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Introduction

Applications

~

Transformator inside a conducting casing. Protection of integrated circuits.

Thin conducting sheets
__DRAIN

P » for electromagnetic shielding,
/ oL JACKET

/ » for mechanical stability,
CONDUCTORS

Cable with a foil shield.

» as casing for liquids and gases,
» with little material wastage.
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Introduction

The meshing problem

VAVAVA

KK

VAVAVA

VAVAV

Triangle mesh inside the sheet.

K. Schmidt, S. Tordeux

SPRPRP

SPRPRP

SPRORP

PRORP

Conforming triangle mesh

resolving the sheet.

ENS Cachan Bretagne, September 1st 2009

Difficult to create by
most mesh generators.

High number of
triangles.

Even more triangles for
resolving the sheet.
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Introduction

The meshing problem

VAVAVA

KK

VAVAVA

VAVAV

Triangle mesh inside the sheet.

Conforming quadrilateral
mesh resolving a thin sheet.

K. Schmidt, S. Tordeux

SPRPRP

SPRPRP

SPRORP

PRORP

Conforming triangle mesh

resolving the sheet.

» Quadrilateral cells
with large aspect
ratio.

» Thin sheet basis
functions inside
the sheet (and no
lateral refinement).

ENS Cachan Bretagne, September 1st 2009

Difficult to create by
most mesh generators.

High number of
triangles.

Even more triangles for
resolving the sheet.
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Introduction

The meshing problem

VAVAVA

KK

VAVAVA

VAVAV

Triangle mesh inside the sheet.

Conforming quadrilateral
mesh resolving a thin sheet.

K. Schmidt, S. Tordeux

SPRPRP

SPRPRP

SPRORP

PRORP

Conforming triangle mesh

resolving the sheet.

Quadrilateral cells
with large aspect
ratio.

Thin sheet basis
functions inside
the sheet (and no
lateral refinement).

Conforming triangle mesh
resolving an interface.

ENS Cachan Bretagne, September 1st 2009

Difficult to create by
most mesh generators.

High number of
triangles.

Even more triangles for
resolving the sheet.

> Replace the thin
sheet by an interface.

> Replace its behaviour
by transmission
conditions resulting
from asymptotic
expansions.
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Introduction
The Model

Time-harmonic Eddy-current model for low frequency applications
curle = —iwph,
curlh = ge +jo

Two important effects
> Shielding effect — in conductors induced currents diminish electromagnetic fields
(behind the conductors)
> Skin effect — major current flow in a boundary layer (skins of the conductor)

Without conducting sheet. With conducting sheet.

Field generated by an alternating current inside a cylindrical conductor.
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Introduction
Model

Time-harmonic Eddy-current model for low frequency applications
curle = —jwph,
curlh =ce+jp

Two important effects

> Shielding effect — in conductors induced currents diminish electromagnetic fields
(behind the conductors)

» Skin effect — major current flow in a boundary layer (skins of the conductor)

~
_ 2 ~
6= Tow d~d 6>d o d
Skin depth in solid body. Skin effect in thin conducting sheets.
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Introduction
Model

Time-harmonic Eddy-current model for low frequency applications

curle = —jwph,

curlh =ce+jp

Two important effects

> Shielding effect — in conductors induced currents diminish electromagnetic fields
(behind the conductors)

» Skin effect — major current flow in a boundary layer (skins of the conductor)

Time-harmonic Eddy-current model in 2D (TM mode)

—Ae(x) + iwpooe(x) = iwpojo(x)

Consider the Model problem in 2D including these effects
—Au+cu=f,

with “conductivity” ¢(x) vanishing outside the thin conductive sheet.
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Introduction

Geometry for the transmission problem

Geometry
Qf ;... thin conducting sheet of thickness ¢
<t --- hon-conducting domain
Q=0 UQ:

int ext

™ ... midline of Qf .

3 smooth mapping TCR— ™

= local orthogonal coordinate system in Qf .
. T e &
= local coordinates (t,s) € T x [~5, 5]

| Q

n ... left unit normal vector
Goal : Description of thin conducting sheets of higher order.

Two strategies
A. Approximation of the solution inside the sheet by an optimal basis.

B. Asymptotic analysis of the solution inside and outside the sheet.
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Introduction

Geometry for the transmission problem and different frameworks

Geometry
Qf ;... thin conducting sheet of thickness ¢
Q¢ ... non-conducting domain
Q=0 UQE,

™ ... midline of Qf .

3 smooth mapping TCR— ™

H H €
= local orthogonal coordinate system in Qf .

= local coordinates (t,s) € T X —%7%

| Q

n ... left unit normal vector

Frameworks with € varying conductivity

—Aut Hc(e)ut==1"

c(e) = ¢ ... compare sheets of constant material

c(e) = @ ... compare sheets of constant shielding
€

= Modelling error in ¢ related to a particular framework
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Thin sheet basis
First order impedance boundary condition
Bound of modelling error by best approximation error
Derivation of basis to any order
Numerical results
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Thin sheet basis

First order impedance boundary condition

First order impedance boundary conditions
(e. g. lgarashi et. al., 1998)
> use fundamental solutions of the ODE in thickness
direction after neglecting longitudinal variations and
the curvature.

