A multiscale correction method for local singular
perturbations of the boundary

M. Dambrine and G. Vial
June 6, 2007

This work has been partially supported by the ANR (projeet ADAM number JCJC06-139561).

Abstract
In this work, we consider singular perturbations of the ang of a smooth domain. We describe the
asymptotic behavior of the solutian of a second order elliptic equation posed in the perturbedadio
with respect to the size parametepf the deformation. We are also interested in the variatafrthe
energy functional. We propose a numerical method for theaqapation ofu. based on a multiscale
superposition of the unperturbed solutianand a profile defined in a model domain. We conclude with
numerical results.

1 Introduction.

Various physical situations involve materials with a tweale structure. From the macroscopic point of
view, the considered body can usually be modeled by a smawttash ofR? or R3, but this does not take
into account the microscopic design of the material. We peeislly interested in small inhomogeneities or
cavities located on the border of the body. If they are arednithin a periodical network, homogenization
techniques (see [1], for example) apply and a macroscopiehis valid, provided the characteristic prop-
erties of the material are modified accordingly. Such medltmnot hold for local inhomogeneities, which
are in the applications usually either omitted (for the destlones) or integrated into the macroscopic do-
main. Naturally, the numerical approximation of such peohs requires a severe mesh refinement near the
perturbation, which sometimes prevents from taking theimaccount in the computations.

In this paper, we deal with an elliptic partial differentejuation in a domain with a small local bound-
ary perturbation. We give the complete asymptotic expansfaits solution with respect to the size of
the perturbing pattern, derive the variation of the as¢edianergy (topological derivative) and propose a
numerical method for the approximation of its solution liase the theoretical study.

Let us describe the geometrical setting we shall work witkipis an open bounded subset®f with
smooth boundary containing the origih We assume, for simplicity in a first time, that the bounda@y
coincides with a straight line near the origin, precisely|fd < r*. We will also deal in this work with
smooth curved boundaries. On the other haiig, denotes an infinite domain &?2, which coincides with
the upper half-plane at infinity, precisely fr] > R*. The perturbed domaifl. is defined for smalt by
(see Figure 1)

Qe={ze€Q; |z| >R }U{zr €ccHy ; |2| <7} 1)

Let us mention that we mak®e assumption of inclusioof the perturbed domain into the original one (or
conversely). We will extend this framework to some curveasth situations.

We defineu. as the solution ifl*(£2.) of the equation-Au. = f in Q., wheref is some function in
L2(9Qp) vanishing in a neighborhood of the origin. We consider Dilet boundary conditions dnp C 952,
(which does not reach the origin) and Neumann boundary tiondielsewhere (other types of boundary
conditions can also be treated). The asymptotic analysgnoifar problems have been investigated by
several authors in various special cases, see [15, 16, 1@/8hdopt here the point of view afultiscale
asymptotic expansiomather than thenethod of matching of asymptotic expansienf®r a comparison
of the two approaches, se [18]. It appears that the solutionan be approximated at first order by a
superposition of the unperturbed solutienand aprofile, via cut-off functions in slow and rapid variables:

ue = ((L)uo(z) + x(@)WH(L) + O (7). 2



Figure 1: The original and pertubed domains.

The cut-off functiong, andy are chosen smooth, radial, and satisfying

e the function{(x) equalsl for |z| > R*, and vanishes for| < R*/2;

®3)

e the functiony(x) equalsl for |z| < r*/2 and vanishes fo:| > r*.

The profileW! is defined as the solution in the domdih,, of a homogeneous model problem. In the
expansion (2), the term, only contributes away from the origin and the informatiomcerning the per-
turbing pattern is carried by the profile. These two contidns interact in the transition zone through the
cut-off functions.

We can base a numerical approach for the approximatian oh formula (2). Indeed, the computation
of the termug does not involve the perturbation and may therefore be dareeaparse mesh 6i,. If we
have a suitable approximation of the profilé!, the superposition formula (2) gives a numerical solution
for u.. The cut-off functions are handled in the practical prodsssmeans opatch of elements

Moreover, expression (2) allows to compute thpological derivative- see [12, 13, 17] — of the energy
ie):

; — _l 2 _ - 2 2 2
5= =5 [ 1Vl =50 + 2V ua(0) P A, + o(e?) @

where the real numbety_ only depends on the geometryHi,..

