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Transmission Problems with High Contrast Media
ELECTROMAGNETISM

Q

@ _ Highly conducting material CC 2: Conductivity o_ = 0 > 1
@ Y = Jf)_: Interface

o Q+ Insulating or dielectric body: Conductivity 0 = 0

Aim: Understand the electromagnetic phenomenon as 0 — o0
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Q

o () CC £ heat conductivity a_
@ Y = 0F)_: Interface
@ (2., : heat conductivity ay

Aim: Describe the transmission phenomenon as |a_ / ap|>1
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Q

@ Heat transfer equation (P,): divagrad p = f

a=(ap,a) st [a|/lap[— o0
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Transmission Problems in High Contrast Media

Q

@ Heat transfer equation (P,): divagradp =f

a=(ap.a) st fa/las] — o

@ Maxwell equations (P ):
curl E — iwpeH =0 and curl H + (iweg — 0)E = j

c=(04,0_) st. 04 =0 and 0_=0 — ©
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© Uniform piecewise estimates and regularity in Sobolev norms for
solutions ¢ of (Pa)

@ Uniform L? estimates for solutions (E, H) of (P,)
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Issues

© Uniform piecewise estimates and regularity in Sobolev norms for
solutions ¢ of (Pa)

@ Uniform L? estimates for solutions (E, H) of (P,)

Hypothesis
Y is a bounded Lipschitz surface in R®

Scalar case:
@ H.P. Huy, E. SANCHEZ-PALENCIA (1974)
Limit problem and Strong convergence results as a_/a+ — 00

@ S. HAssANI, S. NICcAISE, A. MAGHNOUJI (2009)
Maxwell case:
@ H. HADDAR, P. JoLy, H.N. NGUYEN (2008)
Uniform estimates under a stronger regularity assumption on 2
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Vo = HY(Q) or VN:{cpEHl(Q)|/Q<pdx:0}



Vo = HY(Q) or VN:{cpEHl(Q)|/Q<pdx:0}

(VPQ): Find ¢p € V = Vp orV = Vy such that

Vi) €V, / a+V<p+-VE+dx+/ a_Vyp -V dx=
Q4

_/Qfde—i—(aJr—a—)/ngds
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Scalar Problem

Variationnal Problem

Vp = Hy() or vy = {p e H(Q)| /Qgpdx =0}

(Vpg): Find ¢p € V = Vp orV = Vy such that

Yip €V, / a+Vg0+-VE+dx+/ a_ Vo -V dx=
Q4
—/f@dx—i—(aJr—a_)/gEds
Q pN

Hypothesis (Ha)
Q felL?Q) and g€ LX)
Q [ofdx= [fgds=0ifV=Vy and [fgds=01if V=V,
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Uniform Estimates

Theorem

Let us assume that a4 7 0. There exist pg > 0 independent of ay such that
foralla_ € {z € C||z| > polay|}, and for all data (f, g) satisfying (Ha),
(VP,) has a unique solution ¢ € V, which is piecewise H3/2 and

le™ll2 0, + o7 l1.0- < Coy(las| T lfllog + llallox)

with C,, > 0, independent ofa,a_, f, and g.

B GABRIEL CALOZ, MONIQUE DAUGE, V. PERON (2009)
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Uniform Estimates

Theorem

Let us assume that a4 7 0. There exist pg > 0 independent of a such that
foralla_ € {z € C||z| > polay|}, and for all data (f, g) satisfying (Ha),
(VP,) has a unique solution ¢ € V, which is piecewise H3/2 and

le™ll2 0, + o7 l1.0- < Coy(las| T lfllog + llallox)

with C,, > 0, independent ofa,a_, f, and g.