—Au, + cuiy = 0= —(952ufnt +cuiy, 0= et Ves

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009
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Thin sheet basis

First order impedance boundary condition

First order impedance boundary conditions
(e. g. lgarashi et. al., 1998)
> use fundamental solutions of the ODE in thickness
direction after neglecting longitudinal variations and
the curvature.

—Au, + cuiy = 0= 82 Uy + cusy ~ 0= et Ves

Dirichlet-to-Neumann map is derived on I'®

(8numt( +%)) ~7Z (uisnt(t’—"_%))
a"umt( _%) uisnt(t’_%)

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009
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Thin sheet basis

First order impedance boundary condition

First order impedance boundary conditions
(e. g. lgarashi et. al., 1998)
> use fundamental solutions of the ODE in thickness
direction after neglecting longitudinal variations and
the curvature.

—Au, + cuiy = 0= 82 Uy + cusy ~ 0= et Ves

Dirichlet-to-Neumann map is derived on I'®
(8numt( +§)) ~Z (uisnt(t7 +§))
a"umt( _E) uisnt(t7 _5)
and used for transmission conditions on the mid-line ™
(8nuext(t +O)) ~ Z (ngt(t, +0))
8"uext( 0) u:xt(t7 _O)

Condition at '® used at ™ = Modelling error of O(¢)

independent of any improvement in the interior

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009
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Thin sheet basis

Extension to higher orders

Approximation of higher order without reduction to an interface

Ansatz for the solution inside the sheet

Z ¢mt i

with N > 2 linear independent basis functions ¢¢
e HY(T).

1nt(t S) ~ ulnt N t 5 iEnt,i(t)'

int,i

[
spanning V&, and umt,

Estimate of the overall modelling error only that in the sheet

9

W/\sl = QU Uext € Hl(Qext) Uint € V/\s/ ® Hl(/r\)’ Uext = Uint € Hl(rs)} C HI(Q)

HY(Q)-ellipticity = estimate by best-approximation by Cea's Lemma

l[u® = uillpne) < C 'n% [u® = unllp()

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009
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Thin sheet basis

Extension to higher orders

Approximation of higher order without reduction to an interface

Ansatz for the solution inside the sheet

Z ¢mt i

with N > 2 linear independent basis functions ¢¢
€ HY(T).

1nt(t S) ~ ulnt N t 5 iEnt,i(t)'

int,i

spanning V5, and u?

9

int,i

Estimate of the overall modelling error only that in the sheet

W5 = {u text € HY(QE,), ing € Vi ® HY(T), text = Uine = u® € Hl(ra)} Wy

HY(Q)-ellipticity = estimate by best-approximation by Cea's Le

I = il < € infy o — ooy < € inf
uyeW, uyEWg

= C inf_ ||[u° —un|lgygs y+C inf
uy EW, (Pexe) uyEW

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009

[lu® — unll g

mma

e = unlln )

D)
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Thin sheet basis

Extension to higher orders

Approximation of higher order without reduction to an interface

Ansatz for the solution inside the sheet

1nt(t S) ~ ulnt N t 5 Z ¢mt i iEnt,i(t)'

with N > 2 linear independent basis functions qﬁmt ;
S H1(I') o] 2

€
spanning V7, and umt,

Estimate of the overall modelling error only that in the sheet
Wy = {u Uext € HYSE), ing € Vi ® HYT), thoxs = tine = U° € Hl(rf)} cwg

HY(Q)-ellipticity = estimate by best-approximation by Cea's Lemma
lu® = uplipne) < € inf ||U —unllpg) < € inf_ Ju® = unllpg
uy€eW, €

uyEWy
= C inf[uf — unllqes ) +C inf |10 — unllingar
uNEWﬁ (2exe) ”NEW/\E/ (25,¢)
0
< Clluf = willpos ) for some candidate function wpy,
int
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Thin sheet basis

Extension to higher orders — for the circular sheet

Dirichlet boundary value problem in Qf .

_Auisnt + C(E) uiant =0 in Q(iznt'
Circular sheet —A 4 c(e) = (=02 — 15 0s +c(e)) — maf

Corresponding bilinear form (v € H}(Q5,,))

1
aint(u, v) == / (Osudsu + c(e)uv) (1 + sk) + Orudrvds dt
o Lsn
Error of candidate function in H1(Qf,, )-seminorm
[0 — Wil ) < laine(u® — Wi — wi)| = latne (W, u° — )| — min

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009
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Thin sheet basis