The paper is divided as follows. In a first section, we giveftiileasymptotic expansion of the state
function in the case of a straight boundary near the origis,is based on a multiscale asymptotic method.
We extend then these results to a curved case. As far as we gaciva curved geometry with a self-similar
perturbation has not been considered so far. Next, we dirivkeading terms in the asymptotical descrip-
tion of the energy functional. The last part is devoted toribenerical method using patch of elements
near the perturbation: a numerical validation of our théoaéresults is given in the studied model case of
the Laplace equation. We conclude the paper with commenaspmssible application of the methods and
technics developped in the present paper to mechanicaiesgig.

2 Asymptotic expansion of the state function.

We consider the solution,. of the following problem, posed in the geometry describedérigyre 1:

—Au. = [ inQ,,
u. = 0 onlp, )
Onue: = 0 ondQ\T'p.

The technigue we use to build an asymptotic expansian @fto powers of the small parameteis adapted
from the multi-scale approach of [18].

We first write the Taylor expansion at a target precisionf the limit termug at pointz = 0 (thanks to
standard elliptic regularity, is a smooth function up to the boundary):

uo(x) = x(x) Y u* () + Ric(x) = x(2)Tie () + Ric(x), (6)
k=0

the first terms of the Taylor polynomidlx being given byu®(z) = uo(0), u'(x) = |Vuo(0)|z; (more
generallyu* is a homogeneous polynomial of total degkge The limit termu, is not necessarily defined



in the whole domairf2., but its Taylor part may be extended®. For this reason, a better start is given
by the truncated function

do(x) = x(2)Tx (x) + C(£)Ri (x) € H (). ()

The difference between, andi, is small since the remaind& is flat in the cut-off region. Let us denote
by r¥ the difference betweem. anday, it naturally satisfies the following problem

—Ar? = ¢! in Q.,
rg =0 OnI‘D, (8)
Oar? = —x(2)0nTk +¢2 0ondQ\Ip,

where the data? and? arise from the cut-off and are supported in the ring of siziefined as{z €
Q. ; eR*/2 < |z| < eR*}, they will contribute to the remainder since they are esatiyof orders%.
Thus, the principal defect in equation (8) comes from themadderivative of the Taylor expansion af,
whose leading term reads

—X(2)|Vuo(0)|0nz1 = —x(2)|Vuo(0)]n1, )

which does not vanish only on the boundary parffwhich corresponds to the perturbing pattern (the
vectorn = (n1,n9) stands for the unitarputer normal ondf2.). Following the ideas of [4, 5, 18], we
introduce the profild’! as the solution of the problem in the infinite dom&ln,:

—AVl - 0 |n Hoo;
BVl = —|Vu(0)|N, ondH., (10)
vl — 0 at infinity,

where N, denote the first component of the unitamper normal vector ordH,,. The following lemma
state the well-posedness of such a problem.

Lemma 2.1 Problem(10)admits a unique weak solutidn' in the variational space

V
(1+]X])log(2 +[X])

Furthermore, we have the following behaviors at infinity:

{v . VV e L}(H.) and € LQ(HOO)}. (11)

VHX)=0(X|™") and VVY(X)=0(X|"?) as|X|— oo (12)

The proof is given in [4]: existence and uniqueness in théatianal space follows from a weighted
Poincaré-like inequality, the behavior at infinity may reyen thanks to the tool of Mellin transform.

Using the profilel’!, we are able to write the beginning of the asymptotic expmansfu.: we set
r; = U, — [do + x(z)e Vl(%)} . (13)

By construction, this remainder satisfies

—Arl = @l 4l inQ,
rl =0 onl'p, (14)
Onrt = Y249l ondQN\I'p.

The functiony! comes from the cut-off functioR:
pr=Ax(eV(2)]- (15)

Note that in the Laplacian, only derivatives pfare involved sincé’! is harmonic, and onlyz| > r*/2
has to be considered in (15). The functibhhas its support inside the bal| < eR* and is given by

K
Yl = —x(@)0aV(2) = X(2)0n Tk = —X(2) Y Onti(z) = Opa(a,)(2?), (16)
k=2



sinceV'! stands for the term correspondingite-= 1 of the Taylor expansion (the constant tezfhdoes not
contribute to the normal derivative).

Itis not straightforward to obtain a remainder estimate-bsince thel.2-norm ofp! is only O(1). We
need to build further terms to get the (optimal) estimate

172l 0.y = O(?). (17)

The proof will follow from Theorem 2.2 below.

