Workshop of Asymptotic methods, mechanics and
other applications

August 31st and September 1st 2009 ENS Cachan
Bretagne.

Asymptotic Numerical Method
for Multiscale Buckling Analysis
of Heter ogeneous M aterials

Saeid NEZAMABADI?Y, Hamid ZAHROUNI !, Julien YVONNET ?,
Miche POTIER-FERRY?

1 Université Paul Verlaine- Metz, Laboratoire de Physique et Mécanique des Matériaux, FRE CNRS 3236
2 Université Paris-Est, Laboratoire Moddisation et Simulation Multi Echelle, FRE CNRS 3160

1! ’ L.ABORATOIRE DE
CENTRE NATIOMNAL ot
NIVERSITE PARIS-EST PHYSIQUE ET
D [ scienTHOUE /_‘/)W L\ ol r 53IHIE MECANIQUE DES

universite - metz MATERIAUX




Plan

| ntroduction
Numerical homogenization of the nonlinear problems
Using homogenization to deal with instabilities
Our homogenization approach

Micro-macro problem for mulation

¢ ANM for the nonlinear constitutive laws

Applications:
Bending of arectangular beam
Buckling of a shallow arch
Elastic microbuckling of a heterogeneous material
Plastic microbuckling of afiber reinforced composite

Conclusions et Per spectives

01/09/2009



q

q

Introduction
Numerical homogenization of the
nonlinear problems

The fully meshed model: the whole structure is meshed, including all heterogeneities;
Ladeveze et al. (2001).

The multiscale finite element method (FE2): This technique simply correlates the
micro structural response with the overall macroscopic behaviour, irrespective of the
deformation level or the material behaviour; Smit 1998, Terada 2001, Ghosh 2001,
Feyel 2000-2003, Yvonnet 2007.
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I ntroduction
Using homogenization to deal with
instabilities
The instability phenomena in the context of multiscale homogenization
analysis of heterogeneous materials are of structural (macro) and/or

material (micro) types.

Abeyaratne and Triantafyllidis (1984) studied the macr oscopic instability of a
finitely strained periodic porous elastomer with a srictly rank-one

convex matrix by homogenizing the tangent moduli.

Miehe et al. (2002): Investigation of the properties and the interaction of two
coupled minimization principles. the principle of minimum _potential
energy of the macrostructure and the principle of minimum average enerqgy

of the microstructure.
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| ntroduction
Our homogenization approach

We combine the multilevel finite element method (FE?) and the asymptotic
numerical method (ANM).

The principle of the ANM isto build up the solution branch in the form of
power seriesthat aretruncated at rather large orders.

|ntroducing such expansion in the nonlinear problems at both macro and
micro scales, it resultsa series of linear problems.

The superposition principleisapplied on each linear problem.

Theadvantages with the ANM::

The localization tensor is constructed for each asymptotic
step;
High order approximation;,
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| ntroduction
Our homogenization approach

Only one decomposition of the tangent matrix per step;
Large asymptotic steps,
No iteration;

Estimate a posteriori the length of each step of calculation in
contrary to the method of Newton-Raphson.

— Reduction of calculation time;
Following the complicated responses.

6 01/09/2009



° Micro-macr o problem formulation

N.P=0 dans W
S=C:y

Boundary conditionsin
the microscopic scale
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Boundary conditionsin the microscopic scale
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Micro-macro problem formulation
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Macr o problem formulation

Theweak form associated with the macroscopic problem iswritten as:

Collecting terms with the same powers of "a” induces a sequence of
linear problems defined as follows:

Q P, rdFdw=L Qs F.dudG "p=1.N
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Micro problem formulation

The microscopic problem iswritten as following:

]_QtP:dFdW:O
I

:’P:FS dans W

+C.Liu-u =(F- 1) (X*- X)) sur W
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Micro problem formulation

Perturbation :
Expanding the microscopic problem gives.
At order 1. At order p:
: I Q'P,:dFdW=0
1Q/P.idFdw=0 ls co.
.I. (r) . I p 'Yp
5 =C i I
|' F)1 = Fosl + Flso dans W :' I:)p = |ZOSp + |:pSO + a_.l I:rSp—r dans W
| 1t t T = ..
Y1 =5\ FoR+ FF
| ’Yl_z( 0" 1 1 0) Iyp:%g FOFp+tFpFO+§_tFer_rg
tF =Ny I ~ r=1 ]
+C.L.:u+1-u'1:E(X+-X') sur W 1 Fp =Nu,
+CLiup-u,=F (X7- X)) surqw
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Micro problem formulation

Substitution:

Using the substitution technique leads to:

At order 1.

