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Abstract

For a Poisson point process X, [t6’s famous chaos expansion implies that ev-
ery square integrable regression function r with covariate X can be decom-
posed as a sum of multiple stochastic integrals called chaos. In this paper,
we consider the case where r can be decomposed as a sum of § chaos. In
the spirit of Cadre and Truquet (2015), we introduce a semiparametric esti-
mate of r based on i.i.d. copies of the data. We investigate the asymptotic
minimax properties of our estimator when & is known. We also propose an
adaptive procedure when 6 is unknown.
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1 Introduction

1.1 Regression estimation

Regression estimation is a central problem in statistics. It is widely used and
studied in the litterature. Among all the methods explored to deal with the re-
gression problem, nonparametric statistics have been widely investigated (see the
monographies by Tsybakov, 2009 for a full introduction to nonparametric estima-
tion and Gyorfi et al, 2002 for a clear account on nonparametric regression). A
more recent challenge regarding this statistical problem is the regression onto a
functional covariate (see the books by Ramsay and Silverman, 2005 and Horvath
and Kokozska, 2012 for more precision on functional data analysis). Although
very challenging, the functional regression problem in the minimax setting has
little coverage up to our knowledge. In the kernel estimation setting, Mas (2012)
studied the small ball probabilities over some Hilbert spaces to derive minimax
lower bounds at fixed points. More recently, Chagny and Roche (2016) derived
minimax lower bounds at fixed points for adaptive nonparametric estimation of
the regression under some Wiener measure domination assumptions on the small
ball probabilities. Based on the k-nearest neighbor approach, Biau, Cérou and
Guyader (2010) used compact embedding theory to get bounds on the minimax
risk. See also the references therein for a more complete overview.

1.2 Minimax regression for Poisson coprocess

In this paper, we focus on a regression problem for which the covariate is a Poisson
point process. In the spirit of Cadre and Truquet (2015), we use a method based
on the chaotic decomposition of Poisson functionals.

Let X be a Poisson point process on a compact domain X C R? equipped with
its Borel o-algebra 2". Letting J, the Dirac measure on x € X, the state space
is identified to . = {s = }* | Oy, : m € N* x; € X} equipped with the smallest
o-algebra making the mappings s — s(B) measurable for all Borel set B in 2.
We denote by Py the distribution of X whereas L?(IPx) denotes the space of all
measurable functions g : .¥ — R such that

lgl122 5, = Eg(X)? < +oe.

Let P be a distribution on . X R and (X,Y) with law P. Provided E|Y| < oo
where E is the expectation with respect to P, we consider the regression function
r:.¥ — Rdefined by r(s) = E(Y | X = ).
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In this paper we assume that » belongs to L?(Py) and we aim at estimating r
on the basis of an i.i.d. sample randomly drawn from the distribution P of (X,Y).
In this context, any measurable map 7: (. x R)" — L?(IPx) is an estimator, the
accuracy of which is measured by the risk

Rn(F, r) = Ean— FH]%AZ(I[»X),

where E" denotes the expectation with respect to the distribution P®". Follow-
ing the minimax approach, we define the maximal risk of 7 over a class & of
distributions for the random pair (X,Y) by

R, (F,Z?) = sup R,(F,r).
Pe

We are interested in finding an estimator 7 such that
R, (7, 2) < infR,(F, 2),
r

where the infimum is taken over all possible estimates of r and u,, < v, stands for
0 < liminf, u,v, ' < limsup, u,v, ' < 4oo. Such an estimate is called asymptoti-
cally minimax over &.

1.3 Chaotic decomposition in the Poisson space

Roughly, It6’s famous chaos expansion (see 1td, 1956 and Nualart and Vives, 1990
for technical details) says that every square integrable and ¢ (X )-measurable ran-
dom variable can be decomposed as a sum of multiple stochastic integrals, called
chaos.

To be more precise, we now recall some basic facts about chaos decomposition
in the Poisson space. Let u be the mean measure of the Poisson point Process X,
defined by u(A) =EX(A) for A € 2", whenever X (A) is the number of points of
X lying in A. Fix k > 1. Provided g € IL?(u®*), we can define the k-th chaos I;(g)
associated with g, namely

Ik(g)=/A gd(X — )%, (L.1)

where A; = {x € XK : x; # x; forall i # j}. In Nualart and Vives (1990), it is
proved that every square integrable ¢ (X )-measurable random variable can be de-
composed as an infinite sum of chaos. Applied to our regression problem, this
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statement writes as

=BV + Y (), (12)
k>l

where equality holds in I.?(IPx), provided EY? < 0. In the above formula, each
fx is an element of Lgym(,u@k) —the subset of symmetric functions in L?(u®k)-,
and the decomposition is defined in a unique way.