To continue the construction of the expansion, we need ®itgk account the next terms in the Taylor
expansion ofuy by new profiles, and add correctors for the cut-off. The tedbgy used in [4, 5, 18] can
be extended, the main differences have been describedjongt &or the first terms. Precisely, we get

Theorem 2.2 We assume that is an L2-function, with compact support insid&,. Then the solutiom.
of (5) admits the following asymptotic expansion fér< K

N N
ue(w) = dio(x) + x(2) Y V(L) + Y e'wi(z) + Omi(ay (V). (18)
i=1 =2

The termii is defined by(7), the profileV? is a counterpart for theé™ termw? of the Taylor expansion of
uo — see(20)— andw!. is a cut-off corrector satisfyinguw? ||y .) = O(1).

Proof of Theorem 2.2:  We give a sketch of the proof for the complete asymptotic egjma. Supposing
the expansion built until rank — 1, we set

(@) = uela) — o) = x(@) 3_ VI (£) — Y Ml (a), 19)

the remainder of ordeV — 1. By definition, the profiled’* satisfies

—AV? = 0 in Hy,
OVt = —0pu’ ondH,, (20)
Vi — 0 at infinity.

(again, the datum is compactly supported and Lemma 2.1 es®xistence and uniquenessiof).

Laplacian.By construction, the residual inrY is corrected up to ordeN — 1 by thew!. But the term
Alx(z)eN TV N=L(2)] is of ordere™ in L>°(€).) thanks to an estimate similar to (12). We define hence
w? as the solution ifl* (€).) of

—Awl = —Alx(z)eV'VNTL(2)] with same boundary conditions as. (21)

Boundary conditionsThe Dirichlet boundary condition ofi, is fully satisfied byr2, but the Neumann
boundary condition is not. Indeed, only thé — 1 first Neumann-traces have been taken into account so
far by the profiles/*: the leading term i, rYY on Q. \I'p is given by—d,ul () = —eNd,u™ (£), by
homogeneity. This naturally leads to the definitiod@¥, according to (20).

ConclusionThe introduction of the term&” and V" allows to define the remaindef'** of order N,
which satisfies

e the laplacian-Ar*! is small: precisely, its leading term és' A[y(x)V " (£)], which is of order
eN=1in theL?(.)-norm;

¢ the Neumann boundary condition is satisfied up to a terrﬁﬂ%gi)(sN“) thanks to an estimate
similar to (16).

1Since Neumann conditions are considered, we have to magehatrthe right hand-side of (20) meets the compatibilityuies-
ment. This is the case here: singg is harmonic, it is also the case of the terms in its Taylor espm.



Using ana priori estimate on Problem (5) (independent®n we immediately get the rought estimate
rY = Oui(q.)(eN ). To obtain the order¥ !, we simply write

rév — réV” +X($)EN+2VN+2(§) +€N+2wé\l+2($) +X($)€N+1VN+1(§) +€N+1wé\7+l($)7 (22)
yielding to the result from the estimates

X(@)VF(E) = Omioy (") and wf = Omia.)(1). (23)

]

Remark 2.3 By a mere rearrangement of the terms, the expansien c&n read as follows

N N
ue = (2 )uo(z) + x(x) Zsle(f) + Zslwg(m) + OHl(QE)(sN“). (24)
i—1 i—2

The new profiledV’ are defined byV*(X) = V(X ) + (1 — ¢(X))u'(X) and thew! are new correctors.
The advantage of this formulation is to involvgitself, instead ofi,.
In the case of an cavity, i.€2. C Qg, the functior¢ can be chosen identically equaltpandWW’ = V.

Remark 2.4 We can deplore that the correcting terma$ do depend om, though weakly since they are
of orderO(1) in the H!(€2.)-norm. It is possible to remove this feature from the asytipexpansion by
introducing correctors:’ defined in the limit domaif, (with same right-hand side), and using the cut-off
function¢. Of course, the normal trace does no more vanish on the gegtliboundary and we have to
take this into account in the definition of the profiles. Thmulgng expansion reads

N N
u(z) = do(x) + x(2) D' VI(E) +(2) Y e'2' (@) + Omany (V). (25)
=1 =2
or, with the previous remark,
N o N o
ue(z) = ((£)uo(x) + x(x) Y e WHE) +¢(£) D' (@) + Om () (™). (26)
i=1 =2

3 Extension to some curved boundaries.

In this section, for the lightness of the presentation, wesater the case of Dirichlet boundary conditions.
Letu. solve—Au = f in H}(€2.) while uy solves the same equationlif (€2y). We also restrict ourselves

to the cavity case to avoid the needi@f and we make the assumption that the initial domain is convex

the neighborhood ab. The geometrical situation is illustrated in Figure 2.

