3.2),

2
W 2w < BT - X2
d
= Z/ E]X(tp)—X(t){zdt
p=1 Vo
d
LZ/ It, —t|"dt
p=1 Vp

Ls"/?
< dh/s’

IA

because vol(V,) = 1/d and diam(V,) = /s/d"/* for all p = 1,---,d. Conse-
quently,

1/Lsh/z
] (25)
VLsh/2\ V/Ls"/2

* 1/2
2 (Wk ()2 + @) | ()

\/Lsh/2> VLsh/2

Wi (™) = WGl < 2max (W ()2, W ()2

IN

h/4
S 2<\/ZS T ey | g

< 4L s"/?
— dh/(2s)’

since Wy (u) <E||X||? < Ls"/2, hence (ii). O
We are now in position to prove Theorem 3.1.

PROOF OF THEOREM 3.1. We shall apply Theorem 2.1 to the measure ™. Then,

. 1/5
observe that the constants K, 7 > 0 of the remainder term Ke™"" /

so that they only depend on k and Ee®IXll- | because

may be chosen

Eet X < EptlX e < pptlX]l

Since E||X ||?> < Ls"/2, we deduce from Lemma 4.3 and Theorem 2.1 applied with
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the measure u”, that for some numerical constant C > 0:

Wilel, 1) — W) = [Wilel, 1) — Wlel, )] + [Wi(ef, ™) — W (u™)]
+ W (™) =W ()]

Ls"/? , [In(1/8)
C<W+kR”(“) .

with probability (1 —0) — Ke™" "' hence the result. O]

5 Appendix

PROOF OF (2.7). We first proceed to bound Eexp(7|/X||) < Eexp(7||X|«), where
||| stands for the supremum norm. Denote by (Z(t));c[o,1] the continuous-time
martingale defined for all 7 € [0, 1] by

t
Z(1) = / b(s, X (s))dW (s).
0
Since o is bounded, say & = sup |o|, we have for any 7 > 0:
Ee ¥l < o707 712l (5.1)

Hence one only needs to bound the rightmost term. Observe that the quadratic
variation (Z) of Z satisfies

(Z); = /Otbz(s,X(s))ds <P,

for all ¢ € [0, 1], where b stands for the supremum of |b|. Therefore, by Doob’s
exponential Inequality for continuous martingales (see Revuz-Yor, 1999):

Ee®l1Zll :/ P <||ZHO° > %) e'dv < 2/ e 1) vdy < V2mthet V2,
0 0
According to (5.1), we then have for all 7 > 0:
E %Xl < /27[75616+12152/2.

Then, it is an easy exercise to deduce that

1
infR(u) < inf — (1 —i—a)(,l,L)-l-lnIEeT"XH) < C(sup|b|+sup|o|)(1+ o(n)),
>0 ™>1/b T
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for some numerical constant C > 0, hence the result. [J

PROOF OF (4.13). Since the function x — (Inx)? defined on Jexp(1), e[ is con-
cave, one has according to the Jensen Inequality:

2\* 1 2
I[‘_‘:HXH2 < (E) +?E<lneTHXH> 1{||X||ZI/T}

2
< (%) L <lnEeT”X”)2
- \r 72

2
7|X|
. 4<1+lnEe >
T

PROOF OF (4.12). The task is to give an upper bound for a positive number R that
satisfies both conditions (4.5) and (4.6). On one hand, it is an easy exercise to
prove that (4.5) is satisfied for all R greater than

hence the result. [

InEe X+ o(p)

1 T )

for some numerical constant A; > 0. On the other hand, using the inequality
(4.13), we deduce that (4.6) is verified for all R greater than

1+ InEelIXI
2

for some numerical constant A, > 0. Hence a combination of the above inequali-
ties gives the result. [
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