Extension to higher orders — for the circular sheet

Error of candidate function in H1(Qf,, )-seminorm

U = Wi ) < [aine(u” = Wi u* = wR)| = [ain (W, o7 = wi)| — min
2

Bilinear form (u € H?(Q¢

int

), v € HY(Q%.,))

int

K 1
T SR('?S + c(g)) uv — m@fuvds dt

aint(u, v) = /E (1 + sk) (_852 _

int

scales with &

Candidate function for N = 2 satisfying boundary data with ¢5; o(£5) = 1, ¢5,1(£5) = +3

w3 (s, t) = O 0(){u}(8) + df 1 () [u7](2) -

0 for illustration

. Ko, o A2{us}(t -
(o) = [ Qs O - 0 @)oo - LM gg, (spvasar

int

0

Choose basis functions ¢, o, %, ; in the kernel of (—02 — ren <€)

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 13/ 44



Thin sheet basis

Extension to higher orders — for the circular sheet

Error of candidate function in H!(Q¢

£ ¢ )-seminorm

|UE - Wﬁl'ill(QiEnt) < |aint(u5 - Wlfh uf — WI?I)' = |aint(WIflv u® — Wlfl)‘ — min

Bilinear form (u € H?(Q¢

int

), v € HY}(Q£.,))

aint(u, v) = /QE (14 sk) (—852

int

1
1Ts 85 + c(e)) uv — T(’?Zuvds dt

scales with &

Candidate function for N = 4 satisfying boundary data with ¢5; ,(£5) = ¢f,; 3(+5) =0

WE(S, t) = W2€(57 t) + Jéisvlt,Z(s)uigllt,Z(t)'

05 + C(E)) nlt 2( )VdS dt

14sk 1+

02u
+/ Oalt) o (ovdsdt

1+sk int,2

32 e
(i) = [ =PI o o+ 1+ s ae)(—02 -

Choose basis functions ¢ ,, ¢f,; 5 such that (=02 — o T c(@)di 2(s) = EZ(bilt,O(s)

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 13/ 44



Thin sheet basis

Extension to higher orders — for the circular sheet

Error of candidate function in H!(Q¢

£ ¢ )-seminorm

|UE - Wﬁl'ill(QiEnt) < |aint(u5 - WN7 uf — WI?I)' = |aint(WIflv u® — Wlfl)‘ — min

Bilinear form (u € H?(Qs

int

),ve Hl(th))

1
85 + c(e)) uv — ?(’yuv dsdt

ain (1, V) 1= /9 (14 50) (<0 = "

int

scales with &

Choose basis functions (—852 __" + c(e))dinio(s) =0
1+ sk ’

(—0Z — + ¢(€)) bt 2(S) = €2t 0(5)

1+ sk
Candidate function for N = 2, N = 4 satisfying boundary data

Wi (s,8) = (O o) wi(s,t) = wi(s, £) — 2 LU o

(1+ ) Omt 2(5)

o2 {us}(t
it remains aint (W5, v) = / —%@fmo(s)vds dt
- sk ’

84 €
ail‘lt(wtls7 V) = 52/ (1{:51(;) Pint, 2(S)Vd5 dt

u)t
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Thin sheet basis

Extension to higher orders — for the circular sheet

Error of candidate function in H!(Q¢

£ ¢ )-seminorm

|UE - Wﬁl'ill(QiEnt) < |aint(u5 - WN7 uf — WI?I)' = |aint(WIflv u® — Wlfl)‘ — min

Bilinear form (u € H2(Q5,,), v € Hl(th))

2 (1, v) = /9 (1 + sk) (=2 —

int

1
its 85 + c(e)) uv — ?(’yuvds dt

scales with &

Choose basis functions  (—82 — + c(e))bin j(s) =0 j=0,1

1+
(—0z -

1+ +C(€))olntj( ) Ez(b(ignt,j72(s)7 J:277N_ 1

Candidate function satisfying boundary data
T, oy
wils )= 3 2m ({0 (000500 21(9) + [0 1(£)05, 14 (9))
it remains
(-82)%
. £ _ N-2 Yt € HE e 1
A (Wi v) = /Qt teve (106 2() + [0 1 (5)) vdsdt

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 13/ 44



Thin sheet basis

Extension to higher orders — for the circular sheet

Error of candidate function in Hl(ant) seminorm

0 = Wil e ) < lain (6" = Wi 0" = wi)| = [aine (i, 47 — wi)| — min

Bilinear form (u € H2(Q%,,),v € Hl(th))

int

int (U, v) = 1 -2 — —0 - d2uvdsdt
aing (U, v) /ant( + sk) (—03 Trs s + c(e)) uv gy T uvds
scales with &
Choose basis functions  (—92 — i+s + c(e))bine j(s) =0 j=0,1
2 K £ 2, .
(_85 - 14+ sk +C(5))@im,,j( )76 Omtj 2( ) J:27~~~7N_1

it remains

—o?)%
() =12 [ e (000 2(9) + N1 (2)) valsde

_ N 1 2k a2\ N c e \
= [ a8~ et e D (O () +

ry(s, t)(1+sk)
Scaling of ¢, .(s) with O(+/2) in the L3( —5, 5])-norm and Cauchy-Schwarz