0 /5’\ °0

Figure 2: Domains in the case of locally convex curved bomnda

This situation is not a mere extension of the flat one, comsitlpreviously. Indeed, if we rectify the
boundary locally neaD, the perturbation is not selfsimilar anymore in the new dotates!



Following the analysis performed in [5], we introduce thefle V] as the solution of the problem in
the infinite domairH . :

—-AV} = 0 in Hy,
le = —|VUO (0)|I’2 on 8HOO, (27)
Vi — 0 at infinity,

wherex, denotes the second component of the positiodHn, . As for the Neumann case, existence and
uniqueness of such a profile follows from next lemma, sintddemma 2.1.

Lemma 3.1 Problem(10)admits a unique weak solutidry] in the variational space

{v . VV € L2(H) and € LQ(HOO)}. (28)

Vv
1+ |X]

Furthermore, there is a constatt depending onlH ., such that

C
and |VV}(X)| < —= when|X| — oo. (29)

HX)| <
|Vd( )|— |X|2

C
X

As in [5], we approximate:. by ug + xV; (<) and we set

£

rd(x) = ue(x) — [uo(x) + x(2)V;} (£)] . (30)
This remainder solves
—Ard(z) = Alx(@)eVi(2)], in Qc,
ri(e) = uole) - x(@)eV}(2) ono., (1)

The difference with the flat case treated is the presengermivanishingpoundary conditions 062, NS, .
The expansions obtained in [5] and in Section 2 were justifigdout taking into account the short range
interaction between the profiles and the geometry of th&alrdbmain(,. The flatness assumption 8f
aroundO cancels the interaction between slow and rapid variablievteehave to face in the curved case.
Let us emphasize the fact that the approximatign- sdel(;) does not satisfy the homogeneous Dirichlet
boundary conditions 082, N 0€).. However, its trace almost vanishes.

Like in the previous section, the laplacian part is easy towll@and it holds:

A [x(2)eVy (£)] [lL2(.) < Ce*.

We need to consider the boundary condition®fn in the two natural parts: of{2. N2, we immediately
getrd = «2, which is naturally of ordes? as a reminder of ordexin a Taylor expansion. We have to prove
that this estimate extends&$2, N 9€2.. This proof turns out to be the most difficult part of the exien to
curved boundaries. The leading idea of the analysis is amasition of profiles in terms of homogeneous
functions, usually obtained from the Mellin transform, $§@e4]. Here, we only need the weak following
statement.

Lemma 3.2 The profilV} can be written as the sub; + R whereV] is a homogeneous function of degree
—1 and the remaindeR satisfies the following behavior at infinity: there is a c@mgtC' depending only
H_, such that

|R(X)| and |VR(X)| when| X| — oo. (32)

- C - C
T XP T XP
Proof of Lemma 3.2 Fix R > 0 large enough so that is included into the balB(O, R). Then, the
trace ofV} on the curved)B(O, R) N H, is smooth and can be written as the sum of its Fourier series.

Thanks to the boundary conditions, only the sine functigoear and one gets

VIR, 0) = ap + Z ap, sin nf.

n>1



Using Poisson’s kernel, we then get that

R'n/
Vi(r,0) =ap+ Z ay—sinnd.
/’177/

n>1

R
The behavior at infinity ¥/} prescribes, = 0 and we seV} (r,0) = a; —sin 6. Note that the dependency
T
of the expression 0P} with respect taR is fictitious thanks to its homogeneity. Settiig= V| — V1,
leads to the stated result. ]

Let us specify the geometry 682y aroundO. We assumés), to beC? and fix the coordinate axis such
thatdS is the graphey = h(x;) of a functionh in the neighborhood af with (0) = A/(0) = 0. Then,
there exists a numbér > 0 and a radiug > 0 such that forr = (z1,x2) € 99y, it holds

lz| <r = 0< h(z) < Clzy > and|h/ (z1)| < Ol ;

this property is connected to ti#é regularity ofd€y. We fixr* = r and choose < r*: the characteristic
size of the perturbation is small with respect of the radiusuovature ofo€2, at O. This assumption is a
natural limitation of the method. The geometrical contex@ummed up in Figure 3.

