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bridged crack = finely periodic surface defect = what effective behaviour?

boundary layer effects second order effect



2x

1x

F

!  "D "#

 X

!D"

X

2x

1x

F

!

Heterogeneous body

First order homogenization

no crack!

σ = A
hom

ε in Ω

[[u]] = 0, [[σ]]n = 0 on Γ
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Engineer heuristic approach
line spring model

σi1 = ki[[ui]]

[[σi1]] = 0

Issues
• 
• justification?

ki = ?

Second order asymptotic method

line spring model = bad model

[[σi1]]!=0

1
2

∫

Γ

(
Em

εα2K1
[[v1]]2 +

Em

εK2
[[v2]]2 − 2

β

α
Em[[v1]]

∂v2

∂x2

)
dx2 σi1 = ki[[ui]]+extra terms
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Equilibrium in Ω \ Γε

m
: divσε = 0

Constitutive equation in Ω \ Γε

m
: σε = Aεε(uε)

Boundary condition on Γε

m
: σεn = 0

Asymptotic method 



Matched asymptotic expansions
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∞∑
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∞∑
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∞∑
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Outer expansions

Inner expansions

Matching conditions

(near Γ)

(far from Γ)

lim
y1→±∞



vi(x2, y1, y2) −
i

∑

j=0

yi−j
1

(i − j)!

∂i−juj

∂xi−j
1

(0±, x2, y2)



 = 0
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Outer problems

Inner problems

Matching conditions

Boundary conditions on the “crack”

Boundary conditions at infinity



Order Outer Inner

−1 0 = Aεy(u0) 0 = Aεy(v0)

i ≥ 0 σi = Aεy(ui+1) + Aεx(ui) τ i = Aεy(vi+1) + Aεx(vi)

Order Outer Inner

−1 0 = divyσ0 0 = divyτ0

i ≥ 0 0 = divyσi+1 + divxσi 0 = divyτ i+1 + divxτ i

Equilibrium

Constitutive equations

Boundary + Periodic + Matching conditions



Outer first order

u
0(x, y2) = u(x) σ(x) ≡

∫ 1

2

−
1

2

σ0(x, y2)dy2

σ = A
hom

ε(u) in Ω

[[u]] = 0, [[σ]]n = 0 on Γdressmaker principle!

σ0

m
= ασ11 + βEmu2,2

effective behaviour

matrix axial stress

α =
1 − Vf (1 − νfνm) + Vf (1 − ν2

f )Em/Ef

1 + VfVm

(

(1 − ν2
m)Ef/Em + (1 − ν2

f )Em/Ef − 2(1 − νfνm)
)

β =
Vf (νmEf/Em − νf )

1 + VfVm

(

(1 − ν2
m)Ef/Em + (1 − ν2

f )Em/Ef − 2(1 − νfνm)
)



                     

                     

Order Outer Inner

−1 0 = Aεy(u0) 0 = Aεy(v0)

i ≥ 0 σi = Aεy(ui+1) + Aεx(ui) τ i = Aεy(vi+1) + Aεx(vi)

Order Outer Inner

−1 0 = divyσ0 0 = divyτ0

i ≥ 0 0 = divyσi+1 + divxσi 0 = divyτ i+1 + divxτ i

Equilibrium

Constitutive equations

Boundary + Periodic + Matching conditions



εy(v0) = 0

v0(x2, y) = v0(x2)periodicity

matching u0(0+, x2) = v0(x2) = u0(0−, x2)

divyτ0 = 0

integration+ periodicity
∫ 1/2

−1/2
τ0
i1(x2,+∞, y2)dy2 =

∫ 1/2

−1/2
τ0
i1(x2,−∞, y2)dy2

matching σi1(0+, x2) = σi1(0−, x2)



                               

                               

Inner first order
v
0(x2, y) = u(0, x2)

v1(x2, y) = σij(0, x2)χ
ij(y2)+y1u,1(0, x2)+σ0

m(0, x2)V
1(y)+σ21(0, x2)V

2(y)+v̌(x2)

τ0(x2, y) = σ0(0, x2, y2) + σ0

m
(0, x2)T

1(y) + σ21(0, x2)T
2(y)

1 2
2 inner “universal” problems

Kij ≡ Em

∫
Y\Γm

Aε(V i) · ε(V j) dy

Effective “surface” coefficients

K =

(

K1 0

0 K2

)

