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Motivations

MULTISCALE ASYMPTOTIC AND NUMERICAL APPROXIMATION FOR
SURFACE DEFECTS AND APPLICATIONS IN MECHANICS.

» take into account surface and volume microdefects of materials
~~» multiscale asymptotic analysis

> propose a cheap numerical method
~> superposition method

» application in mechanics
~~> cracks initiation and propagation



The leading ideas

Assumptions on the unperturbed problem
I'p

> O € 9N \ b
> 0 is flat in the neighborhood of O
o > f e C§°(Q)

Solution of the unperturbed problem

—AUO = f in Qo
u = 0 onlp

(9nU0 = 0 on 8QO\FD



A single defect

[Mazja-Nazarov-Plamenevskii, Dambrine-Vial]

Assumption
I'p

> Q. =Qp \ ew with w starlike w.r.t. O
> e (5P (RQ)

Solution of the perturbed problem
—Au., = f in€Q,

uu = 0 onlp
Owte = 0 ondQ\Tp

Compare u. and



The main ideas of the asymptotic analysis

» use multiscale expansion

& slow variable x at the scale of the domain,
& fast variable x /e at the scale of the perturbation

» compare u. to the limit ug
= correctors to compensate the Taylor expansion of ug at 0

» to make the correctors stick on €.
(through a cutoff function for boundary inclusions)
= generate correctors in slow variables



Profile

Solution of a boundary value problem in the infinite domain Q. = !imO Q. /e
1 .
o p —AV 0 in Qs
.o VY = g on 90

Vi — 0 atinfinity

g=—Vu(0) -n

Theorem
There is a unique weak solution V! in the variational space

%
(1 +[X]) log(2 + |X])

{v; VV e L3(Q)  and eLQ(Qoo)}
Behavior at infinity:

VI(X) = O(1X|™") and VV(X) = O(|X|™?)  when |X]| — oo



A model result: expansion at order N

For all N, the solution u, of

—Au. = fin€,
u. = 0onlp
Ontz: = 0on 0QN\Ip
reads
N N
ue(x) = up(x Z Vi) 4 Z T (x) + Om(a.)(e N+Ly
i=1 i=2

» the profiles V' compensate the ith term u’ of Taylor expansion of ug
and of w/ for j < i

» the correctors (in the slow variable) w’ compensate the error
generated by the cutoff. ||w'|m(q.) = O(1)



Two inclusions

[Bonnaillie-Noél, Dambrine, Tordeux, Vial, 2008]

Nei

s> Bnewt

—Au., = f inQ,
U onl
Onuz = 0 on9dQF

I
o



» 7. = O(1) : no interaction

u-(x) = wo(x) + & | Vo' (527) + Vo (525)| + O (€9

» 1. = O(e) : total interaction
US(X) = UO(X) + EWO(%() + OHI(QE)(&Q)

W, : profile associated with w = w™ Uw™

» 7. = O0(*),0 < a <1: casein between

9=t 4 )+ 2] < cxm



Asymptotic expansion for two inclusions

Q. = Q\ (ws Uwd), with wE = xF +ew™, xF ==+

7AU0
Uo

(@]

in Q.
on = 0%
on (‘);uf

in Qo
onl = 890



Two scale expansion

Theorem
The solution u. has the order N asymptotic expansion

- +
XE X_XE

us(x) = uo(x) +¢ {Vof(x_e )+ Vo (= )}

(5] ) 20

€

+ Z chtaq (vp+aq(x) +e [ijraq(xfsxf )+ Viiag
(p,q)ERN
with

Kn={(p.q)€Z®|p>0,
g>-3p+1,g>-pand p+ag < N}

1l () = o(™)



Interpretation of the leading terms

u-(x) = uo(x) +¢ |V (==) + VJ(i)} + rX(x)

with _
[P sy = O(emes-20))

The reminder r! contains information about higher order terms:

¢ if & < 2/3: the inclusions are rather distant
the main error comes from the Taylor expansion of ug at 0

¢ if 2/3 < a < 1: the inclusions are rather close
the main error comes from the interaction between profiles V;~ and
V+
0

¢ when o =2/3 : both contributions are of similar weight



Applications for numerical computations

Idea
Approximate u. by the first order expansion

ue(x) & u1(x) = uo(x) +ex(x) V(%)

Compute

> up : the solution of the problem set in the unperturbed domain

» V : the profile defined in the unbounded domain



Computations for Neumann problem

Ue (<€:3i2
ue — up (£ = 35)

0.49E-01

Errors norms

0.18£-02

0.14E-02

0.926-03

0.46£-03

0.00E+00

—46E-03

-.926-03

—14E-02

18602



Computation for Dirichlet problem (curved boundary)

0.626-01 1o
0.556-01 |
10
047601
107}
0.39E-01 e
5 10
2
0.31E-01 £
S 107}
I
023601
107
0.16E-01
107
07802
107!
0.00£+00 107 ! 10°
epsilon
0.98E-08 0.108-03
48603 0.86E-04
~.96E-03 0.68E-04
~.14E-02 0.51E-04
~196-02 0.33€-04
-246-02 0.16E-04
-296-02 16605
34602 —19E-04
-.38E-02 ~.36E-04




Computation of the profile

~AV = 0 inR*\w
OV = g ondw
V. — 0 atinfinity

» Strategy 1 : absorbing conditions on |x| = R

Dirichlet V=0
Robin V4+R0,V=0

R R?
Wentzell — V + %anv — 7aiv =0

» Strategy 2 : inversion ¢ : z+ 1/z

W = V o ¢ solution of

AW = 0in p(w)
{ OnW = O (g0 ) on Dp(w)
W) = 0



Comparison of strategies with a fixed number of d.o.f.
> w is a disk
» R=10
cos @

> known profile: V/(x) = <= inversion : W(x) = x
boundary value condition: g(x) = cosf — 2 cos(26) — 3 cos(36)

510 ~—

5 s s s

E *

S 107 - E|
E .

s Sk

E 107'E %
o *

2

=

(3]

14

10°F ; 5
—&— Atficial boundary method (order 0) .