B GABRIEL CALOZ, MONIQUE DAUGE, V. PERON (2009)
Key of the proof: asymptotic expansion for ¢ with respect to the powers of

p~t:=ai(a_) " and convergence of these series in the piecewise
H3/2-norm
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Remarks

@ Similar estimate when the roles of a4 and a_ are exchanged. More
precise estimate where a4 and a_ play symmetric roles

©@ The assumption that ¥_ is Lipschitz is necessary

© For polyhedral Lipschitz interface ¥, uniform piecewise H® estimates:
leTlls,2, + e~ s < Cpo(lar ] lflls—2,0 + llollo—2 5)

for s < sy with some g <sy L2

@ For smooth interface X, uniform piecewise H® estimates for any s > 2

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 11/32



(Py)  curlE—iwpeH =0 and curl H+(iwep—c)E=j a = (0,0)

Q@ EXn=0 and H-n=0 on 91
Q@ E-n=0 and HXxn=0 on 0N
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Maxwell Problem

Framework and Boundary Conditions

(P;)  curl E—iwpoH =0 and curl H+(iwep—c)E=j a = (0,0)

Q@ EXn=0 and H-n=0 on 0RQ
Q@ E-n=0 and HXn=0 on 0N

@ BcCl jeH(div,Q)={ueL?Q)| divuelL?Q)}
@ B.C.22  j€EH(div,Q) = {ueH(div,Q2)| u-n=0 on IQ}
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Maxwell Problem

Framework and Boundary Conditions

(P;)  curl E—iwpoH =0 and curl H+(iwep—c)E=j a = (0,0)

Q@ EXn=0 and H-n=0 on 0RQ

Q@ E-n=0 and HXxn=0 on 91

@ BcCl jeH(div,Q)={ueL?Q)| divuelL?Q)}

@ B.C.22  j€EH(div,Q) = {ueH(div,Q2)| u-n=0 on IQ}

Hypothesis (SH)
The angular frequency w is not an eigenfrequency of the problem

CUrlE — iwpoH =0 and curlH+iwegE =0 in Qy
EXn=0 and H-n=0 on X
B.C.1 or B.C.2 on 02
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Maxwell Problem
Uniform L?(£2) Estimate

Theorem

Under Hypothesis (SH), there are g and C > 0, such that for all 0 = 0y, the
Maxwell problem (P, ) with B.C.2 and j € Ho(dliv, £2) has a unique solution
(E,H) in L?(€2)?, which satisfies:

IEllo.2 + [IHllo.2 + v/ [Elloa- < Cllilluiv.0)

Similar result for B.C.1 and j € H(div, )

@ GABRIEL CALOZ, MONIQUE DAUGE, V. PERON (2009)
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Maxwell Problem
Uniform L?(£2) Estimate

Theorem

Under Hypothesis (SH), there are g and C > 0, such that for all 0 = 0y, the
Maxwell problem (P, ) with B.C.2 and j € Ho(dliv, £2) has a unique solution
(E,H) in L?(€2)?, which satisfies:

IEllo.2 + [IHllo.2 + v/ [Elloa- < Cllilluiv.0)

Similar result for B.C.1 and j € H(div, )

@ GABRIEL CALOZ, MONIQUE DAUGE, V. PERON (2009)
Application: Convergence of asymptotic expansion at high conductivity
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3D Multiscaled Asymptotic Expansion

Uniform Estimates for Transmission Problems
000000000

0000000e

Maxwell Problem

Proof of Maxwell Uniform Estimate

Introduction

Lemma

Under Hypothesis (SH), there are oy and Cy > 0 such thatif o >

solution (E, H) € L?(£2)? of problem (P,;) with B.C.2 and data
j € Ho(div, Q) satisfies the estimate

[Ello,2 < Collilliaiv.2)

Similar statement for B.C.1 and j € H(div, Q).

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion

Numerical Simulations
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Maxwell Problem

Proof of Maxwell Uniform Estimate

Lemma

Under Hypothesis (SH), there are oy and Cy > 0 such that if o = g any
solution (E, H) € L?(£2)? of problem (P,;) with B.C.2 and data

j € Ho(div, Q) satisfies the estimate

[Ello,2 < Collilliaiv.2)

Similar statement for B.C.1 and j € H(div, Q).

