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Context and motivation

Aeroacoustics : sound propagation in flows

Specific difficulty : modelize the interaction
between acoustic waves and walls

From E. ). Brambley (J. Sound Vibr., 2009)

“ lining models (proposed in the litterature)
are shown to be ill posed ”

Obijective : derive new lining models
using rigorous asymptotic analysis
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Galbrun’s equations in a 2D thin duct

(®).

(O + M:.0p)* ue — Op(Ozue + 9yve) =0

Oy + Mo0,)* ve — 0y (Ogue + 0yv.) =0
Y Y

ve(z,

zé,t) = 0

The problem is well-posed as soon as

M., € WH(~1,1)
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A dimensionless model

Passage to the limit

ur — U, Vi — V

Formal limit model

(at _I_Mﬁx)Qu — axd — O

(®)

L yu+ Vo= d(zx,t)
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The quasi | D model

(@) (8 +My)*u—09;7[E(u)] =0

When M is constant, M and E commute :

® One advected |ID wave equation
(O + MO,)? [E(u)] !V 97|E(u)] =0
® Decoupled ID transport equations

(O + MO,)? u= 07| E(u)]
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Towards the well-posedness analysis

w(x,y,t) G u(k,y,t)

Uky,t) = ((uky.t), [(1+ ikM)u](k,y,t))’

First order evolution problem: | + 1tk A(MYU = C

where A (M) is the operator in L4(—1,1)°

M I
A(M) =
E M
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Towards the well-posedness analysis

As the operator A (M) is bounded, we can write
Uk, t) = e FAGDEET (1)

The problem is to get uniform bounds in k.

As A (M) is non normal, general theorems from
semi-group theory do not apply.

Intuitively, one expects well-posedness if and only if

oc(A(M)) cC™ (C™:={Imz<0}).
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Eigenvalues of A (M) (1)

With an explicit computation, one establishes that

Lemma: A number A | C\ Im M isan eigenvalue

of A(M) if and only if:

(£) Fu(l)=2, where Fy(!):= /_1 (| _s/ly(y))Z

This eigenvalue is simple associated with

(1) = ( O\ —1M)2 "\ —1M) )
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A(M) =
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u=v/ (AN—M)

AM)U=NU <= {
v=E(u) /(A — M)




Eigenvalues of A (M) (2)

The study of real eigenvalues is easier because Fy ()
is real-valued along the real axis

Lemma : The operator A (M) has exactly two real
eigenvalues outside the interval [Ny , M |

N <M, <My <Ay
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Definition of a stable profile

Definition :a Mach profile M is unstable if

( £) has non real solutions

and stable if not.

Theorem : if M is unstable, (P) is strongly ill-posed
Conjecture : if M is stable, (P) is well-posed (*)

(*) has been proven in some cases (see later)
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A by-product : hydrodynamic instabilities

Theorem : if M is unstable, ((P)e is unstable, i. e.
(Or + MOy )*ue ! 0y (Ozue + Oyve) =0
2(0y + MOy)* vt 0y(0rue + Oyve) =0

@,

Hu€||L3(L3) T HVsHLg(Lg) > C(Ug,uq) €7

Most known results concern the incompressible case:
Rayleigh, Fjortoft, Drazin, Schmid-Henningson...

This is a low freq. approach in opposition to the high freq.
approach of O. Laffite & al for Rayleigh -Taylor instability
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Stability results

They have been obtained with the following process

|. The profile M is approximated by a piecewise linear
continuous profile M such that

| Mp — M|~ —0, h—0

2. One analyzes the equation (£) for My,
( the function F s, (A) is a rational fraction )

3. One concludes using perturbation theory for
eigenvalue problems (Kato)
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Theorem :the profile M is stable in the following 3 cases

I. M is convex or concave in |-1,1]

2. M is decreasing and convex - concave

3. M is increasing and concave - convex

T T
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However, it is possible to obtain several results in the case
of odd profiles, increasing and convex - concave.
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: 2
Theorem : Assume that M is odd, of class C
increasing and convex - concave, V] is unstable
if and only if

P MI(0)2 g M(y)?

2
» y2 M (y)2 dy <1+ M7(0)
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Instability results (1)

Application : M (y) = atanh(ay), a >0, a>0.

Let | * the unique solution of

a tanha =1 (o' ~ 1.1996)

The profile ] is unstable if and only if  (*)

a>aF and a< [1—! tanh!}%

(*) a>a" = | tanh! < 1.




Computation of discrete spectra

With finite dimensional approximation spaces one

constructs discrete approximations A (M) of A(M)

One computes the spectrum of A (M)
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The case of an unstable tanh profile
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Instability results (2)

Let N/ be continuous and {Yj} be a regular
mesh of |—1, 1] of stepsize h > 0.

Let M}, be the piecewise constant profile given by

1 Yji+1
Mp(y) = > M(y) dy, vy € yj,y;+1 ]

Yj

Then, for i small enough, M , is unstable.

This points out how delicate is the numerical
approximation of the problem
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A well-posedness result
(A) M is stable (! ( £) only has real solutions.)

B) M e C?*V'(-1,1), M'# 0, M" # 0in[—1,1]

Theorem : Under assumptions (A) and (B), (@’) is weakly
well-posed :if (ug,u1) € Hj;([é) X H;”(L?J),

there exists a unique solution

ue CPRTH(Ly)) x CHRT;LE(L))

lu( Ollapzzy <CM) (1+t7) (HUOHH;l(Lg) + HulHHX?)(Lg))
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Proof of the theorem

Since (0 + M,)* u = 82 [E(u)}, it suffices to study
Ulx,t) := |E(u)|(z,t)
Using the Fourier-Laplace transform in
Uz, t) — U(k,s), keR, seC

one obtains an expression of the form :

1 . qb()‘v k)
k) = T Oy

where @ is known explicitly from (g, 11 )

s= Mk
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Proof of the theorem

With inverse Laplace transform in time:

ﬁ(k,t) _ / ¢()\7 k) e—ik)\t d\

with £ Ay >0 .

This integral is studied using complex variable techniques.
A — (N, K) is analytic outside [M _, M 4]

We have to use the analyticity properties of Fjy ().
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Branch cut of | Fjy ()

Poles of (Fiy (\) —2) '
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UX, t) =U,(X t) + U.(X, t)

J

Uy is a solution of the generalized wave equation

(0! Ay 02)(D0! A 0,)] Up =0

U, is a continuous superposition on A of solutions
of squared transport equations

M 4
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A numerical illustration

We get a quasi-analytic (through mutiple integrals)
of the solution which is complicated but can be
exploited for numerical computations

We present a numerical result for a linear profile (*)

M(y) = Mgy

and for the following initial conditions

uO(X1 y) — g(y)1 UO(X1 y) = 0.

where ( is a gaussian profile.

(*) for which our expression is still valid
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The function U(z,t), My=1

The red arrows move at velocities ! + and A_ = — A4

The black lines move at velocities * (1 + M)
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The function u(x,y,t),
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Effective boundary conditions (in progress)

N\

ve — 02 [TMVJ — &‘(&,;u5 + (9yvg)

VVVVVYVVVVYVYVYYYY

Ty (x,t) — [TM! (az,t)] = E[u(' )]

(0r + M0z )" u(p) — 05 [ E(u(0))] =
u(p) = du(p) =0 at t=0.