Figure 3: The geometrical setting of the cavity in the convase.

We can now state the estimates on the boundary conditiorestefm)’} is homogeneous of order1,
therefore it is easy to check thi; () l111/2(s0.) is of ordere. Thus, we focus on the remainder
7(x) = rd(x) + exVi(L) = rd + Omisz(aq.)(€?).
Proposition 3.3 One has
17|l 11/2(00.) < Ce®. (33)

Proof of Proposition 3.3:  For localization reasons (we will split the norm on subdamaif 0f2.), we
consider thel.? and H' norms, the result on thE'/? norm following by interpolation. Precisely, it is

enough to prove . )
7¢Iz 000y < Ce/2, (34)

||7:g||H1(6szE) < 02, (35)

Thanks to the assumption made on the truncation in slowblaiighe only two areas to be considered are:
() e0w the boundary of the cavity itself, arfid) the part 0fd€2.\edw in the support of the cut-off.

(i) Onedw, rd is by construction the remainder of order two in the Taylgpamnsion ofuq, . Therefore, it
is smooth with arL.>*-norm of order=2 and there is a constaft > 0 such that

/ (7(s))? ds < Ce5,
edw

After one derivation, one looses one order and gets

/ (V,74(s))*ds < Ce?,
edw



which correspond to the stated estimates (34) and (35).

(ii) Forz = (21, h(z1)) € 00 \ 0w, the remaindef? is

g

f?(xl,h(xl)) = —Ex($7h(x1))7?, (M) _

Now, forz; € (—r*,r*), we take advantage of the homogeneous Dirichlet boundargittons and write
the remainder as an integral and make the change of vagables:

h h(z1)/e h(z1)
. (M) . / R (E ) e / R <$_ g) 0.
€ 0 € 0 e'e

Usingy < 1 and the upper bound (32) on the profite we get the pointwise estimate

C Clz|*e?
S e

J h(xy1)
17 (21, h(a1))| < /
0

which leads to
21]*

r* ~ 5 r*
/ [r?(m,h(:m))] dry < 056/ del.
After the change of variables = ¢y, we finally get

r* r*/e | |4
7 (21, h 24 <05/ W 4 < o,
[ ) an <o [t ppay <o

Let us now address the derivative. Rot= (z1, h(z1)) € €2 \ 0w, one has
h h h
V. i(2) = x(x) [817% <% f”) + 1 (21)05R <% f”) VR <% (sm)) |

3
We decompose this sum into

Ti@) = x(@aR (— hf”),
L) = X@WE)%R <””— hf”) ,
Ty(zx) = V.ex(@)R <% hf”).

The study offs is a corollary of (34):

*

/ |T3($)|2d1'1 < 055.

The other terms involve derivation in the fast variable aedde a loss of order. More precisely, we have:

h(Il)/E
/ 03 R (ﬂ, s) ds
0 ’ E

Once we integrate over;, we obtain

Clxzq|?e?
- |21

T, < _
Ty ()] < = 44 |$1|4

*

/ REEN TS s [l
T1 T d$1 S Ce / dy
e o @+ yP)?



Finally, we write

T2(z) < C|$1| C < C|$|53
- L4+ |23~ 3+ [zf¥
whence . « 2
/T Ty (1) doy < C&? /T " Ldy.
c 1 @+ fyP)?
We treat the double products thanks to the Cauchy-Schwaquality to get (35). ]

All the tools needed to prove the main result of this secti@rew at our disposal.
Theorem 3.4 In the curved situation described previously , it holds:
ue(2) = uo(x) + X (2)Vy (£) + Oni(a,) () (36)

The boundary condition satisfies

uo(x) + x(2)Vi (£) = Oz (90, ) (€%)- @37

4 Variations of energy integralsfor singular domain defor mations.

In this section, we investigate the behavior of the Diritlgeergy with respect to singular deformations
of the boundary, our presentation is similar to [14]. We Hettee definition of the Dirichlet energy of a
bounded open subset&f : if f € D(R?) with supp(f) CC Qo,

1
J(0) = -5/, |Vug, (z)|* dz,

whereugq, is the solution of-Au = f in H}(Q). We consider the same class of singular deformations
than in the previous section. The notations are recalledgarg 4. The first result is the following.