Keys of the proof:
@ Electrical Field Decomposition into a regular field and a gradient field
B C. AMROUCHE, C. BERNARDI, M. DAUGE, V. GIRAULT (1998)

@ Scalar Estimates used for the gradient field V¢

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 141732
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References and Notations

Asymptotic expansion as 0 — o< of solutions of (Pg) when X is smooth:
B E. STEPHAN, R.C. McCAMY (1983-84-85)
Plane Interface and Eddy Current Approximation

B H. HADDAR, P. JoLy, H.N. NGUYEN (2008)
Smooth Interface and Impedance boundary conditions

[4 V. PERON (2009)
Smooth Interface and Perfectly Conducting Electric or Magnetic Wall B.C.
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References and Notations

Asymptotic expansion as 0 — o< of solutions of (PQ) when X is smooth:

B E. STEPHAN, R.C. McCAMY (1983-84-85)
Plane Interface and Eddy Current Approximation

B H. HADDAR, P. JoLy, H.N. NGUYEN (2008)
Smooth Interface and Impedance boundary conditions

[1 V. PERON (2009)
Smooth Interface and Perfectly Conducting Electric or Magnetic Wall B.C.
Hypothesis
@ X is a smooth surface
@ Perfectly Conducting Magnetic Wall b.c.
Q j € Ho(div,Q)andj=0inQ_
© Hypothesis (SH) on w
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By Theorem there exists Jg s.t. for all & < dg, there exists a unique solution

(E(s),H()) o (Pg)
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Asymptotic Expansion

WEg
di=4/— —0 as 0 — 0
o
By Theorem there exists dg s.t. for all & < g, there exists a unique solution

(E@)sHes)) to (Pg)
Then it is possible to construct series expansions in powers of ¢:

. _ . y
En0) ~ DOET).  EGe) & x(a) Do oW (v %)
j=0 j=0

EF en(eurl, Q1) . w e H(curl, X x Ry) profiles

(v3,Yy3): “normal coordinates” to ¥ in a tubular neighborhood U/_ of ¥ in Q2_

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 17132
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Asymptotic Expansion

WEg
d:=4/— — 0 as 0 — 0
o

By Theorem there exists dg s.t. for all & < g, there exists a unique solution

(E(s),H(s)) to (Py)

Then it is possible to construct series expansions in powers of ¢:

EES)(X) R Z(SJEJ*(X), Es) (x) = x(ys) Zéjwj (vs, %3)

j=0 j=0

EF en(eurl, Q1) . w e H(curl, X x Ry) profiles

(v3,Yy3): “normal coordinates” to ¥ in a tubular neighborhood U/_ of ¥ in Q2_
Similar result for the magnetic field.

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion
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Validation of the asymptotic expansion

Remainders

Aim: proving estimates for remainders Rp,. 5
m
R = E(5) — Zd‘E,— in Q
j=0

Evaluation of the right hand side when the Maxwell operator is applied to Ry,. 5:

curleur RY. s — k?ayRE. s = 0 in Q
curleurl R s — k*aR s = j.5 in Q-
[Rm;(; X n]z = 0 on X
[curl Rm: 5 X n]z = Qgpgs On X
curl R:;é X n = 0 on 02

with vy =land - = 1+i/6?

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 18/32



lim: sllz0- + llgm sll2 = + [l curls g 5lls » < Cmd™

with C,, > 0 independent of d.
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Validation of the asymptotic expansion
Estimates for Remainders

i sllz- + llgm; sll2 £ + [ CUrl £ g 512 5 < Crmd™ "
with C,, > 0 independent of 4.

Theorem

Under Hypothesis in the framework above, for allm € N and § € (0, (50], the
remainders Rp,. 5 satisfy the optimal estimates

IR sllo. + [T eurl Ry sllo.a.

