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Introduction

Framework

R?: a bounded simply connected domain withLipschitz boundary:.

Ginzburg-Landau functional:
Z N 2 @) Z
En [3 Al= dpna J° 0 % P+ o0 Jf dxr PHE O jeurl A 1% dx;
R2

with 2 Wh2(; C), A2 HE, ,andpa =( ir A).

We denote

I_'Lé;div = F+ I_'L&iv ) I_'I't;ILiv =fA 2 H—l(RZ;RZ) div A :Og:

F(X1;X2)

%( X2;X1)



Euler-Lagrange equations

Minimizers (; A) 2 WhY2()  HE., satisfy

sz A = 2(1 J jz) In : (1a)
curl °A = (1 r ) ij j°A 1 (x) in R?; (1b)
(PHa ) =0 on @ : (1c)

For all ;H > O, the functional E.; has a minimizer.

Giorgi-Phillips: for xed and H su ciently large, the unique solution is
(; A)=(0;F)
) the superconductivity is destroyed



Critical eld(s)

He,()=inffH> 0 : (O;F) Iis a minimizer of E.y g

Hec,()=inffH> 0 : (O;F) is the unique minimizer of E.4 o for all H°>H g:

References:Berno -Sternberg, Fournais-Hel er, Hel er-Morame,
Hel er-Pan, Jadallah, Lu-Pan, del Pino-Felmer-Sternberg, ...

Aim: for domains with corners
In terms of linear spectral data

estimates on the of superconductivity.



Linear spectral problem

Notation

open bounded domain in R?
A smooth magnetic potential
B =curl A magnetic eld associated with A

h semi-classical parameterli! 0)

Assumption: B> 0

P, : Neumann realization on for the Schmedinger operator (hr  iA)?

0, - sesquilinear form associated withP, de ned on H1() by
Z

Ph(U; V) = (hr IAJu(x) (hr  TA)v(X) dx

Aim: investigate the behavior of the eigenpairs (y.n ;Un.n ) Of P, ash! 0O



Model operators

@ @ sector
@ @ half-plan
@ . plane

F(X)= 5( X2;X1) : magnetic potential with constant magnetic eld

(r  iF)? on the plane, the half-plane and sectors.



Plane and half-plane

Proposition 1.

1. The smallest eigenvalue of the Neumann realization of (r  iF)? on
R? is equal to1 (Landau).

2. The bottom of the spectrum of (r iF)? on R R" is equal to
' 0:59 (Dauge-Hel er, 1993; Bolley-Hel er, 1993).



Applications for smooth domains and B>0

Berno -Sternberg (1998), Hel er-Morame (96, 01), Lu-Pan (99, 00),
del Pino-Felmer-Sternberg (00), Hel er-Pan (03), Fournais-Hel er (05, 06)

h: 1

h

Under a simplicity assumption,

Un.1 concentrates at scale h around the point of maximal curvature as
h! O

! oash! O

For B =1, asymptotics of .., estimate of the decay ofuy., ,

determination of the critical eld Hc,( ), location of nucleation

He,( )= He, ()= He, ()= —O+O(1)as I +1:



Sector in R?

X = ( X1; X5) the Cartesian coordinates in R

G =fX2R%X;>0,0< X,< X;tan ¢

Let Q be the Neumann realization of (r iF)? on G

. 1...
Q = + iXi@, X@,)+ ZrJXJZ
k( ) : k-th smallest eigenvalue ofQ

Quarter plane: Jadallah (01), Pan (02)



Spectrum of Q

1. Bottom of the spectrum
The in mum of the essential spectrum of Q Is equal to ¢:

Forall 2 (0;, =2, «( )< o

2 (0;2 ), K := the largest integer such that Kk ()< o

2. Decay of the eigenfunctions
Let > ObesuchthatK > 0.LetO<k K and |, bea
normalized eigenfunction associated with ( ). Then

P 7 ix
8>09C. : e ° X P (x) C.
V(g )

with jjuii2 q ) = iitiiZe )+ 00 IF)UiZ2g .