- = 9Q.NQ C 9.,
't = 09N Q0 C 0N,
wi = 2\ (2:NQ)C .,
wo = Qo\ (2:-NQ) C Q.

Figure 4: The notations.

Proposition 4.1 Lete > 0 be such thatupp(f) CC Q. andu. (resp.uo) denotes the solution efAu =
finHY(Q.) (resp.H{(Q0)). Then, one has :

1 Ou, 1 ou
J(QE)ZJ(QO)—§/IV uQ on da+§/p+u88—710d0' (38)

Proof of Proposition 4.1.:  The proof is elementary and based on the Gauss formula. Hi¢cea easily
be extended to other energy-type functionals (eigenvdbréastance, which express in terms of rayleigh

quotients). However, the technique cannot be extendedh&r shape functionals (e.g. least square fitting
to a desire state). Siné& = (2. N Q) Uw, we write

1 2 1 2 1 2
J(Qg):—E/Q [V dx=—§/9 . [Vuo 4+ V(ue — uo)] dx—§/+|Vu5| dz.
£ =N

We



The second integral can be rewritten via the Gauss formute tas to be careful with the outer normal
vector field. Byn, we denote the outer normal vector fieldasi. or 0§y depending on the context. It may
be the opposite to the outer normal fielditd, w denoted byn :

9 )
/ Vue|* do = / Ue(—Aug) da +/ uaﬁdg = 7/ usﬁda.
wd wd rr  on rr On

We expand the first integral and get :

/ Vo + V(ue —uo)|” da = / Vuo|* dz + 2/ (Vug, V(us — up)) dz
QN QN 2N

+/ IV (ue — uo)|* da.
Q.NQ

Applying Green'’s formula and using the homogeneous Dieichbundary conditions a2, andof2,, we
have :

0
/ |Vuo|” dz = / [Vuo|® da —|—/ uo—uo do;
QN Q ro Oon
ou ou ou ou
2 o _0 B 5 e 0 .
/QEQQO |V(’LL€ 7UO)| dor = /E uo <an an> d(?"i’/;16+ Ue <81’1 8_1’1> dO'?

/ (Vug, V ))d —/ Oue / Ouo 4
. ug, V(ue —up))de = - o o o g ug o .

€

We now sum up all these intermediary computations, and we get

2 2 aug aué‘ 5u0
/ [Vue|” do = / [Vug|™ dz +/ up——do +/ Ue — — | do;
Q-NQ Qo r; On r+ on  On

0 0
/ |Vu|* dz = |Vuo|? dz +/ Up " do — / ugﬂda.
Q. Qo ro on rt on

This concludes the proof. ]

and

Change of boundary conditions. The same method allows to handle other boundary conditiornt®
perturbed part of the boundary. Assume that the state fumeti_ now solves the mixed problem

—Au = f € QE)
u = 0€d0 NI, (39)
Bou = 0€ 90\ (90 NOQy).

We can state the counterpart of Proposition 4.1.
Proposition 4.2 Lete > 0 be such thatupp(f) CC Q. andu. denotes the solution q839)in H(Q.) .
Letuo be the solution of-Au = f in Hj()). Then, one has :

1 (’)uo 1 aug
J(Qa)—J(Qo)-i-?/a uo—da——A;uE%da. (40)

The proofis very similar to the proof of Proposition 4.1. Tdienges appear in the Green formula .

Inserting the asymptotic expansion®finto formulee (38) and (40), we easily obtain

Proposition 4.3 In the framework of Propositiod.1, the Dirichlet energy admits the following asymptotic
expansion:
J(Q2e) = J(Q0) + &2[Vuo(0)* Amr.., + o(€?), (41)

10



where the numbedy_ called polarisation number by analogy with the polarisatimatrix of Polya writes

A, =~ [ E@oxK@)do,+5 [ K@)Nafy)do,,

- 2 Jr- r+
K is the normalized profileK = V! /|Vug(0)], cf. (10).

Proposition 4.4 In the framework of Propositiod.2, formula (41) hold with the modified polarisation

number L r 17
A = —= Ny (y)doy + = K(y)on K (y)doy
2 Jr- 2 Jr+

with the modified boundary conditions.

5 Numerics.

5.1 Strategy.

As already mentioned, the solutian of the model problem (5) is difficult to approximate from a renmal
point of view: the refinement needed near the perturbatiorafeeasonable precision prevents (at least
for small values ok) to computeu,. directly. The asymptotic expansion, see Theorem 2.2, sigdlee
following numerical strategy.