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 13/ 44



Thin sheet basis

Extension to higher orders — for the circular sheet

Error of candidate function in H!(Q¢, . )-seminorm

int

‘us - Wlfl‘iil(ﬂ_f t) S ‘aint(uE - Wlfﬁ u® — Wlfl)‘ = ‘aint(wﬁ7 u® — WI?I)' - O(E2N_1)
Bilinear form (u € H?(Q5,,), v € Hl(th))
aint (U, v) = /s'-zfm(l + k) (0% — Tts 85 + c(e)) uv — i sﬂ@fuv dsdt
scales with &
Choose basis functions (=02 — i+s + c(e))bin j(s) =0 j=|0,1
K . .
(_852 - 1+ sk + C(‘S))Qbi_m,,j( ) - E2()1111 J— 2( ) J = 27 7N -1
it remains
v [ (COR)2
aint(wy, v) =& /5 (At sm)Nit ({“s}(t)éﬁn,‘/vfz(s) + W) 05 v 1(5))) vdsdt
int
1 K N L A
_ N 92 _ _ 92 £ 4
= | o (0 = s @) (oY (N9 +
(s, ) (1 sk)
Scaling of ¢, .(s) with O(+/2) in the L3( —5, 5])-norm and Cauchy-Schwarz
p. 13/ 44
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Thin sheet basis

Extension to higher orders — for the circular sheet

Theorem (The modelling error of a candidate function)
Let N be an even integer. There exists a function wy € W5,  such that
N—1/2 N+1/2
Wiy — Unelmias ) < Cue ™, Wy = ufull 2oz, ) < Cue 7,
with a constant Cy independent of € and the choice of c(e).
This result transfers to the overall modelling error due to Cea's lemma.

v = uplipre) < € inf lu® —unllpp) =C inf  lu® —unllpes )
uyEWg uvEWE v "

Corollary (The modelling error for the circular sheet)

Let N be an even integer, x'(t) = 0 and u§, € W, the solution of

QF

€
int ext

/QE Vuj - Vvdx + Vu,‘f\,~Vv—|—c(<s)u,5\,vdx:/Q fvdx,
ext
Then, there exists a constant Cy independent of € such that

1
lu® = vl < Cne"~2.

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 14/ 44



Thin sheet basis

Extension to higher orders — curved sheet

Circular sheet —A + c(e) = (=82 — H%as + c(e)) —ﬁat (ﬁat)

scales with

Choose basis functions ¢5;, ¢5;,; in the kernel of (=02 — —£-8s + ()Y, j € Ng

1+sk
Basis Io (1/<(2) 52 ) p(s). Ko (V/ele) i

> p(s) instable for small curvatures

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 15/ 44



Thin sheet basis

Extension to higher orders — curved sheet

Circular sheet —A + c(e) = (=82 — 85 + c(e)) — 1+ls;< Ot (ﬁat)

1+s

scales with

Choose basis functions ¢5;, ¢5; ; in the kernel of (—02 — e 0s + c(e)y*, jeNg

Basis o («/c(a 1?’5‘) p(s), Ko (N/c(a 1?;:"") p(s) instable for small curvatures
atee) = (<0 - o @)+ (15)) o (00) - (v)

scales with &

Jj+1
Choose basis functions qﬁgj, qﬁgjﬂ in the kernel of (_35 1+S(R2t) ds + c(e) + (lfsn) )

etV
Basis € s) stable for small curvatures
X h(s)
1 1 1
B
e int,0 /
05
k=148 ,,"’
0 ,—"'/\‘K:—s
A B
-0.5%
-3 9 5

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 15/ 44



Thin sheet basis

Numerical results for a circular sheet

o=1/R

o

w0

$=0

e G o
Semianalytical study with f =0, e
g =sin(wt) on Fp 1 Ulp o, .
otherwise g = 0
Error in H'-seminorm inside the sheet. (a) Constant conductivity ¢ = 1. rc = 1.

(b) Conductivity c(g) = % K= % (c) Conductivity c(e)= Eiz k=3
K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 16/ 44



Thin sheet basis

Numerical results for a circular sheet

o=1/R o2

6=0
r=R-1

Semianalytical study with f = 0,
g = Sin(ﬂ't) on I'Dyl @] FDQ,
otherwise g = 0
Error in Hl-seminorm outside the sheet.

R R+1

o

(b) Conductivity c(e) = % K= %
ENS Cachan Bretagne, September 1st 2009

K. Schmidt, S. Tordeux

0

(a) Constant conductivity ¢ = 1. k = 3.

(c) Conductivity c(e) = % k=3

p. 17/ 44



Thin sheet basis

Numerical results for a straight sheet

Dependance of the number of basis functions in comparison with polynomial basis

0w

o

e =0.05

s

(b) Error in the H'-norm outside the sheet.