1 1

τ̂

v̂



Outer second order

u
1(x, y2) = σij(x)χij(y2) + û(x) σ̂(x) ≡

∫ 1

2

−
1

2

σ1(x, y2)dy2

second order macroscopic fields

divσ̂ = 0 σ̂ = A
hom

ε(û)In Ω\Γ :

On Γ :

[[û1]] = αK1

σ0
m

Em

[[û2]] = K2

σ21

Em

[[σ̂11]] = 0 [[σ̂21]] = βK1

∂σ0
m

∂x2

At ∂Γ : ponctual forces

singular problem (not finite energy}



u1(0±, x2, y2) = limy1→±∞

(
v1(x2, y1)− y1

∂u0

∂x1
(0, x2)

)

= σij(0, x2)χij(y2) + σ0
m(0, x2)V 1(±∞) + σ21(0, x2)V 2(±∞) + v̌(x2)

[[û]](x2) = σ0
m(0, x2)

(
V 1(+∞)−V 1(−∞)

)
+σ21(0, x2)

(
V 2(+∞)−V 2(−∞)

)

V 1
2 (+∞) = V 1

2 (−∞), V 2
1 (+∞) = V 2

1 (−∞)

0 = ∂τ1
i1

∂y1
+ ∂τ1

i2
∂y2

+ ∂τ0
i2

∂x2

= ∂τ1
i1

∂y1
+ ∂τ1

i2
∂y2

+ ∂σ0
i2

∂x2
+ ∂τ̂i2

∂x2

= ∂τ1
i1

∂y1
+ ∂τ1

i2
∂y2

− ∂σ0
i1

∂x1
+ ∂τ̂i2

∂x2

integration over Y+periodicity+matching

∫

Y
τ̂i1dy = 0

equilibrium

[[σ̂11]] = 0

[[σ̂i1]](x2) = − ∂
∂x2

∫
Y τ̂i2(x2, y)dy

= −∂σ0
m

∂x2
(0, x2)

∫
Y T 1

i2dy − ∂σ21
∂x2

(0, x2)
∫
Y T 2

i2dy

symmetry∫

Y
T 2

22dy = 0

symmetry



Up to the second order effective model

[[U ε

1]] = εαK1

(

α
Σε

11

Em

+ β
∂U ε

2

∂x2

)

[[U ε

2]] = εK2

Σε

21

Em

[[Σε

21]] =
β

α
Em

∂[[U ε

1]]

∂x2

[[Σε

11]] = 0

Σε = A
hom

ε(U ε)

f = (f+ + f−)/2

min
v

{

1

2

∫

Ω\Γ
Ahomε(v) · ε(v)dx +

1

2

∫

Γ

(

Em

εα2K1

[[v1]]
2 +

Em

εK2

[[v2]]
2
− 2

β

α
Em[[v1]]

∂v2

∂x2

)

dx2 − f(v)

}

Variational formulation

quadratic surface energy Extra terms



Comparison with the line-spring model

νm = νf = ν

Vm = Vf = 0.5

Em ! Ef

p

q



Comparison with the line-spring model

νm = νf = ν

Vm = Vf = 0.5

Em ! Ef

p

q



Comparison with the line-spring model

νm = νf = ν

Vm = Vf = 0.5

Em ! Ef

line-spring model up to second order effective model

K1 ≈ K
0

1ε22 ≈

1 − ν2

2

q

Em

p

q

Σ
ε
=

(

p 0

0 q

)

α ≈ 2
1 + ν2

1 − ν2

Em

Ef

[[U ε

1]] = εα2K1

p

Em

+ εαβK1ε22[[U ε

1]] = εα2K1

p

Em

β ≈

2ν

1 − ν2

[[U ε
1]] ≈ 4εK0

1

(1 + ν2)
2

(1 − ν2)2

(

Em

Ef

)2
p

Em

[[U ε
1]] ≈ 2εK0

1

1 + ν2

1 − ν2

Em

Ef

νq

Em



Generalization

• 3D
• holes or inclusions

• 6 elementary problems in 3D (3 in 2D)
• the surface energy contains the jump of the displacement and the tangential strains

1

i, j ∈ {1, 2, 3}
α, β, γ, δ ∈ {2, 3}

Perspectives :  Properties of the effective coefficients B, C, D

1
2

∫

Γ

(
Bij

ε
[[vi]][[vj ]] + Ciαβ [[vi]]εαβ(v) + εDαβγδεαβ(v)εγδ(v)

)
dΓ



Conclusion

✓ The boundary layer effects can be represented by an effective surface energy 
richer than that given by the line spring model

✓ The effective coefficients are obtained by solving "universal" problems 
(characteristic of the local defect)