Writing the expansion (24) af.. at orderl, we get
ue(x) = ((£)uo(x) +ex(2)V'(2). (42)

For simplicity, we consider here the case of an cavity (C €2) and thanks to Remark 2.3, the cut-
off function ¢ may be chosen identically equal to A natural approximation ofi. reads thenu.(x) ~
uo(x) +ex(z)V(2).

¢ the limit termug may be computed accurately in a pretty coarse nresddpendently of ;

o the profileV! does not depend an but only on the geometry of the pattefh,.. Its approximation
is not straightforward, since it is defined on an unboundedaln. Various techniques are avail-
able for the numerical resolution of such a problem in an wmided domain with an unbounded
boundary. The basic idea consists in bounding the domaimtayticial boundary: on which we
impose a suitable boundary condition. This condition stitake into account the behavior at infinity
Vi(X) — 0as|X|— 0.

(i) Simplest choice: impose a homogeneous Dirichlet conditioa 0 onY = B(0, R) U 0H .
In this case, the radiug of the ball has to be large enough. Depending on the targeispra,
this naive — but easy to implement — solution may be acceptabl

(i) Use the knowledge concerning the behavior at infinity of thefile V!: rather than), we
impose the conditiolr = R~!sinf onY, i.e. the leading term in the expansion at infinity of the
profile V1. The results are much better and we used this method in theddel computations
shown in next section.

(i) Numerous more accurate artificial boundary conditions saélable, most of them developed
in the framework of wave propagation: local transparentiitions (see [6, 7]) or non-local “ex-
actly absorbing” conditions using an integral represémmgtocalized finite element method [11]).

The functionsug andV'! being computed, it remains to perform the superpositiony¢f) with the cor-
recting termex («)V'!(£). Since the mesh used for the approximations do not coingid@eed to transfer
V!(2) onto the mesh where, has been computed. This step can be facilitated by usingéaregesh for
V! (e.g. cartesian in polar coordinates, except near the bamtupattern). The functio is replaced in
the computations by the use of a patch of elemekitsis not taken into account except in this patch.

The obtained approximation is close 4o up to orderO(s?). For small values of, we expect the
method to work fine; for larget, the results may be inaccurate, but in that case the petiombean be
incorporated directly to the initial mesh without harshmefnent. Of course, from a practical point of view
smallandlarge have to be adapted to the considered situation.
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5.2 Numerical results.
We present some numerical results which validate our agprdéhe considered problem is the following
u. € HY(Q.), —Au. = finQ., andd,u = 0 on IS, (43)

wheref(x,y) = 272 cos(mx) sin(7y) and(). is the squaré—1/2,1/2) x (0, 1) with a semicircular hole
of radiuse, centered af0, 0). Figure 5 and Table 1 show, fer= 1/32 the solutionu. (top-left picture), the
difference between. and the limit termu, (top-right picture), the difference betweenand the corrected
limittermu; = ug + EVl(é) (bottom-right picturé ). The bottom-left graph represents, for various values
of ¢, the norm of the errord £, H* andL>°-norms).

The efficiency of the correction by the first profile clearlypegprs in these results: for example, with

e = 1/128, theL.>*°-norm ofu. — w; is about0 times less than the>-norm ofu. — wy.

In Figure 6 and Table 2 , we present the same results in theHsticase for a curvedy:
u. € HY(QL), —Aue = fin Q.. (44)

The same conclusions arise; the gaif.ii-norm is here arounsb.

€ Hug —UQHHl(QE) Hug _ulllHl(QE) Gain
e=1/2 7.9168e-01 3.6946e+00 0.2
e=1/4 4.6937e-01 8.9397e-01 0.5
e=1/8 2.4354e-01 1.9181e-01 1.3
e=1/16 1.2286e-01 1.9593e-02 6.3
e=1/32 6.1569e-02 5.4704e-03 11.3
e=1/64 3.0802e-02 4.1649e-03 7.4
e=1/128 1.5403e-02 2.5574e-03 6.0
e =1/256 7.7017e-03 1.2696e-03 6.1
e=1/512 3.8509e-03 6.3292e-04 6.1

Table 1: Computations for the Neumann problem (43).