Numerical computations

Modulus of the rst eigenfunction for several angles




Numerical computations

Estimates for the first eigenvalue according to the opening
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Schiedinger operator with constant magnetic eld
In a polygonal domain
(with M. Dauge, IRMAR, France)

A=F
Construction of quasi-modes
convex polygon set of vertices s of
s angle ats G s sector in R? with opening <

Let s2 and k 1besuchthat (( 5) < o

.° a normalized eigenfunction ofQ = on G = for ( s)



Scaling
X = px—ﬁ tolink O = (1 iF)2with P,= (hr iF)20onG -

X . . - i
XTU P eigenfunction of P, on G * associated withh ()

Translation and rotation € hhhp hh
@ B
to sendG < on &\  which € B
s . e . B
coincides with around s e b\
e b
e G- b >
@ S




Cut-o

For each vertexs?2 , we denote by ¢ the distance to the other vertices :

s=dist(s, nfsy)
8

| S0 if x2B(s
Smooth cut-o function: 4(x) =
-1 if x2B(s 9Ywith <

Quasi-mode de ned on

X7 hsk(X) = s(X) Gh;sk(X)



Properties of quasi-modes
For any " > 0O, there existsC- such that

Norm:
|
Op .
1ji mskii® C-exp 2 ’ p%( )
Rayleigh quotient:
. oP
Pn( hisks hisk) o _k( s
h C. ex 2 D—
EEE L) P "
Approximation of the eigenpair equation:
Op 0 ( s)

JIPnh hsk h k(s) nskl]] ©Coexp

0| =~

©



Tubular estimates for eigenvalues

n.n the n-th eigenvalue of Py, repeated according to multiplicity

n the n-th eigenvalue of  Q s repeated according to multiplicity
S2

and given by the max-min principle

F)
K the largest integer suchthat « < (K = , K )

Lletn K ; ,= s2 ; , Isan eigenvalue forQ s

r( n)=ming _d(s; nfsy)

Theorem 2. For any " > 0, there existsC- s. t.

2 P
n1 h 1+ Coexp P—ﬁ rc1) o 1

. . 1 P
J hn hn] Coexp p_ﬁ r( n) 0 n o 8n K



Estimates for clusters of eigenspaces
Repetitionsinf ;; ; x g) gather of ., into clusters

( honUnn ) the n-th eigenpair of Py,
f o <:::< \ogthe setof disctinct values inf 1;:::; ¢ o

Letm M
m-th cluster of eigenspaces foP;:

Fhm =spanfun, foranyn s.t. ,= ng
Corresponding cluster of quasi-modes (s=1on B(s;r( m) )):

Theorem 3. For any "> 0, there existsC- s. t.

rCm) )

0 m

h

© O

d(Enm ; Fhm) C. exp 8m M

whered(E;F)=j] F eglJln with g the orthogonal projection onE



Numerical simulations
(with M. Dauge, D. Martin and G. Vial, IRMAR, France)

Two-scale structure:
P _
1. acorner layer at scale h,
2. an oscillatory term at scaleh.

) high order nite element method (Q1p).
Compute eigenpairs with the FEM code MELINA

On a square

=( L1 (L1

1= 2= 3= 4 0:509905
o 0:59010



Sguare
Modulus and phasis of rst four eigenfunctions, h=0:1










Modulus and phasis of




Modulus and phasis of rst four eigenfunctions, h=0:02




Modulus and phasis of




0:1

Modulus and phasis of eigenfunctions 5-8, h




Modulus and phasis of eigenfunctions 5-8, h=0:08




Modulus and phasis of eigenfunctions 5-8, h=0:06













Tunneling e ect
Exponential tube:
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Eigenmodes on polygon domain

Rhombus

1= 2< 3= 4< 0

2( )= o
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Rhombus
Modulus and phasis of




Modulus and phasis of rst six eigenfunctions, h=0:08
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Modulus and phasis of rst six eigenfunctions,