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 18/ 44



Outline

Asymptotic Expansions
Derivation of the iterative models
Existence, uniqueness, regularity and convergence
Decoupling and models only exterior field
Numerical experiments with high-order FEM
Collectively computed model of order 1
Collectively computed models of higher orders
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Asymptotic Expansions

Choice of the asymptotics

Families of problems with

c(e) S

60{

= Choose o =1
(borderline case)

K. Schmidt, S. Tordeux

a=0
asymptotically no 0.5
shielding
fore — 0
0
1
a=1

asymptotically 05
constant shielding
fore — 0

a=2
asymptotically 0.5

impermeable sheet
fore - 0

ENS Cachan Bretagne, September 1st 2009

75:10—2
— —e=10"3
— e=10"*
—c—0

0 0.5 15 2

0 0.5

15

2
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Asymptotic Expansions

Expansion of u®

Stretched variable in Qf

int
Notation v(x) = v(t,s) = V/(t,S) for a function v in Qf . (t,5) € Q

Expansion of uZ (x) and Uf,

(t,S) : We seek the exact solution with the form

ext Z‘Euext(x + O(‘S )7 Uisnt(tvs Z‘E mt(t S + O(E )

i=0 £—0

where the terms ul(x) and Ul

(t,S) do not depend on «.

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009

2§

2| Q e -1 o0

S=¢c"1s = normalised domain Q :=T x [-1, 1].
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Asymptotic Expansions
Taylor expansion of u"(t, +¢/2)

-
-

4444“4‘:»44““\

1 1
| Q e -1 o}

Dirichlet transmission condition for expansion coefficient

0= ext(ti ) — US.(t, £= )—Zs Z %) aue;g(t,ﬂ) Ul (t,£3) | + 0(0500).
j=0 e

Neumann transmission condition

1
0 = sl (£, £5) — DU (£, £5)

e—0

oo i—1
=3 (X ) R A 6 20) — dsU (6 2D)) + o).

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 22/ 44



Asymptotic Expansions

Expansion of Laplace operator

1 1
Ay O 4 a( a), in QF
St e T T 1 r s M it
-1 1 1 ~
A-c22p S0 a( a). nd (1
St T sk (0 T T esn(0) X T esn(n ™ " )

Laplacian (1) can be expanded in powers of &

L—-1
A=c2 (a§ +> A+ aLR§> , forall L>1, (2)
=1
where for [, L > 1 there are defined
1 —2K'(t)

R?(t) = (—n(t))l—Z(/ —1) (83 + — )

ar) L RN = —(—n(e),

Al(t, S) == A%(£)S' 72 + Al(t)S' 1o,

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 23/ 44



Asymptotic Expansions

Hierarchical coupled problem

Hierarchical definition of external and internal expansion functions.

—Ad, = f5) in Q% ,,
uéxt = géé on 99,
2Ul ., (t,5) = Ui\ (t,S) — ZA/UM(t S) in Q.
Ul (t, i%) — . (£,0%) = Z (%) Fa; ul ) (,0%) on ™,

=1
i

; 1 1
85Uim(t,:i:§):z (:ti)

=1

o 3)

=] Olull(£,0%)  on ™

P /_i Ul (t,5)dS — k(1) [ ,m} () — [a um} (t) =
S (f movitesias s (3)" ho o) e
Jumps and mean values
[VI(t) == V(t,12) — V(t, ~1/2), {V}(t):= %(V(t 1)+ V(t —1/2)).
[VI(8) == v(£,07) = v(t,07),  {v}(t):= % (v(t,0%) + v(£,07)) .

[V]" (£) = [vl(t) neven
ENS Cachan Brethgnd Yeblehber 147,04 -
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Asymptotic Expansions

Existence, Uniqueness and Regularity

Existence, Uniqueness and Regularity of the hierarchical problem

Theorem . . .
The sequences (u/,) and (U] ,) exist and are uniquely defined. U; , are polynomials
in S of degree 2i with monomial coefficients U{ntj, j=0,...,2i = 1. For any k € Ng

and i € Ng there exists a constant C; j < 400 such that
e () ey < Cive Ut 5O sty < Gk

given that '™ js C*°.

Convergence of the modelling error

Lemma
The remainder r&:Nt1(x) := Ut /ime (%) — u:)’(’él/int (x) satisfies

N+ N4 N+1
=" H s,y + VEllr= s ) < Cue™ '

. . i e,N
Are the expansion functions u/, and so u_); computable?

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009 p. 25/ 44



Asymptotic Expansions

Uncoupled problems for the first three exterior expansion functions

Solving the equation for U{nt(t, s) and {

Problem in Q9 for u/_,(x)

Ui . }(t) interface conditions yields. =

_Augxt(x) = n ngt
ugxt(x) =g ondQ
Order 0 [uext] (t) = on ™
0
[Bnuext} (t) — €0 Ugyt (t,0) = on "
. 0
Al () =0 in 22,
uéxt(x) =0 on 9Q
Order 1 {”ext] (t) =0, on "
2
0|l Q 1 1 0
[d"“ext} (1) — CoUgyy (t) = —Fugy (£,0)  onTT7
2 .60
Aty (x) =0 in Qo
uixt(x) =0 on 9Q
2 <0
[2e] () =— il Yl o (t,0) — —{a,,uext} () onr™,
Order 2 )
2 1
(o] (0 = @ {udi } (0= il (0 + Lm0 {on } ()
7, 8 m
+c | —cg— — t, 0 onl
0 (240 0 12 ext( )
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Asymptotic Expansions

Numerical Results — computations for an ellipsoidal sheet with Concepts

C++ class library Concepts
» Started by Christian Lage during his Ph.D. studies (1995).