1.4 Organization of the paper

In this paper we introduce a new estimator of the regression function r based on
independent copies of (X,Y) and we study its minimax properties. Section [2|is
devoted to the definition of a semiparametric model i.e. the construction of the
family & of distributions of (X,Y). In particular, we assume that r is a sum
of & chaos. In Section [3] we provide a lower bound for the minimax risk over
Z. When § is known, we prove that our estimator achieves this bound up to a
logarithmic term. Finally, in Section 4] we define an adaptive procedure when & is
unknown, the risk of which is also proved to be optimal up to a logarithmic term.
Last sections contain proofs.

2 Model

In the rest of the paper, we let ® C RP. For each 0 € O, ¢g : X — R, is a
Borel function. The family {¢g}gce contains the constant function 1x/A(X),
and 1s such that there exists three positive constants ¢, ¢ and y; satisfying, for all
x,y€Xand 0,60 € 0O, N

¢ < @p(x) <P, 2.1)
|09 (x) — g (x)| < @6 — 6], (2.2)
0o (x) — Qo (y)| < nlx—l, (2.3)

where, here and in the following, | - | stands for the euclidean norm.

Let (X,Y) be a pair of random variables taking values in . x R with distribu-
tion I, where . is the Poisson space over the compact domain X C R¢. Here, X
is a Poisson point process on X with intensity ¢, i.e. for all Borel set A € 2 :

= [ 9002, (2.4)



where A is the Lebesgue measure and E is the expectation with respect to P. In
other words, the mean measure of X, say u, has a Radon-Nikodym derivative ¢g
with respect to A. We assume that for all [ > 1, there exists an estimator

6: (7 xR) =0,

such that,

La 2 K
E'|6,— 6] < S (2.5)
where k > 0 is an absolute constant that does not depend on [ and E! is the ex-
pectation with respect to P®/. As shown in Birgé (1983, Proposition 3.1), the
above property is satisfied by a wide class of models, provided 6; is a maximum
likelihood estimate.
Moreover, the real-valued random variable Y satisfies, for some u, M > 0, the
exponential moment condition:

Ey2Ze "l < m, (2.6)

As seen in (I.2), the regression function r(s) = E(Y | X = s) has a chaotic decom-
position. In our model, we consider the case of a finite chaotic decomposition, i.e.
there exists a strictly positive integer 6 and f; € Lgym( ), fs € Lsym(u®5)
such that

—EY + Z EATA) 27)

where the I;.(fi)’s are defined in (I.1]). The coefficients f;’s of the chaos lie in a
nonparametric family, for which there exists two strictly positive constants ¥ and
fsuchthat forallk=1,...,8, and x,y € Xk

|fi(x) = i) < plx—yl, (2.8)
|fe(x)] < f. (2.9)

Remarks (On the finiteness of the number of chaos)

1. Finiteness of the number of chaos roughly implies that the regression func-
tion r(X) is unbounded. Indeed, consider for simplicity the case where r(X) is
decomposed onto only one chaos, i.e.

_ /de(x—z).
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Here X is a simple Poisson process on the domain X C R with unit intensity and
f is any A-integrable function on X. Observe that, if f > a > 0, then

F(X) > aX(X) - /X Fda.

Consequently, r(X) is unbounded. The same tendency may be expected whatever
the number of chaos.

2. Finiteness of the chaotic decomposition relies on the distribution of (X,Y) via
the Malliavin calculus. Indeed, as proved in Proposition 4.1 by Last and Penrose
(2011), the decomposition in & chaos of r(X) holds if and only if the (6 + 1)-th
Malliavin derivative of r is null.

In the rest of the paper, the constants @, ¢, y;,u,M, 8, ¥, f and k will be fixed,
and we shall denote by &2 the set of distributions P of (X,Y) such that the as-
sumptions (2.1)-(2.9) are satisfied. In this setting, 6 implicitly denotes the true
value of the parameter, that is @y is the intensity of X (with mean measure ).

3 Minimax properties for known 6

3.1 Chaos estimator

Our task is to construct an estimate of the regression function which achieves fast
rates over Z. Let P € & and (X,Y) ~ P where X has mean measure it = g - A.

First recall some basic facts about chaos decomposition in the Poisson space.
If g € L2(u®*) and h € L2(u®") for k,1 > 1, we have the so-called Ito Isometry
Formula:

E(g)1() = k! | Fhdu™1sry and Bl (g) =0, G.1)
where g and £ are the symmetrizations of g and A, that is, for all (x1,...,x;) € X*:
_ 1
g1, oxk) = 75 ) 8K (1), Xo (i) (3.2)
e

the sum being taken over all permutations 6 = (6(1),...,0(k)) of {1,...,k}, and
similarly for /.



Now let W be a strictly positive constant and W be a density on X such that
supx W < W. Furthermore, let h; = hy(n) > 0 a bandwidth to be tuned later on
and denote

Wi, () = éw(h_/)

One may easily deduce from relations (I.2)) and (3.1)) that
BV (Wi (r—) = [ Wit (e —)g5*aa®

where, here and in the following, for any real-valued function g defined on X, the
notation g®¥ denotes the real-valued function on X* such that

k
g% (x) = Hg(xi), x=(x1,...,x) € Xk,
i=1
Thus, under the smoothness assumptions (2.1)) on ¢y and (2.9) on f;, the right-
hand side converges to fi(x) (pgz)k (x), provided hy; — 0.
Now let (X,Y), (X1,Y1),...,(Xp,Y,) be i.i.d. with distribution P. Based on this
observation, a semiparametric estimate denoted f ,, (X) of the k-th chaos I(fi)
of may be defined as follows:

1 WK (x—y) - -
L tnien =gy G o 2@ -y 1)@, 0

where T, > 0 is a truncation parameter to be tuned later on and the 6;’s are the
leave-one-out estimates defined by 6; = 6,1 ((X;) j<x,ji) (see Section .