+67 2[R slloa + 32| curl R slloa < cpo™

-~
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W =: (Wa, ; ;) in coordinates (yg, Y3) with Yz = %



W =: (Wa, ; ;) in coordinates (yg, Y3) with Yz = %
Wy = 0
Wai = —ao(ys) e and w; =0
Waz = [N {08 iro— Hiao} —ias +Ys{b oo~ Hiao} | (v5) €

W, = A0, i (vp) €
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Electrical Profiles

W; =: (W, ; w;) in coordinates (yg, Y3) with Y3 = %

WOZO

AYs

Wa,l = _ja,o(yﬁ) € and w; =0

Waz = [NH{bG ioo— Hiao} ~ias+Ys{bf o~ Hiao} | (vs) €
vy = XD, 5(ya) e

with
‘H mean curvature of 2

iax(vs) == A7t (curl EF x n)a(ys,0) and A= eI/

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 20/32



Levi-Civita Tensor €:

N (W k)/, /det (aq3(h))

aq3(h) : metric on X and (i, j, k) = sign of (i, j, k)
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Curl Operator and Levi-Civita Tensor

Levi-Civita Tensor €:

e = eo(is ], k)/\/det (aap(h))

aq3(h) - metric on X, and (i, j, k) = sign of (i, j, k)
Curl Operator in Normal Parameterization:

(V x E)® = eP9(OhEs — J3Es) on Xy

(V x E)® = €*FDNE, on X

D! : Covariant Derivative on X,

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion
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v, = (V*; v;) in (yg, Y3) coordinates



v, = (V*; v;) in (yg, Y3) coordinates
Vo(y,B,Ys) = Ho(y,B) e\ )

V(g Ya) = [H () + Ya (HHG 405 G ) (vs)| €

vi(ys, Ys) = 2D, Ho' (v3) g\

with Hj‘)‘(yﬁ) = (n % H]'") x n“*(yg,0)
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Magnetical Profiles

Vi =: (V7 vj)in (yg, Ys) coordinates
Vo(Yﬁa Y3) = Ho(Yﬁ) e\ )

V(s ¥a) = [HE(vs) + Y (PEHS +55 HE ) ()| €

Vl(yﬁa Y3) = A7'D, Hg(yﬁ) e

with Hjo‘(y@) = (n x HJ"') x n*(yg,0)
Comparison with
D H. HADDAR, P. JoLy, H.N. NGUYEN (2008)
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1D model of Skin Effect : {z > 0} = half-space conductor body

oz 2
|Es(2)|| = Ece @), £(0) :=,/m Skin Depth
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Skin Effect and Skin Depth

1D model of Skin Effect : {z > 0} = half-space conductor body

oz 2
|Ex(2)]| = Eo€ @, ((0) := ’/wuoa Skin Depth

U(o) =6/Re\.
3D model of Skin Effect, using profiles Vg, V4,

Y3
o

Y3)

V(Ya,¥3) = Vo(Ya, =) + 0Vi(Ya, 5

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 23/32
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Skin Effect and Skin Depth

1D model of Skin Effect : {z > 0} = half-space conductor body

oz 2
|Ex(2)]| = Eo€ @, ((0) := Mwuoa Skin Depth

U(o) =6/ Re .
3D model of Skin Effect, using profiles Vg, V1,
y y
V(YayYs) := Vo(Ya, 53) + 0V1(Ya, f)
Definition

Suppose that for all yq, |[V(ya, 0)|| # 0. The Skin Depth in a conductor body
at conductivity o and y,, on a Regular Surface X is the positive real E(a, ya)
defined on X taking the smallest value s.t.

V(s £ 30)) | = 5 V(s )]

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 23/32
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Asymptotic Behavior for Skin Depth

Theorem

Let > be a Regular Surface with mean curvature 7{. Suppose that
Ho(ya ) 7 0. The Skin Depth £(0,y, ) has the asymptotic expansion

L(o,ya) = {(0) (1 + H(ya) (o) + (9(0_1))

D MONIQUE DAUGE, ERWAN FAOU, V. PERON (2009)
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Asymptotic Behavior for Skin Depth

Theorem

Let > be a Regular Surface with mean curvature 7{. Suppose that
Ho(ya ) 7 0. The Skin Depth £(0,y, ) has the asymptotic expansion