» Used and improved by Frauenfelder, Matache, Schmidlin, Schmidt, Kauf and
severals students.

» Concept Oriented Design using mathematical principles [1].

> Currently two parts: hp-FEM (nodal and edge elements), BEM (wavelet and
multipole methods).

> most of it is released under GPL, http://www.concepts.math.ethz.ch

Features used and/or implemented in this project
> quadrilateral elements with high-order tensor product basis functions,
» elements on edges with high-order basis functions,
> bilinear and linear forms on these respective elements,
> exact mapping of curved boundaries,

» various functions of finite element solutions (trace, jump, extension, gradient, ...).

[1] Ph. Frauenfelder and Ch. Lage, “Concepts—An Object Oriented Software Package for
Partial Differential Equations”, Math. Model. Numer. Anal. 36 (5), pp. 937-951 (2002).
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Asymptotic Expansions

Numerical Results — computations for an ellipsoidal sheet with Concepts

QE

int

rIIl

Meshes M?® resolving the thin sheets of  Limit mesh MO for the computation of the

thickness e for the reference solutions u®(x). asymptotic expansion functions ul_, (x).

Following

» computation of the polynomials U!

mt(t’ S)’

> representation of u=:V(x) = Z:N:O e'u’(x) on meshes M?

> to calculate the modelling error in dependence of .
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Asymptotic Expansions

Numerical Results — computations for an ellipsoidal sheet with Concepts

=1

207
"~ (f) Order 2
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Asymptotic Expansions

Numerical Results — computations for an ellipsoidal sheet with Concepts

10 T

Order 0
—A— Order 1
1072k —5—Order2 -

Ext)
O\
T

o — g
&

€

H1-seminorm in the exterior sub-domain Q-
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Asymptotic Expansions

Numerical Results — computations for an ellipsoidal sheet with Concepts

10° ;
Order 0
—A— Order 1
—FH— Order 2
107 |
2107k
&
=
h
s o100+
107 +
10710 X 6 X 4 X 2
3 107 107

o

H-seminorm in the sheet Q.-
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Asymptotic Expansions
Collectively computed model of order 1
Transmission condition of order N =1

Aflfxlt(x) =f inQ°
[":Xﬂ (t)=0 onl™
~e,1 <o ~e,1 m
[an jxt] (t) — o (1 + 3 ) iEl(5,0)=0 onr™
o5t (x) = on Oext-

Uext

ext)

Stability for S¢p > 0 and Rep > 0
~e,1
155 M as,) < CIIFll 2o

Modelling error || &%t — u5||H1(ngt) < Ce?

(a) Errors in the exterior sub-domain Qi (b) Errors in the sheet QF, ..
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Asymptotic Expansions

Collectively computed models of higher orders

Rewrite the systems in general form
_A”;xt(l) = fé("),
(6] (0 = (vl )0,
=2
[Onte] (©) = co { e } (8) = S(Coud N0,
=1
Ui (x) = 865

with the operators (up to order 3)

in Q°

ext?

on ™,

[=1] . Cg .
(20)(6) = = 2 (WO LuH(O) +2(0,0) (1), (1300(6) = 2 (WO LuH(O) +2(0,0) (1),
% (7T 2_ 2 Co .
@0 = 2 (), €00 i= 2 (L = 02 ) {uH(O) + ()0} (0)
17, 7, 2

C2
(Cau)(t) = 2 (

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009

2 0 P
—d - Lt - at) (D) = 2 n(©){0,0H().
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Asymptotic Expansions

Collectively computed models for higher orders

Transmission condition of order N > 1

[uhe] (1) =
[0n85:8 ] (8) = (0 + <5

; NN N
with 5" = =2 €/7j,¢ and ¢ =
£,2 2 S
2= —e® —k(t),
Yo 245()
e2_ 2%
Y1 = —€ 12’
CE,2:EC_0+ 2 lcz 5
0 6 12\20° )’
€2 2 <
229
<1 € 245( )s

Greens formula gives
~e,N
/ Vi Uext

K. Schmidt, S. Tordeux

NeagiH ) -

{‘:XY b -

ENS Cachan Bretagne, September 1st 2009

—ALGE(x) =, in Q0
{on:i? (1) =0, on ™
Monugh He) =0, on I,

l]:x,‘\:/(x) =g on 9Q

JI-VZI sjcjl and the operators (up to order 3)

2
€3 £,2 3 %
3 _ A t
Yo Yo teE 2405( )
7!—;,3 :‘75’2+63 Cg
! ! 120’
2
3 2 36 (17 » 7 2 2
¢l =¢  +e 4—0<4—0Co—1—0'<(f)—3:

3 2 3 Cg
€3 _ #82 t
¢i? =72 = &S w(t)

dex+/ {c)nﬁ:)‘(t}[v]+[8n"leél]{v}dt:/ i dx
2 e 0o

ext
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Asymptotic Expansions

Collectively computed models for higher orders

Transmission condition of order N > 1

—AL () = f, in Q.
a5 ] (&) =45 " {55 (o) — A7 M 05 (0 = o, on ™

[0n85t ] (8) = (0 + <5 ){‘zxﬁ} (6) = ¢f ”{dnafxf}( 0 =0, on ™,
TJZX,:(X) =g on OQ

Mixed variational formulation

Seek (75N, \) € HTHY(QO, ., g) x L2(I'™) such that for all (v, \') € HTHH(Q0, ,,0) x L2(I™)
~e,N ~e,N
- Vil 'VVdX‘f'/rm(CO‘f'C W }»{v}-{—/\[v]dt:/QO fv dx
ext

ext

[0 — 3 N - X de =0

Stability for N = 2,3, S¢p > 0 and Reg > 0

~e,N —11re,N
15Vl g0y + £l zrmy + & HIE= M 2(rmy < ClIFll2ge0, )

Modelling error  ||&=:N — U lpras ) < CelNtl
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Comparison of thin sheet basis and asymptotic expansions

Thin sheet basis

Order
Mesh
Usability

Condition
Computation
Convergence
DOF
Discretisation

K. Schmidt, S. Tordeux

Any for circular sheets.
Sheet has to be resolved.
Simple definition of basis to any order.

Local.
In one step.
For ¢ — 0 and for N — oo.
Additional variable for each function.
H1-continuous elements.

QE

int

achan Bretagne, S

p. 35/ 44



Comparison of thin sheet basis and asymptotic expansions

Thin sheet basis Asymptotic expansions
Order Any for circular sheets. Any proven order for C°°-sheets.
Mesh Sheet has to be resolved. Only interface.
Usability Simple definition of basis to any order. Practically limited order,
more and more terms
(derived up to order 4).
Condition Local. Local.
Computation In one step. Iteratively or in one step.
Convergence For ¢ — 0 and for N — oo. For ¢ — 0.
DOF Additional variable for each function. No additional variable.
Discretisation H1-continuous elements. High order tangential con-

K. Schmidt, S. Tordeux

tinuity on ™ needed with
increasing order.

QE

int

rm

achan Bretagne, S 35/ 44



Conclusions

Introduction
» Applications like casings or shielding layer.
» Difficult to create meshes for thin sheets and expensive to use.
> Model problem considering shielding and skin effects.

Thin sheet basis
> First order impedance boundary conditions based on fundamental solutions of an

ODE in thickness direction

> Resolving the sheet for higher order approximations.

» Derivation of the basis for circular sheet in kernel of (—852 - H%as + c(e))l.

> Proof of convergence: Best-approximation, candidate function, cancelling of low
order terms.

» Validation by semi-analytical studies. Convergence for e — 0 and N — oo
Asymptotic Expansions

» Expansion for c(e) = % (asymptotically constant shielding).

» Derived (coupled) model by asymptotic expansions of arbitrary order.

» Showed existence, uniqueness, regularity and consistency.

» Models only for exterior field for order 0, 1 and 2.

» Validation by numerical results with high-order FEM (Concepts).

> Collectively computed model of order N = 1. Same formulation.

> Collectively computed models of order N > 1. Mixed formulation.

> Showed existence, uniqueness and convergence up to order 3.
Comparison
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Thin sheet basis

Extension to higher orders

» Dirichlet-to-Neumann-map of high-order,

» Extension of the outer solution up to the mid-line

10° T T

—— Power loss
—O— Jump in normal derivative

107! E-7— [2-norm

relative error
5

1

T

107
1078 10°° 104
thickness &

= Consider resolved sheets for methods of higher order

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009
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Asymptotic Expansions

Collectively computed models for higher orders

Problem with this structure

_Au(ﬁ) =f, in ngtv

[u] (t) + e2co{Dnu}(t) =0, on M,
[Onu] (t) — co{u} (t) =0, on M,
u= on 99

and the associated variational formulation

/ Vu-Vvdx—l—/ co{u}{v}+/\[v]dt:/ fvdx
0o rm 0o
ext

ext

/ [u]N + &2 AN dt = 0.

Ellipticity ?? Testing with v =T and X\’ = X and substracting second from first eq.

[, Ivaaxs [ e ()P =) e

ext

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009
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Asymptotic Expansions

Collectively computed models for higher orders

Lemma (Stability)
Let N =2,3, Scg > 0 and Rey > 0. It holds

||EE’N||H1(ngt) + el 2(rm) +571||[EE’N]||L2(rm) < C||f||L2(ngt)'

Proof./ vU.dex+/ co{u}{v}—l—/\[v]-I—[u]A’+e2co)\th:/
Qs re

Dt
1. Testing with v = u and )\ such that e2co\' = —[u].
/0 \Vu|2dx+/ col{u} P = e2e5| N2 e = /0 £ dx,
ext rm ext

and taking imaginary part

csco/ \{u}\2+62|>\’|2dt:%/0 Fridx
rln

ext

and we have [[{u}|;2(rm) < C”f”LZ(ngt)' Ilulll 2rmy < Ce||f||L2(ngt).