3.2 Results

Based on the estimate (3.3)) of the k-th chaos, we may define the following em-
pirical mean type estimator of the regression function r for any strictly positive
integer [

/
. - 1.
71(X) :Yn+kz,1 Ellghk(x)a (3.4)
where Y, is the empirical mean of Yi,...,Y,,.
In this subsection, we study the performance of the estimate 75 of the regres-

sion function from a minimax point of view when the number of chaos 8 is known.
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Theorem 3.1. Let € > 0 and set T, = (Inn)"*€ and by, = (T2n~")'/2+4k) Then,

sup Ry (P, r) < oo.
Pes

lim sup
n—4-o0

( n )2/(2+d6)

(lnn)2+28

Remark — Thus, the optimal rate of convergence over &2 is upper bounded by

((1nn)2+28n_1)2/ (2+d5). Here it is noticeable that, up to a logarithmic factor, we

recover the optimal rate n~2/(2+d9) corresponding to the dd-dimensional regres-

sion with a Lipschitz regression function (see, e.g., Theorem 1 in Kohler et al.
2009).

In our next result, we provide a lower bound for the optimal rate of conver-
gence over & in order to assess the tightness of the upper bound obtained in
Theorem [3.11

Theorem 3.2. We have,

liminfn?/ *4%) inf sup R,(F,r) > 0,
n——+too r Pewp

where the infimum is taken over all estimates 7.

Remark — Theorem indicates that the optimal rate of convergence over & is
lower bounded by n—2/(2+4%) which, up to a logarithmic factor, corresponds to the
upper bound found in Theorem As a conclusion, up to a logarithmic factor,
the estimate 75 is asymptotically minimax on Z.

4 Adaptive properties for unknown 6
We now consider the case of an unknown number of chaos 6. For m > 0, we set

P(m)={Pec Z:|fi]| >m; kel,....,8},

where ||-|| stands for the IL?-norm relatively to the Lebesgue measure. Thus, when-
ever P € &(m),

0 =min(k: | fx]| =0)—1.

Based on this observation, a natural estimate of 0 may be obtained as follows. Let
we assume that the dataset is of size 2n, and let (X1,Y1), ..., (X2,, Y2,) bei.i.d. with
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distribution P € &?(m). For k € 1,...,0, we introduce the empirical counterpart
of Qg f; defined by

1 2n
gmw=;z:néwﬁv—wwfw@mwmw, (4.1)
i=n+1 k

where 0 = 6,(X,+1,...,X»,) is defined in Section , and by = by(n) is a band-
width to be tuned later. The estimator & of § is then defined by

& =min(k: [|ge]l < pi) — 1, 4.2)

where p; = pi(n) is a vanishing sequence of positive numbers that we choose later
on. We may now define the adaptative estimator 7 of r by

P,
where 7; is defined in (3.4)) for all strictly positive integer /.

Theorem 4.1. Let € > dé > 2, o, 3 > 0 such that o+ < 1 and 2a+ 3 >
1/(2+d$), and set T, = (Inn)' T, Then, if we take for all integer k,

hy = (T2n DY CHR) o (20)1)2n( @B =112 g by = =P/ (2dK),

we obtain, for all m > 0,

. ( n >2/(2+d5) R ( )
msup ( ——=—= su 7,r) < —oo.
n—>+°°p (lnn)2+2£ Pe {/?I()m) "

Remark - Here it is noticeable that despite the estimation of the number of
chaos 9 and up to a logarithmic factor, we recover the optimal rate n~2/(24dd) of
Theorems [3.1]and

5 Proof of Theorem 3.1]

In this section, we assume without loss of generality that the constants @, 1, 7,
f» A(X) and W are greater than 1 and that ¢ is smaller than 1. Moreover, C
denotes a positive number that only depends on the parameters of the model, i.e.
u,Q,9,%,%,f,0,0,k, A(X),M and W, and whose value may change from line
to line.

We let P € &7 and, for simplicity, we may denote E = [E” and var stands for the
variance relatively to P®". Finally, let (X,Y),(X1,Y1),...,(Xy,Y,) be ii.d. with
distribution [P.



5.1 Technical results
Let k > 1 be fixed and denote for all x,y € Xandi=1,...,n:

W, (x—y)
Po(x)

ey M =y)
gi(x,y) 0500 d g(x,y)

We also let

dX; = dX; — g2, dX! = dx — Pp,dA,
dX,' =dX; — (pgdl and dX = dX — (pgdl.