109 |~ Artificial boundary method (order 1)
—#— Artificial boundary method (order 2)
—+— Inversion method

2 3 4 5 6 7
Degree of interpolation [prop. to sqrt(number of DOF) |

Fixed Qg mesh and variable interpolation degree.



Computation of the profile for planar linear elasticity

[Bonnaillie-Noél, Brancherie, Dambrine, Vial], in preparation

—pAu+ A+ p)Vdiv(u) = 0 inR?\©
ou.n = g ondw
u = 0 ond(R*\®))\ow
u — 0 atinfinity

We compute the leading terms at infinity in the upper half plane and we
seek an algebraic expression cancelling them. We find the absorbing
boundary condition on |x| = R

E
Ritv|ly? (|"TR2T+ I -2)

o(u)n+

E(1-v) 0 0

{0 1] A;u=0.
This is a degenerate Wentzell boundary value condition. The main
difficulty is that

E(1-v)

—_ i E —1,0.
2(lJH/)(172V)>Osmce >0and v € (—1,0.5)



How to solve a scalar Wentzell boundary value problem 7

The weak formulation of problem

—Au = f inQ,
Ohwu+au+pBAu = 0 ondf,

then reads
Find u € H(Q) such that for all v € H(Q), A(u,v) = B(v),

where
A(u,v) = / Vqu—l—/ auw —BV,uV,v and B(v) :/ fv,
Q o0 Q
on the Hilbert space
H(Q) = {U c HI(Q), Ujaq € Hl(aQ)}.

When o > 0 and 3 < 0, the bilinear form A is coercive.



What happens when > 07

[Bonnaillie-Noél, Dambrine, Hérau, Vial] submitted

An analytic computation in a ring. Consider the boundary value problem:

—~Au = 0 inQ=Bg \Bkg,
Opu = g on0Bg,
Dol + —u + ﬁ@ggu = 0 onJBg,.

Re Re

Seeking u in Q under Laurent’s series:

u(r,0) = d+cln r+z (a,,r" + a_,,r*") cos nf -+ (b,,r” + b_,,r*") sin nf,
n=1

leads to linear systems of the type

Rt o) me e am ) L] = )



What happens when > 07

The linear systems have a unique solution if and only if
nR; "R (—n—pn*) + nRITIRE (a+n—pn*) #0.

This is possible except for the values of n and of the radii R; and R,
characterized by

2n
R. B ozfnfﬂn27 14 2n
R; T a+n—pn? o+ n—Bn%

Since Re/R; > 1 by definition, a necessary condition on n is

{ a+n > Bn?

a < fBn?.

For a fixed value of R;, Wentzell boundary value problem has a unique
solution if R, is large enough.



About existence and uniqueness of the solution

> ldea: reformulation as a nonlocal problem on the boundary

—Au = 0 inQ,
Ot + au + BA-u = ¢ on 09,
can be rewritten as the surface equation
BAw + Aw + aw = ¢ on 0N.

Here A is the Dirichlet-to-Neumann map associated to the Laplace

operator on €Q:

HY/2(0Q) — HY/2(09Q)
¢ = /\(w)zanu

where U is the solution of the boundary value problem

AU = 0 inQ,
U = ¢ ondQ.

> The result: generic existence and uniqueness



About existence and uniqueness of the solution

> Idea: reformulation as a nonlocal problem on the boundary

» The result: generic existence and uniqueness

Operator Py g = —fBA, — N — ald is an elliptic selfadjoint
semi-bounded from below pseudodifferential operator of order 2.

Besides, for fixed 3 > 0, there exists a sequence (a,)nen growing to
infinity such that for any ¢ € H*(0Q) with s € R, we have

1. If @ & {an}, then equation —P, gw = ¢ admits a unique solution in
S’(09) which, in addition, belongs to H*"2(0Q);

2. If a € {an}, then there is either no solution or a complete affine
finite dimensional space of H*2(9Q) solutions.



Does the Wentzell boundary value problem have a unique
solution if 2 is a ball of radius R chosen large enough 7

We make the change of variable y = x/R.

For a subdomain D of €2, consider the differential operator Lp on
H(0Q) with values in H™1(9Q) defined by

Lp(u) = au+ Ap(u) + BAu,

where Ap is the Dirichlet-to-Neumann map defined as Ap(¢) = 9,U and
U denotes the solution of

—~AU = 0 inQ\D,
U = ¢ onodQ,
U 0 ondD.

Question: Is L, ) invertible 7



Does the Wentzell boundary value problem have a unique
solution if 2 is a ball of radius R chosen large enough 7

» ldea: continuity of Lp around )

» If Ly is invertible, then there is 9 > 0 such that for all ¢ € (0, &o),
the operator L,,_(y,) is invertible. The key estimate is

C

[Ing|’

[Aw.(0) = Noll 2z (o0), 1-1/2(00)) <

> Assume that
Q is the unit disk and that fn> —n—a #0 foralln €N,
then Ly is invertible.
As a consequence, there is g9 > 0 such that for all € € (0,&g), the
operator L,,_(,,) is invertible.

Conclusion: Wentzell boundary value problem has a unique solution
if Q2 is a ball of radius R chosen large enough.