Modulus and phasis of rst six eigenfunctions, h=0:02




Modulus and phasis of rst six eigenfunctions,
A A




Eigenmodes on polygon domain
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Trapezoid
Modulus and phasis of rst four eigenfunctions,




Modulus and phasis of rst four eigenfunctions, h=0:08




Modulus and phasis of rst four eigenfunctions, h=0:06



Modulus and phasis of rst four eigenfunctions, h=0:04



Modulus and phasis of rst four eigenfunctions, h=0:02



Modulus and phasis of rst four eigenfunctions, h=0:01



Eigenmodes on non convex polygon domain

L-shape

1= 2= 3= 4= 5< 0
13=2)= o, 20=2)= o




L-shape
Modulus and phasis of eigenfunctions 1, 3;5 h=0:02



Schiedinger operator in a curvilinear polygon

bounded curvilinear polygon with a piecewise smooth boundary

Z
ph(u;vy=  (hr  iA)u (hr iA)vdx; u;v2 HY()

Pn= (hr iA)?onD(Py)=fu2H?(); (hr iA)u, =09

b= inf B(x) and = inf B(x)
X2 X2 @
hn the n-th eigenvalue of P, counted with multiplicity

» the n-th eigenvalue of o B(s)Q ° counted with multiplicity



Assumptions

1. 0< ¢< foranys?2

K .g the largest integer s. t.

K .5 < min( ob%b)

2.Forn K gands2 ;k K s t.B(S k(= n
«( ) is a simple eigenvalue ofQ -

Construction of quasi-modes
1. Change of variablesaround a corner to be reduced to a sector
2. Gauge transform: to have a magnetic eld close to 1
3. Scaling and Taylor expansion: to introduce a formal series expansion

4. Solutions of the formal series equationat any order



Eigenvalue asymptotic

Theorem 4. Let L 2, E-(h) be the set of theK 5 smallest asymptotics
at the order L given by the construction of the formal series equation and
arranged in increasing order :

E-(hy=f [l s2 ;k K _suchthatB(9) «( s < min(k® o;bg:

Letn K .g. There existshg, s2 andk K _ such that Hk IS the
n-th element of E- (h) for any h 2 (0; hy). We have

[L] X ‘=2 : 0 _
h; sk - hB(S) h sk with sk ~ k( S)'
_—
There holds
i wn lj chz;8h2 (0ho):



Eigenspaces
f 1<:::< wmgthe set of distinct values inf 1;:::; N0
Forany n N, ( nn;Unn) the n-th eigenpair of Py

Forany m M, m-th cluster of eigenspacesf Py
Fhm =spanfuyn., forany n suchthat , = g
and the correspondingcluster of quasi-modesfor any L 2 N

Er[]Ln]1 = spanf LL]SK forany s2 ;k 1suchthatB(s) k( )= md

Theorem 5. Foranym M andL 2, there existsC > 0 such that

d(Fhm:Ef) Ch =



Tunneling e ect on a square and a curved square
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Modulus and phasis of rst four eigenfunctions,

h

0:1



Modulus and phasis of rst four eigenfunctions, h=0:08



Modulus and phasis of rst four eigenfunctions, h=0:06



Modulus and phasis of rst four eigenfunctions, h=0:04



Modulus and phasis of rst four eigenfunctions, h=0:02



Modulus and phasis of rst four eigenfunctions, h=0:01



Applications to the onset of superconductivity
(with S. Fournais, Univ. Aarhus, Denmark)

Notation
bounded, simply connected curvilinear polygon

set of vertices, N =] >0
S angle at the vertex s (measured towards thle Interior)
H (B) the Neumann realization associated with  j( ir  BF)uj?dx;

n. (B) n'th eigenvalue of H (B) counted with multiplicity

Assumptions: for all s2

1. 1( s)< o
2. s2(0; )



Asymptotic for Hc,( )

Theorem 6. There exists o > 0 such that if o then the eguation

has a unique solutionH = H ().

Furthermore there exists a real valued sequencdg;); 1 such that

In the sense of asymptotics series.