€ HUE 7’LL()||H1(QS) HUE 7u1||H1(Q5) Gain
e=1/2 9.9264e-01 8.2636e-01 1.2
e=1/4 6.1395e-01 2.0264e-01 3.0
e=1/8 3.3907e-01 4.7275e-02 7.2
e=1/16 1.7746e-01 9.1492e-03 19.4
e=1/32 9.0685e-02 2.0483e-03 44.3
e=1/64 4.5827e-02 5.7374e-04 79.9
e=1/128 2.3034e-02 2.0183e-04 114.1
e =1/256 1.1547e-02 1.0518e-04 109.8
e=1/512 5.7810e-03 9.2734e-05 62.3

Table 2: Computations for the Dirichlet problem (44).

6 Extension to linear elasticity and possible application to mechani-
cal engineering.

It turns out that the presented results naturally extenoh&al elasticity. Indeed the technique relies on the
construction of the profiles, which requires essentiallp@ational framework for the unbounded problem.

2The profileV'! has been computed on a (quasi-)regular mesh, independa#nllg value ofz, and it has been projected onto the
initial grid for the computation ofi; .
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Figure 5: Computations for the Neumann problem (43).
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Figure 6: Computations for the Dirichlet problem (44).

14

0.98£-09

—.48E-03

—.96E-03

—.14E-02

—.19E-02

—.24E-02

—.29E-02

—.34E-02

—-.38E-02

0.10E-03

0.86E-04

0.68E-04

0.51E-04

0.33E-04

0.16E-04

—.16E-05

—.19E-04

—.36E—04



1.00 0.58E-01 0.28E-02

0.88 0.43E-01 0.21E-02

0.75 0.296-01 0.14E-02

0.63 0.14E-01 0.69E-03

0.50 0.00E+00 0.00E+00

0.37 —.14E-01 —.69E-03

0.25 -.20E-01 —.14E-02

‘ 0.42 —.43E-01 / —21E-02

~.18E-02 . ~.58E-01 ZA | —.28E-02

(ug), fore =1/32 (ue —ug), fore =1/32 (ue —uy), fore =1/32
Figure 7: Computations for linear elasticity (45).

Of course as counterpart of one profile for the Laplace egnativo profiles have to be introduced here,
since the unknown is a two-dimensional vector. Preciselifing the equations in the Naviers form:

—pAu, — (A + p) grad divu. = fin Q,
u. =0onlp, (45)
Z?:l O’ij(ug)l’lj =g; on 8QE\FD,

with £ andg,; vanish near the perturbation, we have the first order forrtinlthe inclusive case, for sim-
plicity)
u.(7) = i (2) L ug(2) + ex(2) [ VE(E) + a2 VE(E)] . (46)

e The profilesV} (¢ = 1, 2) solve the homogeneous problem

2
—pAV} — (A +p)graddivV; =0inH, and > 0y;(V})n; = Gy ondHo,  (47)

j=1
with G; = (N1,0) andG, = (0,N;) (N is the first component of the outer normal @H . ).
e the coefficienty, is given bya, = —oy1 (up).

The presented techniques have applications in civil erging. With colleagues from computational
mechanics, we are interested in investigating the influefisarface defects on the initiation of a crack and
its propagation in a material (typically concrete). Thelgsdo predict where the material should break.
Basically, the mechanical behavior splits into three phasefirst elastic one before the crack initiation,
next the apparition of microcracks, and last the develograEmacrocracks responsible for the rupture.
We propose to treat the first step with the tools of multiscalgection, to predict where the first cracks
will occur. The superposition technique is based on thaaliite of the operator. Hence it is justified only
in the first phase. We handle the second and third phases witntenuum damage model and a strong
discontinuity approach (see[3]).

The superposition technique has been inserted into the oogie for crack initiation. The numerical
tests are being carried out and first results have been peesiernthe conference [2] without proceedings,
a paper is under redaction. We present in figure 7 the first ool of the solutiomi. and of the errors
u. — ug andu. — u; for the values = 1/32. The data for the computation are the following: =
0.5769, 2, = 0.7692 andf corresponds tay = [1/2 + 1/2sin(7z), (=X cos(ma) sin(27wy)) /(A + 2u)];
the boundary conditions are homogeneous Neumann on thetbpaitom sidesu. = 0 on the left side
andu. = (1,0) on the right side.

Of course, we would like to take into account the surface asfm the second phase as well, but the
description is no more linear. It is very challenging to exte®ur ideas to this situation which involves a
damaged phase and hence nonlinearities. Such an extessiahaf reach with the methods presented in
this work.
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