With this respect, we have (see (3.3)):
B (X) = %ii‘imm <z /A ,? o ()R (dy) X9 (d).
Furthermore, denote for all x € X*:
Ziy(9) = ¥lly<r, | 8™ EH @),

Lemma 5.1. Leti=1,...,n and k < 8 be fixed. Then for all x € X*:

k\Ck
dk
hk

var(Z;x(x)) < T} and

k! \1/2
IEZ; 1 (x) — filx)| < C* <¢h_gk) +Ciy,

where ¢ = EY21|Y|>T,,'
Proof. On the one hand, by the isometry formula (3.1)) over the set &,

var(Ziu() < TB( [ ¢ (x3)%* (@)’

k

—2
< T2k /X 87 (6,y)pg  (v)dy

< T2W 0" k!

n PR
22/{ hzk
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where gk (x, ) is the symmetrization —see (3.2) of the function g®(x,-) defined
in (5.1). On the other hand, denote

Zialw) =¥; [ g™y XPH (),
Ay
then by the isometry formula (3.1)):
EZx(x) = Er(X) [ g™ (X () = [ g™ (5205 )y
k
1 R
=— — ) WEk(2) 5% (x — hyz)dz.
o) Ju 8~ BV Q)05 (6 o)

Furthermore, by assumptions (2.1)), (2.3), (2.8) and (2.9) on the model, we have
for all x,y € Xk:

/() 05" () = ) 96 )] < @°1fex) — i)+ Flog ™ (x) — 9™ (7))

<
< (@ p+kfe" n)x—y|
<2kf@* pnlx—yl.
Hence, letting @ =[x |z|W®*(z)dz,
IEZ; (x) — fi(x)| < [E(Zix(x) = Zig(x)) |+ [EZ; 4 (x) — fi(x)]
< [EY Ly, | 80X (@) + BZialx) — filo)]
k

- 1/2 . oF
<o (B( [ &% @)?) s 2

Ax

One last application of the isometry formula (3.1)) to the first term on the right-
hand side of above gives the Proposition. U

With the help of notations (3.1)), (5.2)) and (5.3), define
: . 2
w=E / 87 (e ()[R () - X (av)] ) (5.5)

Ry =E / g7 (x,y) [&7K (dy) - Xi®k(dy)}f®k(dX))2~ (5.6)
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Lemma 5.2. Leti=1,...,nand k < 8 be fixed. Then, for j =1 or 2:

Proof. The proofs for the bounds for R’i . and Ré . being similar, we only prove the
one for R,. We have

Ri, —EE [( /A &7k )R (dy) [RF (dw) — XK (dx)Dz | (X,),Sn] ,

Using the independence of X and (X;);<,, we can apply Lemma 4.2 from Cadre
and Truquet (2015), which entails

gkgl:zéj!<l;)2¢f/xkE{%’”(/Akgi (v, )X (dy)ﬂdx (5.7)

where V; = [[@y. — @g]|?. Now let x € XK and j =0,...,k— 1 be fixed. We have
o . 2 o . 3 2
BV, /A &7 (e (dy) ) < 2mv ( /A 87 (63) (X7 (dy) — X7 (d)))
k k

o N 2
#2879 ([ g X))
k

We proceed to bound the two terms on the right-hand side of above. As before, we
apply Lemma 4.2 from Cadre and Truquet (2015), but conditionally on (X;);<; ;.
For notational simplicity, and since it does change the result anymore, we do
not specify the symmetrized version of the functions when using the isometry
formula. By and assumption (2.1]), we then get

k—j — 2k—1—
EV; ]</A gi (x y)X®k (dy ) < 221‘( ) lEV ]/kgl@k(x,y)zdy
k

L OKIPEVE / ¢ (x,y)2dy.
Xk
Note that for all m > 1, by (2.2), we have
S m—1 2
V" < (9°A(X)) (s;pl%,.—qoel) A(X)
< (@°A(X))"16:,— 0%,
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and
—k

%4

2

/ g " (x,y) dy < (kahdk
) k )

Hence, since /! (l) < k!, we get with (2.5):

—k
2 W' ok _j
k 2 k — = k
Finally, we deduce with similar arguments and inequality (5.7) that

>k

; YW K
1k < 2(k!)? o hdk(‘P+<P AX ))
@ niy,

—k__
24kW (P4k K

< 2(k!) —(ka nhfk

— A ()%,

because both @ and A (X)) are greater than 1. The Lemma is proved. 0
Lemma 5.3. Let € > 0 be fixed and set T, = (Inn)' €. Then, for all k < §:

. ) (lnn)2+2€
E (T, (X) = I(fi)” < Ck(k!)2(7 +h5).
k

Proof. With the help of notations (3.1)), (5.2), (5.3)), we let
1 n
fi= s Lo, [ SR (@),
i=1

1 . >
T Y Yily<r, /Az g (o, )X (dy) X" (dx).
i=1 k

Then, using notations of Lemma[5.2] by Jensen’s Inequality

~ ) TZ n ) )
E (T p (X) —J1) Sz;”Z( et R,
i=1

Hence, by Lemma|5.2]

5 2 k!)?
E (fip,(X) —J1)” < T2CF thgk. (5.8)
k
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Moreover, sequentially conditioning on (X;);<,, then on (X;);<,+;, and using
assumption (2.1), we find with two successive applications of the isometry for-

mula (3.1)) that
E(J; — ) < (k"?T*p 2k]E/ (x,y) — g®k(x,y))2dxdy.