1L (u,du)=0 dans W
t+CLou-u =R (XT- X)) sur qw
At order p:

iL (u,,du)=F"(du) dans W

t+C.Loiu-u =F (X7- X7) s qw
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Micro problem formulation

L ocalization:

The linear microscopic problems are solved partially because F,is
unknown. Hence, at order 1, u, can be expressed as a linear
combination of the solution modes obtained by imposing
Independently the homogeneous deformation fields through the
boundary conditions (e.g. 2D):

b = FRAW +FR I+ F2G@ +F20® dans W
where i) arethe solutions of the following problem:
iL@",du)=0 dans W
'IT'+C. L.: g - g =x 7. x @ gy mw
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Therefore, at order 1: u, = A: E

Micro problem formulation

where A is a third-order tensor. The microscopic deformation gradient

tensor, F, iswritten as:

Nu, =F, L

u, =Ny =F=A,:F

At order p, we can obtain in the same manner:

u, =A: fp +ugI
where up“' is obtained:

L (up,du) =F " (du)

Hence, we have:

F,=A,:F +ug',X

P P
14

L ocalization tensor

dans W
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Micro-macro problem formulation

Therefore, at order p: P=L :ﬁp"'PSI

The effective stresses can then be obtained at each order p by the coupling
relation between micro and macro:

P,=(L):F,+(P)

p

<L> IS the macr oscopic constitutive tensor.

Finally, the expansion of macro problem isrewritten:
\Ntlp A —_ N % —
Q PodFdW=L @ F .dudG

a0

O Fi(L):dFdw=L @ F .dudG- ¢ (Py):d Fdw
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ANM for the nonlinear
constitutive laws

In the context of ANM, the expansion of the constitutive law can be
generally written asfollowing:

Linear constitutive law: S,=Cly,

. L _ — : 4 Qres
Nonlinear constitutive law: S,=C iy, +S5,

Her e, two behaviour of materials are consider ed:
@Hyperelasticity
DPlasticity
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ANM for the nonlinear
constitutive laws

| sotropic hyperelastic materials:
U = U[[,(C), I,(C), L(C)]

where
I,=1:C=Tr(C)
. 1 7. — 7. 125
=3 Tr(C)? = Tr(C?)]
I3 = J? = det(C) = det(F)

C =F'F
where C isthe symmetric right Cauchy-Green strain tensor.
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ANM for the nonlinear
constitutive laws

The second Piola-Kirchhoff stresstensor can be obtained as following:

L 0(C) 5 ooy oo, ovaly,

S=2 =2 + +
50 3nac T anac T anac

where;

oL _0(Tr(C)) _9(1:C) _,

ac -~~~ ac  aCc

oI, 1 ey O(TR(C]
ol aJ* . 1.,
ac — o e =3/

Hence, we have:

L [fow  ow ov o
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ANM for the nonlinear
constitutive laws

Three models of the isotropic compressible hyperelastic materials are
considered in thiswork (for the incompressible case: J=1):

M ooney-Rivlin modd: S =2(e1 + c2lh)1 — 2e2C + [EC‘JE— 1) —d)|C.

Neo-Hookean model: ‘
S = [AQE — jin) C 11+ ol
(extension of Hook’ s law)

+Jm—11+3

Gent modd!: S = ﬂT.JT —d—1|Cc! I [] :

The difficult termsto treat in the context of the ANM are: C1, J and
LnJ.
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ANM for the nonlinear
constitutive laws

Treatment of the difficulties:

Ci’-m.l _ C—] — cc_‘_-i.ﬂﬂ — ] =

Eji.ﬂt' — 1Eﬂﬂgpcéﬂﬂ o 1-i!.ﬂ.-i'.| Z l:. Gi-‘?‘.!-‘t-' — 1-i!.ﬂ.-i'.| E*m.-i-.:l E- + Eﬂﬂt[ﬂ!}

P

J? =det(C) = €;xCi1Ci2Chs —0u

p—1
20y Iy = e | (CaCia)o(Chralp + (CinCh)p(Cralo + Z{U-i-lcjﬂ)‘lf'{{:"kﬂ:lp—ﬂ"] =1:C,+ f;‘r

r=1

B=InJ = Jif—-0J=0 =
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ANM for the nonlinear
constitutive laws
S,=C,:y,+S"