L(o,ya) = {(0) (1 + H(ya) (o) + (9(0_1))

B MONIQUE DAUGE, ERWAN FAOU, V. PERON (2009)
Key of the proof:

IV(va,ys)lI* = [HH0H2+25 Re(Ho, Hy )+2ysH |[Ho|[2+O(, Y3)} o 25/4(0)

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 24132
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@ Magnetic Field



@ Magnetic Field

@ Framework: 2_ and 2 Axisymmetric Domains



@ Magnetic Field

@ Framework: 2_ and 2 Axisymmetric Domains
@ F Axisymmetric & Orthoradial — H, Axisymmetric & Orthoradial
2D Problem — accuracy
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Numerical Simulations

FEM Discretization

@ Magnetic Field

@ Framework: 2_ and 2 Axisymmetric Domains

® F Axisymmetric & Orthoradial — H, Axisymmetric & Orthoradial
2D Problem — accuracy

@ Variational Form : Unknown H, = Hyg(r,z) € V
z

+3
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Numerical Simulations

FEM Discretization

@ Magnetic Field
@ Framework: 2_ and 2 Axisymmetric Domains

® F Axisymmetric & Orthoradial — H, Axisymmetric & Orthoradial

2D Problem — accuracy

@ Variational Form : Unknown H, = Hyg(r,z) € V
z

+3

@ Finite Element Library Melina

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion

Numerical Simulations
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Numerical simulations

Mesh Refinement

Q_ & coaxial ellipsoidal domains — QM & Q™ coaxial half-ellipsis

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 27132
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Numerical Simulations
Skin Effect in ellipsoidal geometry

| ImHg| for 0 = 5S.m™* |ImH,| for o = 80S.m™*

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 28/32
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Asymptotic Behavior for Skin Depth in Ellipsoidal Geometry

1

|ImH,|foro =5S.m™

Conductor = Q™ (H > 0) Conductor = QT (H < 0)

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 29/32
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Asymptotic Behavior for Skin Depth in Ellipsoidal Geometry

|ImH,| forc = 58.m~*

11914401

Conductor = QM Conductor = Q'

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion 30/32
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Numerical Post-Treatment
Linear Regression

Extract |H,(h)| along edges of the mesh of Q™ whenz = 0:h = 2 — r.
Linear Regression in skin(o") — n(o) points — "numerical” slope s(o’)

=s(o)h+b

log,q ‘Ha(h)

0 110910 |Ho(2 —r)|wheno =5 o :logyo |Hs(2 — )| when o = 80
n(oc) =7,s(0) = —3,65542 n(c) = 3,s(c) = —16,279162

V. Péron Skin-Effect Description in Electromagnetism with a Scaled Asymptotic Expansion
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@ Troncated Asymptotic Expansion : H, | 1= Ha_, ot 5')"[9_’1



@ Troncated Asymptotic Expansion : Ha_,1 = Ha_, ot 57‘[9_’1
o togso[Hjy (2~ 1) = ¢+ A@. D)z 1) + O(siz 1)



@ Troncated Asymptotic Expansion : Ha_,1 = Ha_, ot 57‘[9_’1
o togso[Hjy (2~ 1) = ¢+ A@. D)z 1) + O(siz 1)

@ "Theoretical” slope 3(c, X) := 25 (H — ﬁ)
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Post-Treatment

Accurary of Asymptotics

@ Troncated Asymptotic Expansion : H;l = H;O + 57‘(51
o toge Hy (2 ) =c+ B D)z 1)+ O(Liz 1)
@ "Theoretical” slope 3(c, L) = L(H - ﬁ)

In10
@ Relative Error between slopes: error = ‘ﬁ Uﬁzo) S(o)‘

o 5 20 80
skin(o) (cm) 10.3 5.15 2.58
n(o) 7 5 3
s(o) —3,65542 | —7,883903 | —16,279162
B(o,X) —3,673319 | —7,889506 | —16,32188
error (o) (%) 0,48 0,07 0,26
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