Now let x,y € X be fixed. We have

Wh%k(x —-y) @k_l

®k ®k
8 xay)_g X,y < k sup [@g — P,
74 ) =67 )] < ok sl — 0o
so that (2.2) and (2.3) give
2 k2 (k1)
E(Ji — )" <C'T; i (5.9)

Finally, using notation (5.4), by the isometry formula (3.1]), we have

E ()~ L(f:) _E(/ ;Z;k Y®"(dX))2

=0 [ B (Y20~ /i) 5

=i [ (Svar(za0) + (£240) — ()’ ) 05" (v
By Lemma 5.1} we thus get

B 2 (R)PCH 0 97
E(h—L(f) <T; i +Cr(k) e

+Cr\n?.
k
Moreover, given that (2.6) gives ¢ < e “T»Ey2¢*"|. Consequently,

2 e—ZuT

E(h—k(f0)” < C'(k!) <€dk a +hk>

Finally, combining inequalities (3.8)), (5.9) and above, we deduce that with the
choice T, = (Inn)'*¢:

R ) Inn 24-2¢
E (e (X) — (i)™ < CH(k!)? (% +h%)»
k
hence the Lemma. 0]
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5.2 Proof of Theorem 3.1
According to Jensen Inequality and Lemma(5.3] we have by (3.4) and 2.7):

2 - 5 1 . 2
(a0 =) =B + 3 3 (o (0 - 1(40) )

2var(Y) o . ((lnn)>t%
§—+5k;c e thi).

n k

Setting iy = ((Inn)*™én~1) /24 e deduce that, since var(Y) < M:

Y

2M Inn)?+2€\ 2/(2+d8)
B (75(x) — r(x)* < 2y oM7)

hence the theorem. 0]

6 Proof of Theorem 3.2

In this section we assume for simplicity that X contains the hypercube Xy =
[0,1)4.

6.1 Technical results

We introduce the set .# = .Zg(, f) of functions f : X9 —Rin Lgym(x®5) for

which conditions (2.8)) and (2.9) hold, and let Z = Z5(7», f) be the class of func-
tions ry : . — R with f € .% such that

1
() =57 ), fAC =A% (6.1)

Letting P the distribution of the Poisson point process on X with unit intensity, we
may define the following distance D on % by

D<rfo7rf1): Hrfo_rle]Lz(P)' (6.2)

Whenever P € &, we can associate the regression function r. To stress the den-
dendency on r, we now write P, instead of P. Now let N > 0. We define the fol-
lowing three conditions for any sequence of size N 4 1 of functions rO W)
from .¥ to R:
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Rl. V) e, for j=0,...,N;
R2. D(r), p0)) > 2p=1/(2+dd) for 0 <i< j<N;

Z%f (P, PG) < alogh for some 0 < o < 1/8 where ¢ is the
Kullback Leibler divergence (see e.g. Tsybakov, 2009).
Lemma 6.1. Introduce fo =0, fi,..., fv, N+ 1 functions from X to R such that
Fl. fie 7

F2. Hfz _fjH > 2n—1/(2+d5)’.
1 ¥ n 5
F3. IT]; §||fl|| < alogN for some 0 < o0 < 1/8.
Then, the sequence of functions ry,,...,ry, defined by verify conditions R1,

R2 and R3.

Proof. First of all, remark that since f; € .# for j =0,...,N, by definition of the
rfj’s and the set %, we have rf € Z. Hence condition R1 is satisfied by the rfj’s.
Now remark that the It6 isometry (3.1) gives forany 0 <i,j <N

D(rfjvrfi) = Hfj_fl”
This ensures that the ry,’s statisfy condition R2. Finally, forall j=0,...,N

® Qn\ _
<%/(]Prf”’IEDrf’l) n%(Prf ’Prfo)

=nE,, | lo Cl]P)f"(XY)
- rfo gdP

dIP’,fO
=nE, B, logdIED X,Y)|X ),

rfj

where E, f is the expectation under P, fo* Denote by p the density of the .47(0,1).
Then, since f =0

E,, <10g ZE:Z (X,Y) |X) = /R log <%) plu)du.
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Simple calculus then give

(s, (X)),

| =

dP,,
0

Thus, by the Itd Isometry,

n
(@5 B < MR

rfj Y

hence the lemma. 0

6.2 Proof of Theorem 3.2

Let # be the subset of distributions P, of (X,Y) in & for which X is a Poisson
point process with unit intensity (recall that the unit function lies in {@g }gc@, sce
Section [2)) and such that