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009
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Asymptotic Expansions

Collectively computed models for higher orders

Lemma (Stability)
Let N =2,3, Scg > 0 and Rey > 0. It holds

||EE’N||H1(ngt) + el 2(rm) +571||[EE’N]||L2(rm) < C||f||L2(ngt)'

Proof./ vU.dex+/ co{u}{v}-i—/\[v]—l—[u])\’+e2c0)\)\’dt:/ fv dx.
0 rm

[9lY

ext

L. We have [[{u}]l12(rm) < Cllfllizqgn_,. Nlelllizmy < Cellfllizao.

2. Testing with v =0 and )\’ such that e2¢p )\’ = [1]

1 -2 2
| ] < e ey < g

3. Testing with v =7 and X = 0, multiplying with (1 + i) and taking real part

Walae ) < [ IVelPax+ [ R+ ie) ()

ext

(@ [, max— [ am@an) < Clig

ext

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009
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Asymptotic Expansions

Collectively computed models for higher orders

Lemma (Stability)
Let N = 2,3, Scg > 0 and Rey > 0. It holds

155 Mo,y + Ml i2qrmy + =Bl 2(rmy < CllFlli2gen.)-

Proof./ Vu~Vvdx+/ co{u}{v}—l—/\[v]—l—[u])\'+62co)\)\'dt:/0 fv dx.
Q. rm Q

ext
1. We have [{u}li2(rm) < Clifll 20 yr Nulllizrmy < Cellfll2qo )

2. We have | i Alu]dt| < C||f||f2(QO i

3. We have |lullqo_ ) < ClIfll20_)-

4. Testing with v = 0 and X such that e2co\ = X\

1
APdt<e?— Al dt| < ce?||f|? )
Jru PP a2 [ A1t < €A,
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Asymptotic Expansions

Collectively computed models for higher orders
System for order N = 2,3 and general right hand sides.
AN (x) =, in Q°

ext ext?

a5 ] @ — v (@0 - M ) = (0, o™,

[0554] (6) = (0 + 65 ){fx?} — Mo = &(e),  on ™,
) =0 on 8Q

Lemma (Stability)
Let N =2,3, Scg > 0 and Rey > 0. It holds

||l7€’N||H1(ngxt) +elMlzgmy < € (llf”L?(ngt) +e % lgull2grmy + ||g2||H—1/2(rm)) :

Error ¥ ,N+1 _ ~e,N

ot = Oy — u:x’él solves system of the same structure with f =0,

g1 = O(c"™) and g» = O(e"*).
Attention: Error only O(eN=1) 77
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Asymptotic Expansions

Collectively computed models for higher orders

System for order N = 2,3 and general right hand sides.

—ALG (x) = 1, in Q.
..5 N e,Nfo ~=,N _ m

[as] (0 = v MEsdH o — v o ) = &), on ™,

[0n5534] (6) = (0 + €5 ”){fx? o =Moo =a(e),  onr™,
iEN(x)=0 on 90

Lemma (Stability)
Let N =2,3, Scg > 0 and Rey > 0. It holds

||E5’N||H1(ngt) +ellMlzmy < € (”f”L?(ngt) + 872||g1||L2(|'m) + ||g2||H—1/2(rm)) .

N.,j
However, we can find functions v,,7 solving similar system than uY, and
7 ,N+1,k =i N _ us N

ot vt — Ut ZNH e vV solves system of the above structure with

o(1)

Result: 75Nk is O(eN+5~1) and so with k = 2

~e,N ,N ~g,N+1,2 N+1 N,N+1 N+2 N,N+2
| :xt - u:xt ”H1 wt) = ” egxt ”H1 O «t) +e * ” Vext ||H1 0 «t) +e * ” Vext
< C€N+1
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Asymptotic Expansions

Asymptotic expansion

N
. s
ext(X) ~ uext X) ZE uext(x uiant(t7 S) mt (i‘L S) ZEIU{nt(t7 ;)
i=0

Hierarchical partly uncoupled problem
» Existence, Uniqueness and Regularity for any order

» Convergence of asymptotic expansion

N-+1
|u® _uext”Hl +\[||u —uextHH1 <CN5 +

Hierarchical uncoupled problem for ul_,
» derived up to order 4, numerical experiments up to order 2

e,N
ext

well-posed, regularity, convergence

Collective computation for E:Q’ ~u
> system for order 1 like for ul_,,
> mixed variational system for order higher than 1

» well-posedness and convergence for Scg > 0 for order 2 and 3

K. Schmidt, S. Tordeux ENS Cachan Bretagne, September 1st 2009
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