M ooney-Rivlin model: Co=2[26 (1T = 9) —ao(CF™ @ CF™)] + e (210 — 1) CF™
p—1
5;&3 = ag C:;ﬁt:[ﬁlj + &-r;! C:éﬂ-ﬁ + Zﬂ’?‘ C:;'i"it;
r=1
NEO-H OOkean mOdel Ct = _—2 U"-D.SEI _ P'*EI:I {C:éﬂ-ﬁ E_::l Ciﬂnwj + E%C:Eﬂi'ﬂ :

(extension of Hook’ s law) 1
P—

Syt = (Moo — o) CF™ + XoBE CF¥ + X0 Y _ B, T,
=1

Gent mode!: — S el B i vinu X0

p—1
: . vinuv(nl al Friny . vinw
E';m =H {hn C:?m "+ kp G + Z Hr C:;jr}
R |
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ANM for the nonlinear
constitutive laws

Plasticity:
@Defor mation theory:

L oi de comportement non linéaire Ramber g-Osgood:

, un—l

Ey=(1+v)S'- (1- 20)Pl +3a gu S
y

Pour plusd’infor mation, voir These de Zahrouni (1998).

@1 ncremental theory:
Assidi et al. (2009)

22
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Applications

Four examples:

¢ Bending of arectangular beam

¢ Buckling of a shallow arch

¢ Elastic microbuckling of a heter ogeneous material

¢ Plastic microbuckling of afiber reinforced composite

In all examples:
ANM: N=15 0=10°
Poisson ratiov = 0,3
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Bending of arectangular beam

Point A Af

| IT\ Immm

| >
100 mm

ANNNN
B__

A

|
Point B

Material 1

AN

We havetested:
Different rigidity ratios;
Different volume fractions;

Material 2 Different inclusion shapes.
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Bending of arectangular beam
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800
7001 —Multiscale-ANM
——Fully meshed model
600
S22 S11
500

200 -100 {) 100 200 300 400 500 600
Stresses

Point A

700

S22

Bending of arectangular beam
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Circular inclusion and rigidity ratio of sE,/E,= 10
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Bending of arectangular beam
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Buckling of a shallow arch

R = 2540 mm

0 = 0.082 Rad. /

I —_ = -

T /
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Buckling of a shallow arch

——RVE with circular inclusion

—RVE with vertical elliptical inclusion
——RVE with horizontal elliptical inclusion

29
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Elastic microbuckling of a
heter ogeneous material

L.
>
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Symmetry plane
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N

Different RVE can be constructed
from the elementary cell.

f

Fiber

Elementary Cell (Eg,o /Eparix=1000)
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Elastic microbuckling of a
heter ogeneous material
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Charge A
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Elastic microbuckling of a
heter ogeneous material
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Ing of a

buck]

heter ogeneous material
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Elastic microbuckling of a
heter ogeneous material
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Contrainte P22 (-Gpa)
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Plastic microbuckling of a fiber
reinforced composite

Fibre T300 Martrice 914
E; = 240 Gpa E_. =45 Gpa
vy = 0.3 Ve = 0.4
Fraction volumique de fibre : f = 0.6 n=~6
Diameétre de fibre : d; = 10um 7, = 115 MPa
vo=0.5um e2 ________
v0=1um
v0=1.5um
v0=2um
v0=2.5um
V,=3pum

1 1 1 1 1 1 1
0.2 0.4 0.6 0 8 1 12 14 1.6
Déformation Ty (-%)
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reinforced composite
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Plastic microbuckling of a fiber
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Plastic microbuckling of a fiber
reinforced composite

Point A Point B Point C Point D Point E

Deformed shapes of the microstructureat 1P |

37 01/09/2009



Conclusions

Combining ANM and FEZ2 permitsto:

Deal efficiently with the instabilities which may occur on
both the micro and macro levels in the heterogeneous
materials;

Apply superposition principle on linear problems
obtained by perturbation to construct a localization
tensor;

L arge asymptotic step thankful of high order
approximation;

Save computational time compared to the classical
Newton-Raphson method.

38 01/09/2009



Per spectives

¢ Reduction of computational time (Parallel computational,
POD, ...);

¢ Second order homogenization:

— 1
F+QidG=—@'P:dFdw
w @

X=FX+iXGX+w

t—
P
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Secopd

order homogenization

=

N.P=0 dans W
S=C":y

Kousenetzova et al.
2002 et 2004

xt—x"=F (Xt -X"7)+ %G (Xt XY -X"X7) sur dw

_ _ 1_- S
40 f x dl =F. f Ndl'+ =G f X~ X~dr 01/09/2009
B B 2 B
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