Y =r(X)+e, (6.3)

where r € #Z and € is independent from X with distribution .47(0,1). Since & C
. we have

inf sup R,(7,r) <inf sup R,(7r).

rpPex rpPexp
As a result, in order to prove Theorem we need only to prove that

liminfn? >*4%) inf sup R,(F,r) >0,
n—roo r ]P’rEyo

which accordingly to may be written

liminfn? ?*99) inf sup E'D*(F,r) > 0, (6.4)
n——+o0 r ]P’re@o

where E” denotes expectation with respect to P¥". Then, according to Lemma
and Theorem 2.5 page 99 in the book by Tsybakov (2009), in order to prove
(6.4), we need only to prove the existence of a sequence of functions satisfying
conditions F1, F2 and F3 defined in the previous subsection. To this end, we
let y € Lgym(/l@)‘s) be a nonzero function such that Supp(y) = Xg and, for all
X,y € Xg :

2

lw(y) —w(x)| < Zly—x| and |y (x)| < f. (6.5)

(ST
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Let Q = [cond‘s/ (2+d‘s)J > 8 where ¢g > 0 and || is the integer part and let a,, =

(1/Q)!/(49). One may easily prove that there exists f1,...,7o in XJ such that the
functions

W‘]('):anll/( a q); forg=1,...,0,

n

verify the following assumptions
(i) Supp(yy) C X3, forg=1,...,0;
(ii) Supp(w,) NSupp(w) =0, for g # ¢;

(iii) A%%(Supp(w,)) =0~ .
Now let, for all ® € {0, 1}<:

0
fo() = leqllfq(-),
q=

According to the Varshamov-Gilbert Lemma (see the book by Tsybakov, 2009,
Lemma 2.8 page 104), there exists a subset @ = {0, ..., @™} of {0,1}2 such
that ®©) = (0,0,---), N >29/3 and for all j # k:

0 . 0
Y lof -0 > 5.
g=1 8

Now fix 0 < or < 1/8 and set
co= <4Hw”2a71)d5/(2+d5)‘

We may now prove that functions {f, ) : j =0,...,N} satisfy conditions F1, F2
and F3. First of all, let j # k be fixed and remark that,

i = Lo P < [ (Fai (0 = Fogo () "

Y 2
[ (F -
0 “g=
zf"/ PO a)<k))2azl//2 X709 ) gy
g=1"Supp(vy) ! ! ! An 7
a G W[ e
=5 Lo -a |/Xgl,f<x>dx.
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Furthermore, by definition of the set £2, we have

oo [1O

o
<Y lof — | < o,
q=1

so that

)2
Ta’% < | f o) = Fuw I <[l |?ap. (6.6)

Now let 0 < j < N. Since y € ]Lsym(l‘@‘s) it is clear that f, ;) inherits that prop-
erty. Then, using the first part of assumption (6.5)) on y and assumption (ii) on
the y,’s, one may easily prove that f, is a Lipschitz function with constant
7>. Finally, using the second part of assumption (6.5]) on ¥ and assumption (ii)

on the y,’s, we get that for all x € XX, |f, ;) (x)| < a,f with a, < 1 as soon as
n>cy (2+d8)/(49) e conclude that fuli) € F so that condition F1 is satisfied by

fo(i- Now, taking k = 0 in (6.6) gives

2 2
5)/(ds
1 Z 1o l2 < ||‘l/|| < ||lg|| ¢ (2+8)/a8) )

Since N > 22/8 and ¢y > (4| y||2a~")49/(2+4d3) e get
L gon 2 < gyl 2= (2+48)/(d8) < al
I Y S I” = 4llwllPe ogN < alogN,
=1

so that F3 is satisfied. Finally, according to (6.6), we have

vl _ vl 1/(d8), ~1/(2+d8)
) — an = n .
”f(g(J) a)k)” = 2\/— 2\/—( co)
We can now conclude that conditions F1, F2 and F3 are satisfied so that according

to Theorem 2.5 page 99 from the book by Tsybakov (2009) and Lemma 6.1} (6.4)
is verified. Theorem follows. 0

7 Proof of Theorem 4.1

In this section, we assume without loss of generality that the constants @, 1, 7,
f> A(X) and W are greater than 1 and that ¢ and m are smaller than 1. Moreover,
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C denotes a positive number that only depends on the parameters of the model,
ie. mu,,0,8,7,%, f,0,k, A(X),M and W, and whose value may change from
line to line.

We let P € &2 (m), and for simplicity, we denote IE = E?" the expectation with
respect to P®?". Recall that (X,Y), (X1,Y1),...,(Xa,, Ya,) are i.i.d. with distribu-
tion P.