If o Is chosen su ciently large, then for o, the critical elds coincide
and satisfy



Proof.

The limits of 3., (B)and §. (B)asB ! +1 exist, are equal and we
have

B!IirD1 8?+(B):B|!in11 1 (B)= i

Therefore,B 7! 1(B) is strictly increasing for large B.
isomorphismfor large enough.

asymptotics series
We prove that the following statements are equivalent for large:
1. There exists a minimizer (; A) of E.4 with k k, 6 0.

2. The parameters ;H satisfy 2 ((H ) > O
We need to prove some new results about the linear problem



Remarks

If = ;, asymptotics given by Fournais-Hel er
0 r—
K 3k
Ho ()= — @1+ fimax %2
0 0

For a rectangle leading order term given by Pan

HC3( ):

+ O(1):
1(3)

ENEN]
1]
o
N
> B



Location of the onset of superconductivity

In smooth domains

He,( ) = -t O(1)

+ location of the minimizers around points with maximum curv ature

In domains with corners:

HC3( ): _1 + O(l)

with 1< o

) the corners change the leading order term oHc,( ).

) superconductivity is dominated by the corners in the regimeparameter

T H HC3( )



Theorem 7. Let > O0Osatisfy mine, 1 o) < < o and de ne

0.= fg2 1( ) o:

There exist constants o;M:;C: > 0 such that if

. H 1.
0 - )

and (; A) is a minimizer of E.y , then

Z

p___ ;
TGO (0 + b A (OF dx

Z

c i (X)j?dx:
fx: H dist(x; 9 Mg

e



Contribution of the corners
Let 2 (0; )best ()< o
De ne, for 1; »,> 0,

Z .
J.. [1= jCir F) 2] J'2+§Zj i dx;

with domain f 2 L?( )j( ir F) 2L?% )g.
De ne also the corresponding ground state energy

E .., =infJ . [

1, 2

Theorem 8.
Suppose

H()! 2 (0; o) as 1

Let (; A)=(; A).x () be aminimzer ofEy (.

Then X

Eq ([ A]! E.° as 11
S2



Agmon estimates near corners for the linear problem

Lemma 9. Let > 0. Then there exist constantsMg; Bg > 0 such that if
B Bop then H(B) satis es the operator inequality

H(B) Us;
where Ug Is the potential given by
8
. P—
3(1( s )B; dist(x;s) Mog= IOB; ,
Ug (X) := g( o )B; dist(x; ) >M o= B; dist(x;@) My= B;
(@1 )B; dist(x; @) >Mo:p B:

Theorem 10. Let g be the ground state eigenfunction oH(B). Then

there exist constants ; C; B o > 0 such that
7

P — .
e BUSUX) i o(x)j*+B ljpgr s(X)j? dx Ck gki3; forall B By:



Basic estimates
Let ( ; A) a minimizer of E. , then

k ki 1
kpn Ao ko K ko
Hkcurl A 1k, k ko
k kg k ko

Lemma 11. Let be a bounded domain with Lipschitz boundary and let
(; A) be a (weak) solution to(1). Then curl(A F) =0 on the unbounded
component of R n .

Lemma 12. There exists a constantCy (depending only on ) such that if

(; A) is a (weak) solution of the Ginzburg-Landau equationg1), then
Z Z
jA  Fj*> Cop jeurlA 1j%dx;
R2

Z

KA Fk{i2y Co jeurlA  1j°dx:
RZ



Non-linear Agmon estimates

Theorem 13 (Weak decay estimate)
There exist C;C%> 0, such that if (; A) .y is a minimizer of E.y with

H ) 1=2

then
Z

k k3 C i (X)j?dx p .
i P Ydst( x@) 16 CH )




Theorem 14 (Decay estimate on the boundary)
For 2 ( 1, o), dene

0.= fs2 (s g and b= inf f (s O

s2 n O

(inthe case = © wesetb:= o ).
There exist o;C;C%M > 0, such that if (; A).4 is a minimizer of E.4
with

H 1. .

- ] Ol

then