7.1 Technical results

For k > 1, denote for all x € X:

_lyvy ®k( on - 1) 2K
gmw%;n&%gxwm 90-1) " (dy). .1)
We also let
1 n
Se= = Y I (X:(3) + pA (X)) (7.2)

i=1

Lemma 7.1. We have, for all k:

66
18x — gl < Sk~ /2
p

Proof. Let [I the signed measure

11| 95-2) ") = (%= 90-2) (@)

SI'—‘

k

; < ) f[Xi(dyj)[ [T 2e(vi)dyj— H Po(y; dy,]

j=1 j=1+1 J=1+1

:I'—‘

i

Then,

2 — gell? / (/ Wk (x—y)i dy)> dx

/ {/ Wy (e =y ))Wéfk(x—y(z))dX]lft(dy(”)ﬂ(dy(z))-

20



But,

[ sty ®ac<

Furthermore, one gets by induction that for / =0,... k—1:

k
TT o500~ TT 060)| <81 Y 105 0a)).

j=I+1 Jj=l+1 Jj=I+1
and by assumptions (2.1)) and (2.2),

Jo , Y 105037) — 0o )l 1 - < (k— DA [ 195~ 9old2
=l+1

< (k—DA(X) |6 -0

Puting all pieces together, we get

2
Hgk—gk|!2_bdk< ZI ,|Zk( ) (X)PIA(X) l|9—e\) .
We can then conclude

WA (X)2

1o
A 2

— <——7 1§—06 <
18k — &l < bzk | ‘ n

_ k—1)2
¥ V(%) + §A () )
i=1
Lemma follows, since A (X) > 1. O
Denote for all i, j > 0

si.; = EJY[ (X (X) +92.(X))”. (7.3)
Moreover, (V,), is a sequence of real numbers, bigger than 1 and tending to infin-
ity, to be tuned latter.
Lemma 7.2. Let [ > 0 be fixed. Then for all x € XX,
I Clk
|

E)Y/ Wb%k(x—y))?@’k(dy) < SLik a5
Ag bk

Moreover,

2 pmuVa/2

E(Y/L‘kwak(x—y))z@@k(dy)) <c \/m( z‘:dk o )
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Proof. First observe that

S

W2 (x— y)X K (dy) ‘ < WZ( )—k X)X (x)

‘ Ay 1=0

=~

< o (X(X) +9A.(X))"

S

=~

Hence,

— Ik
‘l W sk

k o Qk
E‘Y/Aka@k) (x = )X (dy)| < W

Regarding the second inequality, we observe that
k o Rk 2 2 k o Rk 2
B (v [ WX ) < V([ Wik nxha)
Ay Ak
- 2
+E <Y1|Y|>Vn /A Wk (x —y)X®k(dy)> :
k

By (3.1), ’

- 2 C
ok ok o
E(/Akak (x—y)X (dy)) gk!bzk.
Moreover, by the Cauchy-Schwarz Inequality, (2.6) and above,

[IE <Y1|Y|>Vn /Ak Wb%k(x—y)f(@)k(dy)y} LBy > V)

+E(Y /A W y))z®k(dy))4

e_uvn

Puting all pieces together gives the result.
Lemma 7.3. Let k > 8 be fixed. Then,

((2k) +514)2 52,2k

S
Po=h = b2 (@02
+Cks i ( no (kDS e 2 )
— 2988k ) .
P (nb{)8" (nbf*)* — (nbg™)*
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Proof. Since k > &, we have with notation (7.1))

P(§ =k) < P(|| & > px)
< P(||gx — gl +Ilgxll > px)
< P(2||gk — gkll > px) +P(2]| gkl > px)- (7.4)

Regarding the first term on the right-hand side, we observe that by Lemma

and (2.5)):

-6l , )
= Pk

bzk/z

< P(Ck((2k)! +514) 6—6]> Pkbik/2>

P(2)|gx — gkl > px) < P(Cksk

+]P><|Sk_sl,k| > (2k)!>
(k)1 +s10)%  E|Sk—s14

a2 (@02

<ct

Regarding the latter term on the right-hand side of inequality (7.4)), since k > 9,
we have

EY / W, (x — y)X ¥ (dy) = 0,
Ay

by (3.1). Thus, according to the Rosenthal Inequality (e.g. see Ibragimov and
Sharakhmetov, 1999), we get

Ellge]|® < /I(X)3’<1[-«::/kggd;L
X
1 1
k 4
< [ max (500, 75 (Dka) ()
where for all j > 0 and x € X*:

~ J
Dy ) =B|Y [ ke -3 (@)
k

Finally, according to Lemma [7.2{and since sﬁ ar < 58 8k, We obtain

k' 4V8 —ZI/tVn
EHngS SCkS&SkITlZlX( n ( ) n e )

(b ) (b (b )7
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Lemma follows. O
From now on, denote

E2 = 2(0 s + kFeh) s A (X)FH2F, (7.5)

where @11 = [xue1 |x|KZ1 (x)dx and the other constants are defined in assump-

tions (2.8)-(2.9) on the model.
Lemma 7.4. Let k < 8 be fixed. Then,

||Egk+1|| > m—EkH\/ka, and

Ellgrr1 —Egry1ll” < C( a0 T 2d(k+1)>'
nbyiy nbes1

Proof. By (31)), for all x € X**1,

Egra(¥) = | Fer1t W (x = ) @ (y)dy

k+1 byt

= /X (fir1 96" ) (2 = br12) W (2)dz.
By assumptions (2.1)-(2.8) on the model, we have

|(Fea195" ) (x = bry12) = (fra1 05T ()] < (@ o+ kf @5 )by [z
Hence, since [y WdA =1,

Egir1 > fir1(x) — (@ + kfO" ) biy1 i1
Then,

|Egi1* > /Xk+l (fir1 (x) = (@kHYerkf@k)kawkﬂ)zdx
> || firr|* =20 'y +kf¢k)bk+lwk+l/xk+1fk+ld/l

> || firr 1* = 2@+ kFO") br 1 1 A (X)) fra |-

First part of the lemma follows, since || fi11]| > m and |fi, 1| < f. Moreover, the
second part is straightforward from Lemma since

_ 2 _
Ellgkr1 —Egrr1ll —/XMVar(ng(X))dx

1 -
@k+1 @k+1
= /k+1 var <Y /Ak+1 ka+ | (x—y)X (dy)) dx

n

1 - 2
< = Qk+1/,. Qk+1 > .
<- /X LE(Y /A W R @)
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Lemma 7.5. We have, for all k < d:

R VZ e—an/z
P(o=k) < C<nb§("l+” + nbi‘“{‘“))
+ +

Proof. Since || fr+1]| # 0,

P(5 = k) <P(||ges1]l < prs1)
<P(|8k+1— gr+1l| + |18k+1 —Egrt1ll > |Egikr1]l — Pr+1)

IEgki1l] —Pk+1)
2
E _
I gk+1! Pk+1). (7.6)

<P(||8k+1 — k1| >

+P(||gk+1 — Egrsa]l =

According to Lemma and using the lower bound obtained in Lemma [7.4, we
find that the first term on the right-hand side of (7.6)), denoted by pi, is upper
bounded by

6-0] _1
P(CkSkHW > E(m—Ek—i—l\/ bit1 _Pk+1)>~
et 1

Since by assumption by 1, Pk tend to 0 as n tends to +oo, for all k < §:

A d(k
p1 <P(Si116 — 0] > b{4T),

for some I > 0 that does not depend on n and k < 8. Thus, by the Markov In-
equality,

A d(k+1)/2
p1 <P((1+s1441)[0 — 0] > bk(+1+ 4 1) +P([Sk1 —s141] > 1)
<1+S]k+1)2E|é—9’2 2
< ) +E(Sk41 = S1,4+1)
2 d(k+1) 5
I bii
C C
<—+— (7.7)
TR
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by assumption (2.5) on the model, and since 55 541y < C. In a similar fashion,
regarding the latter term on the right-hand side of (7.6), further denoted by p,, we
obtain with Lemma [7.4¢

4 5 Vn2 e—an/Z
P2 < I—ZEHgkﬂ —Egi1[|” < C( D) + bzd(k+1))'
MOk11 "Ory1
We conclude the proof combining (7.6), (7.7) and above, since V,, > 1. O

7.2 Proof of Theorem 4.1]

First observe that for all k > 1, Sis independent from 7, so that

E(75(X) —r(X))* <E(7s(X) — r(X))* + ZdE(fk(X) —r(X))’P(8 = k)
k<

+ Y E(A(X) - r(X))P(6 = k). (7.8)
k>6

By Lemma [5.3] it is clear that for k < 8,
E(7(X)—r(X)) <C.

Moreover, following the arguments of the proof of Theorem [3.1](see Section[5.2)),
we can prove that for all £k > 9 (recall that C > 0 does not depend on k nor n):

E(f(X) - r(X))2 < <T7nz>2/(2+dk)'

Thus, by Theorem 3.1} and above,

T2\ 2/(2+d8§) N
E(fS(X)—r(X))2§C<7"> +C Y P8 =k)
k<8
+ Y P =k). (7.9)

k>6

Let p; and by be defined in Theorem and let V,, = 2(Inn)® /u, where & > 1.
Then by Lemma[7.5] we get for k < §:




Provided € > d8, & < (2+¢€)/(2+dd) and B <2d5/(2+dJ), we have

2 2/(2+d8
gy ) /2% (7.10)

n
n

ZP(Szk)SC(

k<8

Note that whenA B < 1, the previous condition on f holds if d6 > 2. Our task now
is to bound P(6 = k) when k > §. First, we observe that for all i, j > 0:

sty < (B 2] (R(xx)) 4 920
< (BY?) [P0 2+ 97A (x|

according to the Cauchy-Schwarz Inequality. Consequently, by Lemma if
k> o:

A ck ck\/(4k)!
P(6 =k) <
=k < e med (2
cty/(16k)! 1 (k)Y o2
((2k)!)16 m (n4a+3’ nAo+2p nta >
Noticing that by the Stirling Formula,

ch(\/—! (k)4 (16k)!)<00’

(@)
(@2 T (@

k>1
we deduce, whenever 20+ 8 > 1/(2+dJ):
T? >2/(2+d5)

Y P =k < C(—
k>o n
Theorem is now a straightforward consequence of (7.9), and above. O
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